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The Kennare-Stepanov (KS) relation, also known as the reciprocity relation, connects the absorption and
fluorescence spectra of homogeneous complex systems under the assumption of thermal equilibration of the
emitting electronic state. A recent elaboration of the theory by Sawicki and Knox &igs[ Re. A, 1996

54, 4837] introduces a spectral temperature that is a sensitive indicator of the failure of the relation. Studies
using the SK formalism, which have been limited almost exclusively to experimental cases, reveal various
failures that may be due to incomplete equilibration, inhomogeneity, or both. Using the Brownian oscillator
model for nuclear dynamics, we investigate the KS relation theoretically with the aid of the SK spectral
temperature. The spectral temperature is again found to be a sensitive indicator, this time of the accuracy of
the numerical methods necessary for the multiple integrations. The original KS relation appears to hold
regardless of the memory effects of the bath, a result which is not totally unexpected considering the assumptions
of excited-state equilibrium implicit in the theory. We extend the theory to the nonequilibrated case of time-
resolved fluorescence, where a time-dependent temperature can be defined.

I. Introduction the field of biofluorescence (see, for example, refs8% The
function F(w) derived from measurements is often a nearly
traight line; however, it has long been a puzzle Tas higher
han the ambient temperatufan some instances and lower in
others? The connection oT*(w) to relaxation among internally
equilibrated but kinetically interacting manifolds is easily
demonstrate&1° The open question is: caf(w) be related

As a consequence of the Einstein relation which connects
the rates of spontaneous emission, stimulated emission, an
absorption of radiation between microstates, the Kennard
Stepanov (KS) relatidn® connects the steady-state absorption
and fluorescence spectra of a two-level chromophore at tem-

peratureT to relaxationwithin the excited manifold by use of relatively
() hwe— ho modern techniques such as applying the Brownian oscillator
F (w)=In = cl +D(T) (1.1) model? In this paper we set up and test a formalism for
o(w) ke T answering this question. In section Il, we introduce the Brownian
) ) o ] oscillator model. Defining various variables for discussion, we
Herehweg is the electronic energy of excitatiokg is _Boltz- present expressions for the line shape funatj)) from which
mann’s constant, and(w) and o(w) are the emission and e |ater obtain the linear absorption and the relaxed fluorescence
absorption line shape functions at frequeneyrespectively.  |jine shapes. The line shape function must in turn be obtained

D(T), which is determined by the partition functions of the from a correlation function derived from a model of the system.
ground and excited manifoldsdoes not depend on this | section IIl this function is discussed in detail, and we use an
frequency. In addition to making use of the Einstein relation, gscillator continuum model as an example for which a closed
the KS relation assumes that the excited state is thermally expression fog(t) can be derived. We discuss the implications
equilibrated before emission. Therefore, violation of the KS of non-Ohmic relaxation in the baths. In section IV, we illustrate
relation has been frequently used to infer deviation from thermal apsorption line shapes for different parameter regimes and show
equilibrium of the excited manifold. An effective temperature numerically that for a frequency-independent damping constant
termed the spectral temperature was introduced by Sawicki andihe KS relation holds regardless of the damping strength as

Knox® using the local slope o (w) compared to the oscillator frequency. We demonstrate the
. behavior of T* during the approach to thermal equilibrium in
() = — E di] (1.2) section V by calculating time-resolved fluorescence. Section VI
h dw is our summary.

KS theory also assumes that the spectra under consideration|. The Brownian Oscillator Model
involve no transitions between vibrational levels of the ground
states.

Experimentally,T* is seldom found to agree with the ambient
temperaturel, although the KS relation is commonly used in

Huang and Rhyd were the first to treat a many-coordinate
(many-body) system quantum mechanically in their description
of optical properties of F centers. Their work was later extended
to acoustic phonons by La% However, polaron theories of
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Pokfulam Road, Hong Kong, China miss an important aspect of the real system, namely, dissipation.
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Therefore, such theories are incapable of describing the interest- R(t) = exp(—iwgg) exp[—g(t)] (2.9)

ing phenomenon of excited-state relaxation. The Brownian

oscillator modét*-17 introduces dissipation mechanisms into the and

harmonic quantum oscillators by coupling the primary oscillators

to a continuous distribution of secondary oscillators. w
In the Brownian oscillator model, the system is taken to be

a two electronic-level system with some primary nuclear Here U = He — Hg is the collective bath coordinate

og= Wog + Wp, (2.10)

coordinates coupled linearly to the electronic systems: representing the coupling of the chromophore to its environment
responsible for spectral shifts and broadening, ands the
= [glH 9| + [elH & + H' (2.2) equilibrium ground-state density matrix:
where 9G] exp(—pH,)
Py = (2.112)
Trlexp(—AHy)]
z - + m qJ (2.2) wheres = 1/kgT.
! Using a second-order cumulant expansion (ref 14, pp215
p2 216), the spectral broadening functigft) can be expressed in
i 1 terms of the frequency-domain correlation functiof(w):
Ho=haly+ Y ; +omofg+Haf|  @3) duency (o)
] c" _
g(t)—znf d ( ) ot ot — 1]
and (2.12)
Pl 1 Cni0 |2 with
H = z 5 Em”w Q,— z 5 (2.4) ) o
m, Mo, C'(w) = —i [ dte"'C(t) (2.13)

Here pj (Pn), g (Qn), my (my), and w; (wn) represent the

momentum, the coordinate, the mass, and the angular frequency

of thejth (nth) nuclear mode of the primary (bath) oscillators, S 1

respectivelyd; is the displacement for th¢gh nuclear mode in CH=- %[EU('[)U(O)pgD— B]J(O)U(t)ngj] (2.14)
the excited electronic state! describes the bath oscillators and

their coupling to the primary oscillators with a coupling strength We note thatC'’(w) is in fact the imaginary part of the

Cnj- frequency-domain correlation functid(w) with its real part
The linear absorption and the relaxed fluorescence line shapeq;'(w) related toC" (w) by

can be obtained from a spectral broadening functj@ih (see

ref 14, Appendix 8B therein): C'(w) = cot th"( ) (2.15)
Ogo(®) = Rej; dt expli(w — weg— )t — g(t)] The functionC" () is a summation of individual contributions
from each primary oscillator:
lgo(w) = Re dt expli(w — a) g TAt—g* (] (2.5)
f C'"(w) = ZCj"(w) (2.16)

wherew eg IS the 0-0 transition frequencyi is the Stokes :
shift, andg(t) is related to the polarization of the material system where?®
as follows.

A Taylor expansion of the polarization in powers of the ., 2w, a)yj(w)
radiation fieldE(r t) is made: G (w) = (2.17)

w yJ 2(w) + [a) + wZ(w) - w??

P(ry) = P(l)(r,t) + P(Z)(r 0+ P(3)(r H+.. (26 Here Z; is the Stokes shift for thith mode,

The termP@)(r t) is responsible for linear optics. We define o
the linear response functid®?®(r t) as the first-order susceptibil- 2 = Mo di

ity through the polarizatio®®)(r t): i (2.18)
P(l)(r = ﬂ;odtls(l)(r L)E( .t —t,) 2.7) vi(w) represents the spectral distribution of the coupling
2
(The polarization and field are both vectors, but since we will (0)= T Crj [6(w w) + 0w + w)] (2.19)
not consider anisotropic systems, we do not use any special ‘! Z 2 a) ’
notation.) For the model system we are discussing, the suscep- M,

tibility takes the form (ref 14, pp 116120) and the real paifj(w) of the self-energy is related to the spectral

distribution of the coupling by the Kramer&ronig relation®

S9(t) = FO0IRO — R(Y) (28
V,( )

S(w) = ——P P do' =" (2.20)

where
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whereP P stands for the Cauchy principal part. This gives  The averages are over stochastic variables. Equation 3.3 is in
fact the well-known fluctuatiordissipation theorem which

1 cnj2 |' 1 1 relates relaxation of a weakly perturbed system to the spontane-
Z(w)=—PP z — + —' ous fluctuations in the thermal equilibrium. Special cases of
m n 2mnwﬁ|.w o, oto,tiy the theorem include the Einstein relation between the diffusion
(2.21) constant and the viscosity of a Brownian particle and Nyquist
formula for thermal noise in a resistor.
where the quantity; is infinitesimal. In general, the coupling According to the Ehrenfest theorem, the expectation values

of the primary oscillator to the bath is nonlinear. The linear of a quantum operator obey the classical equations of motion.

form of the coupling (eq 2.4) is usually justified when the Therefore, we expect the mean values of the quantum operator

coupling is weak? It implies that the bath friction does not  gj(t) to follow eq 3.1. In fact, efforts have been made to

depend on the state of the system in the entire frequency rangegeneralize the classical Langevin eq 3.1 to the quantum case.
One can also writé; asShw; where§ is the dimensionless ~ The following quantum-mechanical version of the Langevin

Huang-Rhys factor. The value d§ can vary from much less  equation has been obtairfécf*

than unity (weak coupling) to equal to greater than unity

(moderate/strong coupling). For example, the molecular ipn O d? | t) ) ; dq]-(t)

in KBr emits in the visible range of 466700 nm?° The optical m—— + mo;q(t) + mf,mdw,-(t —1) e §() (3.4)

center is strongly coupled to the internal vibrational mode of dt

the @~ ion with § = 10 andfw; = 1000 cnr?, and at the

same time weakly coupled to the phonon modes of KBr th whereg;(t) is an operator-valued random force with stationary
~ 1 and a frequen@) of less than 200 crif. For the B820 Gaussian statistics. From the fluctuation dissipation theorem,

complex in the core antenna (LH1) of the purple bacteria, the ©N€ ¢an obtain in general
spectrum is dominated by modes wih~ 0.5 and a typical Am ho
frequency! of 100 cnT. In all of the examples considered e , i
below in which one coupled oscillator is assumed, we have taken 5050)0= Js dwwyj(w)(COthTCOSUt ! smwt)
S=s=1. (3.5)
To facilitate numerical computations, the real and imaginary
parts of the line shape functiog(t) = g'(t) + ig"(t) can be For a discussion on the forms of the fluctuatiadissipation
written in terms ofC"(w) as follows: relations for classical and quantum systems, the reader is referred
to Cortes et al?

v 1 o 1—cospt) " Defining the susceptibility;(w) to the external perturbation
g == f, do — 7 cotBheiC @) (222)  E(y) through

sin(t) —

g’ = IE j;wdmec"(w) (2.23) [0 () 5= 04(w)Fy() (3.6)

we relate the classical analogue ®f(w), C"(w) to oj(w) by
These follow from eq 2.12 by applying symmetry consider-

ations. C"(w) = —AIm[oy(w)] (3.7)

II. The Correlation Function for the Brownian If the dependence af(w) on w is weak, the memory effect of

Oscillator Model the damping constant; can be neglected. The limj(t) —
A. Physica] Origins of the Correlation Function. The (S(I) is Usua”y referred to as the Ohmic limit. Below we will

correlationC"(w) (eq 2.17) can be obtained rigorously from first present our calculations F(w) for a constany;(w) = y;
path integral techniques by tracing over the bath degrees of (Zj(w) = 0).

freedom?6.1%However, comparisons with the classical Langevin ~ B. Characteristic Behavior of the Correlation Functions.
equation provide a better understanding of the spectral distribu-\We consider first the mode-continuum model, in which it is
tion functiony; (w). The classical Brownian motion is described assumed that thesummations of section Il can be replaced by

by the generalized Langevin equation: integrals over densities of modes (ref 14, p 221). This sup-
presses all specific information on oscillatdyath coupling and
d? (1) da’(t) a model function must therefore be assumed for the correlation
B w2t + m [ doy(t — 1) — functi
o+ ma;q;(t) r‘qfw Tyi(t — 1) i unction
fi() + Kt (3.1) C' () = 22 2a)A . (3.8)
o+ A

Here qf(t) is the c-number displacement of thigh classical

oscillator, yj(t) is the time-dependent damping constant with  The parameters andA are assumed temperature-independent,

possible memory effeck;(t) is the external driving force, and 5o the only temperature dependence enters through the coth

fi(t) is the so-called fluctuating force representing the effect of tactor in eq 2.12. Figure 1a shows the dependend@ (of) on

the bath on théth primary oscillator. The latter is assumed to temperature for a fixed value @ and Figure 1b shows th&

obey>19:14 dependence off”(w). Its maxima fall atw = A. On this
simplified model,C"(w) is just the density of oscillators i»

(1) = 00 (3.2) space weighted by?/2 and a continuously distributed coupling
strengthS(w). Remembering this context, one may therefore
(O ()= 03 2mKg Ty (t — 7) (3.3) considerC"(w) to be an effective density of states.
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Figure 1. The temperature and damping dependenc€'¢b) and
C""(w) on the Brownian oscillator model in the case of a continuum of
modes with a width parameteéx = 400 cnt! and strengtil = 400
cm ! (S= 1). (a)C'(w) increases with temperature, as illustrated for
T =0, 120, and 350 K. Values at = 0 are given by the limiting
expression &A/A)ksT. (b) C"(w) for the Brownian oscillator model

has no temperature dependence. Shown here are its energy de

pendence for three different values of the distribution width parameter.
Curve 1,A = 4000 cn1%; curve 2,A = 400 cnT?; curve 3,A = 40
cm.

The multimode Brownian oscillator model, adapted to the
case of one oscillator (labeled 1) has the Ohmic-limit correlation
function

2
201wy,

Pt @ - o)

C'(w) = (3.9)

Figure 2 shows the two parts &{w) in this case with a fixed
w1 = A1 and various values of1. The emergence of a strong
“density of states peak” ab = w; is quite clear in the small
damping limit, here represented ky = 0.1w;.

In the limit of largey; (y1 > 2w;), called the overdamped
limit, there is a great resemblance ©f (w) on the one-mode

model to that in the mode-continuum case (compare Figure 2b,

curve 3, with Figure 1b, curve 3]. The connection is not

accidental. In this limit, eq 3.9 has nearly the same form as eq

3.8 if we setA = wi?y;. While the two forms are not
mathematically equivalent, except for a limited range of
frequencies around ~ w1, in practice eq 3.8 can be used to
simplify calculations in the overdamped case. Appendix A
shows that eq 3.8 actually leads to a closed forng(of

In both cases shown in Figures 1 and@(w) increases
monotonically with temperature for high temperatures. At low
temperaturesC'(w) has a dip around = 0. As temperature is
increased, the minimum i@'(w) levels off. In the overdamped
Brownian oscillator modelC'(w) clearly dominates at high
temperatures.

Zhao and Knox
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Figure 2. The temperature and damping dependenc€'¢b) and
C"(w) on the multimode Brownian oscillator model in the case of one
assumed mode of wavenumber = 400 cnt?, 1; = 400 cnt?
(coupling strengtls, = 1). (a) C'(w) increases with temperature. In
the case showny; = 600 cnt?. Values atw = 0 are given by the
limiting expression &A/A)keT. (b) C"'(w) for the Brownian oscillator
model has no temperature dependence. Shown here are its energy
dependence for three different values of the damping parameter. Curve
1, y1 = 60 cnt%; curve 2,y; = 600 cnT?; curve 3,y; = 6000 cnt?.

The resonances in curve 1 are centered at 400' @and have peak
values that are 8.6 times the peak values of curve 2.

Itis worth noting that a connection betwe€fi(w) and either
A or A exists, given by

C'(w)

_1 o, S @)
A—m/; dor— (3.10)

This is very clear for the correlation function eq 3.8, but in the
case of eq 3.9 it is helpful to u&e
dx T

'/; ax4+bx2+c_2 ,C(b‘l‘ 2&)

with ¢ = 1, b = a2 — 2. We have used eq 3.10 in testing the
accuracy of numerical integration, as discussed in Appendix

(3.11)

C. Non-Ohmic Behavior. The bath friction coefficient has
so far been set to be constant in all of our calculations. The
corresponding spectral densiljw) defined by

2

Cn-
Iw) = EZ—Ja(w —w) (3.12)
! 29 mo,

has the form
J(w) = no = my,w (3.13)

wherey is the viscosity coefficient. The spectral denslifw)
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Figure 3. Absorption spectrum predictions of the Brownian oscillator model. (a, b) The mode continuum model with density-of-states parameters
A = 4000, 400, and 40 cm, at 75 K and 500 K, as marked. (c, d) The multimode model with one mode having parameters-¢f00 cnt?t
andy; = 40, 400, and 4000 cm, again at the same two temperatures. Ordinate in arbitrary units.

is also related to the damping kerngl) by Then one obtains

J(@) =ma [y (t)cost) dt (3.14) 5 (9) = V%o (3.17)
i wpt+S
D
Therefore, for Ohmic dissipation eq 3.13 follows. In reality, ) ] o
the spectral densityj(w) falls off for large w, reflecting the By analytical continuatiorj(w) is no longer real. In factj(w)
microscopic memory time scales for inertia effects in the bath. in section Il is equivalent to the imaginary partjgfw) defined

Therefore, a realistic damping coefficiepf{w) will not be by analytical continuation of;(s):
frequency-independent. One usually assumes the spectral density -
function behaves a®® with s > 0 at low frequencies with a 7i(@) = Rejj(w) (3.18)
high-frequency cutoffv.. Thes = 1 case is the Ohmic bath, -
and thes < 1 ands > 1 cases are named sub-Ohmic and super- Zj(w) = ImFj(w) (3.19)

Ohmic baths, respectively. . ) .

Consider pure liquid water as an example. Molecular dynam- From €d 3.17, the imaginary part pfis smaller by a factor of
ics has been applied to water to compute the velocity spectrum®/@o than its real part
which reveals the density of normal modes of a soléiitis
found that the velocity spectrum of pure liquid water has a low- 5 () = _ 7% i

Vi(w) (wp + iw) (3.20)

frequency band near 50 crhthat extends to several hundred ! w3 2
wavenumbers corresponding to hindered translation, a broad
region around 1300 cr# corresponding to libration, a region  Such a model for non-Ohmic dissipation is also used recently
around 1700 cm* due to bending modes, and a high-frequency in modeling quantum control of dissipative systethginally
region near 3700 cmt due to stretching modes of water we point out that eq 3.10 is again satisfied for the damping
molecules. Because solvent motion is responsible for friction, kernel eqs 3.18 and 3.19, with a memory timg as for the
corresponding features are found in the friction spectrum, which Ohmic dissipation:
displays a strong frequency dependefice.

For frequency-dependent damping, it is convenient to define w
¥;(w) through analytical continuation of the Laplace transform ﬁ, 2
of the damping kerney;(t): Vi

D

7i(X) dx _x
) +[1+x5x) - X 2

(3.21)

¥(@) = §(s= —iw) (3.15) IV. The KS Temperature in Steady-State Spectra

As an illustration of the application of the Brownian oscillator
For example, the Drude-regularized damping kegné) has a ~ model, in Figure 3 we show the absorption line shapes for the
memory timerp = l/wp: continuum model (a, b) and for a mildly overdamped Brownian
oscillator model (c, d). Each is presented for two temperatures
Vj(t) = ywp exp(-wpt) (3.16) sufficiently different to produce qualitatively distinct spectra.
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5 1500 = Fluorescence/ \Ambient;
Q i / H
= § sool T / / "
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X
500 - - Fitted to const. */T | 0 o7 ! \; e
) -1600 -800 0 800 1600
!
0 I 1 | 1 ! Energy (cm-1)
0 200 400 600 800 1000 Figure 5. Absorption, fluorescence, anid(w) spectra for an over-
damped case of the multimode oscillator model, parameters of the one
Temperature (K) mode beingy; = 6000 cnT, 4; = w1 = 300 cntl, and T = 300 K.

Here the parameteA; = w:¥y; = 0.05; = 15 cnT!. Energy is
hmeasured from the-00 level. Absorption, fluorescence, afdare on
arbitrary scales.

Figure 4. Full width at half-maximum (fwhm) of the absorption line
shapes as a function of temperature. The multimode model is used wit
parametersy; = 600 cn1?, y; = 4000 cn?, andA; = 600 cnt. The
solid line is a superposition of two computed cases, one for Ohmic .
damping and one for non-Ohmig = 6000 cnt). The dashed line 505 @ = absorption

is a fit to 67.348/T. f = fluorgscence
504 |-T = ambient temp.

The intermediate damping parameter is varied among the

3
2
. ) . . . ) ~ 03 | -
pictures in order to make the intermediate case interesting. (A 4, 5
value of 400 did not produce anything distinctive in cases b, c, :::, 502 N
and d.) The two models make similar predictions at layge ©
(smallA) because, as explained above, the correlation function & 501 | -
(eq 3.8) is then approximately of the same form as that of the qE) T_i
multimode model, withA = w12/y1. Our parameters have been ~ + 500 - .
chosen to satisfy this. At the same time, the line shape Q 499 AN |
approaches a Gaussian. From Figure 3, it is readily appreciated ~ _
that the effective density of states represented@yw) is 2400 1200 0 1200 2400
appearing as a convolved sideband on narrow spectral features, Energy (cm-1)
and that any narrow features are washed out by either largegig,re 6. Absorption and fluorescence line shapes plotted (arbitrary
damping or high temperature. scale) with the spectral temperatuf§ w) for an underdamped and

In Figure 4, the fwhm (full-width at half-maximum) is plotted =~ Ohmic case withy; = 40 cnT, 2; = w; = 600 cnT?, andT = 500 K.
as a function of temperatufe for a mildly overdamped case  Note that the spectral temperature is closely equal to the ambient despite
(y1/2w1 = 3.33). The line width grows with the temperature. the usual singularities that are becoming evident e2000 cntl.

The solid line is a superposition of computed cases, one for E€19Y is measured from the-0 level.

Ohmic damping and one for non-Ohmie{ = 6000 cnT?),
illustrating the independence of fwhm on this parameter. The
dashed line is a fit to 67.348T, illustrating the usuak/T
dependence &k = hwq/2.

In Figure 5, complete results are shown for absorption profile,
emission profile, KS functior=, and KS spectral temperature
T*. The ambient temperature is 300 K, and parameters are z —'6(60 ~ WeqF Nw) (4.1)
chosen to mimic the principal line of a typical room-temperature == M
dye molecule spectrum. What is seen here is typical of a series
of calculations. It was found that the expected re3t(w) =
T could be realized only at the cost of numerical adjustments.
These adjustments were sometimes capable of producing
completely flatT*(w) curve, but departures and divergences
outside the Stokels region were very common. These divergences . nBho,
(near+1500 cnttin Figure 5) naturally should not be present  _sont1 i _
in such an equilibrated case and they appear to be artifacts of seny Z exp{ )In[281(2n + Dlo(w — Weg T nw]-)
the numerical calculation, as discussed in Appendix B. Despite e (4.2)
these difficulties, the computelf in the central Stokes region
(~ —500 to +500 cn1?) very closely matches the ambient wheren = 1/[expBhwj) — 1], In(X) is the modified Bessel
temperature. function, and the sum ovem is extended to negativa as

We now turn our attention to underdamped Brownian compared to eq 4.1. If damping is further added, the delta
oscillators and the results shown in Figures 6 and 7. To elaboratefunction peaks in eq 4.2 acquire a finite width. Thus the main
a bit further on the case of underdamped oscillators at low features in Figures 6 and 7 are obtained. The envelope of the
temperatures, consider the completely undamped oscillators atphonon sidebands (with indey represents the effect of adding

zero temperature with only the zero number state occupied in
the ground-state manifold. The weak-coupling limit at zero
temperature has an absorption line shape givé#y

00 673

where § = Jj/lw; is again the HuangRhys factor. As the
temperature is increased, higher number states in the ground-

state manifold are occupied. The summation in eq 4.1 is replaced
13
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a = absorption As pointed out earliet* a somewhat more general time-
f = fluorescence dependent KennaréStepanov functiof= could be constructed
T = ambient temp. by including time dependence in the absorption coefficient,
ensuring that the set of fluorescence transitions would precisely
match the corresponding absorption transitions. It is not clear
that such a broader definition would be useful. If the absorption
coefficient is significantly time dependent, then the experiment
has reached a nonlinear regime and more than one pair of
electronic levels may be involved in each of the spectra, a degree
of complication unwelcome at this early stage of the theory.
Furthermore, it is unlikely that simultaneous fluorescence and
450 pump—probe measurements will be available for the same
—2400 -1200 0 1200 2400 sample. Only in the context of demonstrating the equilibrium
KS relation is it essential that the fluorescent and absorptive
Energy (cm-1) transitions match precisely; maintaining the ground-state absorp-
Figure 7. Absorption and fluorescence line shapes plotted (arbitrary tion as a reference spectrum is reasonable in the absence of a
scale) with the spectral temperatuf§ w) for an underdamped non-  precise non-equilibrium theory. We therefore do maintain it and
Ohmic case witty; = 40 cnT?, 41 = w1 = 600 cnT, wp = 600 cnT! caution that our time-dependent temperature analysis should be
andT = 500 K. In this best case the extreme sensitivity to numerical applied only in nonsaturating excitation conditions.

computation is illustrated. Comparing the temperature scale with that . P
of Figure 6, this is seen to be much less accurate. NonethelesE; the B. Formalism. To calculate the time-resolved fluorescence,

[9)]
a
o

500

KS temperature TH{o) (K)

excursions from ambient are similar and have singularities #2800 we use the third-order response functions. At third order in the
cm L. Energy is measured from the-0 level. radiation field, the polarization is given by

a finite width proportional ta which smears out the structure 3 ) o o 3)

at large phonon numbers. P = fo dtsf(‘) dtzb/(‘) dtls( (tataty)

Included with the line profiles in Figures 6 and 7 are the
computed spectral temperatuiiégw). Despite the rich structure
in the absorption and emission, we have obtained a rather flat
T*(w) in the Stokes region where botlyo(w) andlgo(w) are
at a significant fraction of their maximum value. In Figure 6,
the high-frequency oscillations dF(w) are a numerical artifact,

4
but we call attention to the temperature scale. This is one of §3)(t3,t2,tl) = (i/h)%0(t))6(t,) Ot 2) Z[Ra(tB'tZ'tl) —
the most successful cases in terms of reproducing the KS &

theoretical result. *

We calculate the spectral temperature formally in the same Rltatz )] (5-:3)
manner as we did for the Ohmic case. In Figure 7, we display with
T*(w) for a non-Ohmic bath withwp = wj;. The spectral
temperaturel*(w) still equals the ambient temperatufeand Ry(tytt) = exp[-g(t) — g*(t,) — g*(ty) + o(t, +t,) +
is rather flat in the Stokes region. The numerical problems were N
a bit more severe in this case, and the smoothing obviously gt + 1) = oty + & + 13)]
required was deliberately not done in order to illustrate this. It _ . el N ek _
appears that as long as a relaxed fluorescence spectrum is use§2(t3’t2’t1) = expl-g(t) + 9(t) — g*(ty) — g*(t, + 1)
for T*(w), regardless of the process by which the relaxation a(t, + tg) + g*(t, + t, + t3)]
occurs and the time it might take, we can expect to obfdin
= T. In practice, steady-state fluorescence spectra are equivalenfs(tatzt) = exp[-g*(t) + g*(t) — g*(ty) — g*(t; + ;) —

E(rt—t)E(rt—t,—t)ECt—t,—t,—t) (5.2)

Here the response functid®®)(ts,t,,t1) is a sum of four terms
(ref 14, p 122)

to the average spectrum seen over the lifetime of the excited g (t, + tg) + g*(t; + t, + )]
state. We now turn to the time-resolved fluorescence case where

it is a priori the case that equilibrium has not occurred. R, (t3,1,.t) = exp[—a(t,) — o(t,) — o(ty) + o(t, +t,) +

V. Time-Resolved Fluorescence ot + 1) — 9t + & + )] (5:4)

A. Basis of a Time-Dependent TheoryThe KS theory will
be extended to the time-resolved case by a simple modification
of eq 1.2, as follows?

These results are exact for the Brownian oscillator model. For

anharmonic systems such as a chromophore coupled to a spin

bath (the TLS modeB?3° third-order responses cannot in

-1 general be expressed in terms of linear response functions. In

T(w,t) = — 7 do (5.1) the weak-coupling limit, egs 5.4 are found to be obeyed to the

o) second-order in the cumulant expansion in the TLS model, and

Assuming no time dependence in the absorption coefficient higher order corrections have been derig&d.

may limit T*(w,t) to cases in which ground-state depletion is Assume that the full electric field(t), including the classical

negligible. The normal absorption spectrum is the natural excitation field and the emitting field, takes the form

reference spectrum for the formalism because of its important . R .

role in relating microstate transition probabilities between the E(t) = 2E,(t) cos,t) + E, + E; (5.5)

excited and ground manifolds. It is important to note, however,

that the application of eq 5.1 to single manifolds is still limited with

to cases in which the excited state is not kinetically coupled to . ) )

other states. E, = —IE,C, exp(-iwt) (5.6)

kBilnl(w’t)
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wherec, destroys a photon with frequenay The time-resolved __ 2500 , , ,
fluorescenc&wexw,t) is given by the expectation value of the X ~
commutator = 2000} 20 fS\ //>\ II | -

A A~ ¥ ‘\ . :

S= (i/m)A).clc 5.7 ~ Absorption

(iR &) o 1500 FIuorescence// vy / ]
which represents the time derivative of the photon numbers. % / 100 fs\ / /
To fourth order in the radiationmatter coupling strength, @ 1000 60 fo—L — — _,I)( 200 fs
Swex,w,t) is calculated from g' N — L OUIsTm— R . X
1 & 500 ly 7 \\ 1 =
— © © 2
S(@eu 1) = 5-Re [ty [ 7dtR (ts tty) expl-o’t; + & . e | Jd Ef
(g, — wego)tl +i(w — wego)tB] (5.8) -2000 -1000 0 1000 2000

Energy (cm-1)

Figure 8. T*(w) derived from the steady-state absorption spectrum
and the time-resolved fluorescence spectra (at the times shown on the
diagram). The horizontal line is the ambient temperature, chosen here
E,(t) = E, exp(-w’t) (5.9) to correspond to the value @f = w, = 400 cntl. Other parameters
arey; = 1600 cntt andwp = 40,000 cnit. The relatively large value
In the case when the pump pulse is narrow enough to beof wp ensures near-Ohmic damping. The divergenced*{w) are
approximated by a delta function (impulse excitation), the time- discussed in the text. It is believed that the temperature values in the

resolved fluorescence is independeniuqf; central Stokes region—500 to 500 cm?) are the most significant.
Energy is measured from the-0 level.

provided that the temporal envelope of the excitation pulse has
a Gaussian form:

1 o 0
S f) = %Reﬁ) dtsRy(t3,1,.0) expl(w — wegts]  (5.10) C. Predicted Time-Dependent SpectraFigure 8 shows the
spectral temperature associated with emission from a mildly
temperatures as an example. The line shape fung(rcan The parameters are shown in the caption. The temperatures at
be approximated by the center of the energy range & weg) are undoubtedly the
21 1 most meaningful, since the numerical difficulties found in the
ot) = —Z(e_"t +At—1)— iX(e_’“ + At—1) (5.11) steady-state case are present and sometimes amplified here (see
ABA Appendix B). These temperatures exhibit a complex decay that
is at least triphasic, with time constants 44.6 fs, 12 fs, and
ultrashort.
Because of the assumed spectrally broad excitation, the
R (t5,t,0) = expli2im[g(t) — g(t + t;)] — g*(ty)] (5.12) fluorescence associated with the temperature series is broad and
its width changes little, unlike the case of narrow excitation
Carrying out the Fourier transformation with respectsiamne treated earlie?! The shapes are nearly Gaussian. The fluores-
can easily see the time evolution of the dynamic Stokes.shift cence exhibits a time-dependent Stokes shift in which the peak

with its imaginary part much smaller that its real part. Then
the third-order response functid®i(ts,t,0) is simply

In particular, noticing that energy can be fit well to the expressidtvss = 725.6[1 —
] exp(=t/51.2)] cnt?, wheret is in fs. The rms deviation of this
mllm[g(t)] = At (5.13) fitis 15 cn1, most contributions coming from values at small
times. This empirically determined time dependence is quite
the relaxed fluorescence is recovered as co: reasonable, because it is of the form known exactly in the high-
temperature overdamped lintft,where the decay constant is
Wy t = ) = (w) (5.14) A (= wi?y1 in our case)= 100 cnt! = 1/(53.1 fs).

Figure 9 shows the effect of non-Ohmic dissipation with
conditions otherwise the same as in Figure 8. There are three
Yoot = 0) = o(w) (5.15) significant differences from the Ohmic case. First, the shapes
& of the temperature curv@®(w,t) are radically altered; second,
In fact egs 5.14 and 5.15 hold for all forms g(t) because the ~ the terminal Stokes shift is considerably smaller; and third, the
asymptotic behavior ofi(t) in eq 5.13 is easily derived from  Stokes shift is not monotonically rising. There is a brief pause

At t = 0, the fluorescence profile equals the absorption profile

eq 2.23. at approximately 30 fs, as shown in Figure 10. Smoothing this
The effect of excited-state lifetime can be taken into account Pause, the Stokes shift can again be fitted with the reasonable
by adding an imaginary frequency i@ form Awss = 653[1 — exp(~t/50.1)] cnrl. Both terminal
Stokes shifts are smaller than that which would occur in the
. 1 o o overdamped high-temperature limit} 2= 800 cnT?.
w +ilt,t) ==—Re/_dt dt;R, (t,,t,t R .
A@ex o) 27 ﬂ) 1»/EJ Rttty D. Limitations. Attempts to extend the calculations to the

exp[~w’t? — ty/7, + (W — w(e)g)tl +i(w — wgg)tgl (5.16) underdamped oscillator failed becauget) itself began to
develop negative values whose magnitude was much too large

In the case of a delta-function excitation pulse, to be finessed with the methods sketched in Appendix B. As
an example, for an Ohmic case with = 100 andw; = 100
S + ilT,t) = f_mmdtsRl(tsit'O) expf-ty/t, + cm™, a strong negative feature appears at 30 fs at wgg +

) 0 400 cnt?l, preceded by a rapid drop in the positive peak
i(w — weg)ts] (5.17) originally appearing at that energy. No similar phenomenon
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£ S (o =X 2N SO ps
N 500 / \\\\ 7 Appendix A. Closed Expressions for the Line Shape
X 7 ~ Function for the Overdamped Brownian Oscillator
0 =1 : Spectral Density
—-2000 -1000 0 1000 2000
Energy (cm-1) For future reference it is useful to note that the line shape

Figure 9. Same as Figure 8, witiap = 400 cnT™. In this non-Ohmic functiong(t) for the Brownian oscillator model may be written

case the drop in temperature in the central Stokes region appears to bén closed form in_the case of t_he simplified correlation function
faster, although the Stokes shift (not shown) has virtually the same Of € 3.9. Following the notation and development of Mukamel

time constant as in the Ohmic case. (ref 14, pp 216-217),9(t) can be written
800 T T T ] o) = A [[ldr, e M (ry) — A fldef1 — M(D)] (A1)
700 g-u-E— AE (ohmlc):—-l
/.’A/A—Af : § j.l ! l © 1 hw
= 600 =4~ AE (non-ohmic) | M(t)zﬂ—Azﬂj dwC (CU)COUL2 cosut  (A.2)
S 500 A
= w1 e C'(w)
< 400 M () = = Ji do _—cosvt (A.3)
3 300
fe) 2_ 1 po ., Aw
& 200§ N =2 ["doc (w)cotf% (A.4)
100 &
[ 1 o, C'(w)
Oé A ZE'/; dwT (A.5)
0 50 100 150 200 250 300 350 400

Time (fs) The meromorphic function cotfw/2) may be expanded as a

i o o ) summation over its poles which are the Matsubara frequencies
Figure 10. After pulse excitation, the emission peak shifts toward the ¢, Ho5ongt3

red. In the Ohmic-damping case corresponding to Figure 8 (shown with

solid squares), the computed rise is monotonic. In the non-Ohmic- ph 2 1
damping case corresponding to Figure 9 (shown with triangles), a pause coth @ -~ (A.6)
interrupts the rise at approximately 20 fs. 2 hp 4iv, — .

n

occurs on the low energy side. The problem could not be traced,;
to numerical accuracy and undoubtedly represents the failure
of the present formalism to produce strictly observable signals. 2nr
Using eq 5.7 generates a “bare” sigiidf that is not restricted "m=Hg T 0,41,+£2, ... (A7)
to positive values. At small damping the importance of using
appropriate gating functions to produce a physically observable This allows representingfl’(t) andA2 in terms of the Matsubara
signal has become paramount. An extension of our work in this frequencieg/n by means of contour integrations
direction is beyond the scope of the paper but represents a
possibly interesting avenue for future model calculations. hpA  4A v,
A= )Acot—+ —§ ——— (A.8)

VI. Summary 2 B T2 — A7

The Brownian oscillator model has been widely applied to 1 ABA A vneﬂ'”t
solvent-solute systems. However, the absorption line shape and M’ (t) = —| AACO—e M4 —
the relaxed fluorescence line shape of the model have not A? 2 A 402 — A2
heretofore been examined in the framework of KS theory. Here
we show in a numerical context that the KS relation holds Contour integrations also yiels” (t):
regardless of system-bath coupling strength and bath memory
effects if absorption and fluorescence line profiles follow eqgs M (t) = e M (A.10)
2.5. We also find that the KS temperature behaves qualita-
tively in the same manner as a real temperature of the excitedand eq A.5 reduces to an identity. The line shape funaion
manifold, being large over the Stokes region at early times after is therefore obtained from eq A.1 as
excitation and dropping to ambient after characteristic relaxation
times. gty =d') +ig"(t) (A.12)

(A.9)
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—vpt
A RBA Ae ety -1
gt = —coti(e_At +At—1)+ Z "
A2 " & vh— A%
(A.12)
g'(t) = %cotnﬁTA(e"“ YAL-1)  (A13)

The summation in eq A.12 can be carried out and results are
expressed in terms of special functicdis:

gt = %cotkizl\(e’At +At—1)+

L ot —t ot V— A
nA[ZVE+2|09(1 e’)te fI)(e ,1,—V )+

e*”‘cp(e*”‘,l,V_TA) +(1- At)\plol(%) +
1+ At)qﬂol(#)] (A.14)

wherev = 27/hf3, yg is Euler's constant40.577216) ®(z,s,a)
is the Lerch transcendefft,and WN(7) is the digamma
function 3536
Appendix B. Numerical Methods and Accuracy

Evaluation of Integrals and Basic Accuracy Tests.The

computational pathway is to perform the quadratures necessar)F
for C"(w), g(t), and the spectra, in that order. Each was done r

with the simplest trapezoidal method. The aliases of “infinity”
in each integral were validated by inspecting the range of the
integrands and minimizing the effect of varying their values.
Integrations were terminated when the contribution of the last
bin would have been less than a fractidof the accumulated
value, where) was decreased until it had no more effect, often
to as small as 10° Similarly, the integration interval was
varied, the number of bins lying typically between 4000 and
20 000.

In the case o' (w), an automatic test was possible through
eq 3.10, which connects the model parameteré;.tén all of
our examples, parameter values such tat w; were used.
Figure 1 provides an example: since the integrand of eq 3.10
contains 1o, the range 64000 cnt! would be adequate for
curve 3, but certainly not for curve 1 and probably not for curve
2. The C"(w) test was satisfied to within 1% in all cases.
Subsequent integrands that cont@if{w) contain a factor 2.
Therefore the low-frequency contributions to the integral are
most relevant, and the cutoff produces a much better than 1%
accuracy.

The complexity introduced by a sequence of three ap-
proximate integrations makes a precise numerical accuracy
estimate rather difficult. With the exception of certain time-
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igure 11. An example of divergences occurring T(w) despite
easonable appearance of spectra. In this Ohmic tasew; = 600
cmL, y1 =400 cn1?!, andT = 500 K. Absorption and emission profiles
are shown in the usual way. (a) KS temperature derived directly from
computed spectra. The vertical lines are a true representatiohasf

it drops to negative values, passing through singularities resulting from
the extrema irf-. (b) KS temperatures computed with constant offsets.
In units of the limiting value of the absorption spectrum at the lowest
energy, the offsets are 0.920, 0.9259, and 0.9, (Tx*, Ts*,
respectively). For these casds,is omitted because it is virtually a
straight line. Figure 11a corresponds to an offset of 0.00.

was noticed, however, that all the spectra had a small and
frequency-independent offset from zero in regions where they
were expected to be negligible, i.e., on the very low energy
side of absorption bands and the high energy side of emission
bands. This offset was little affected by all of the accuracy
adjustments and appeared therefore to be an intrinsic difficulty
with the trapezoidal integration. Subtraction of a constant offset,
a single parameter applied to both fluorescence and emission,
dramatically changed the singularities and in some cases
completely removed them. This is illustrated in Figure 11b,
which is a plot of the KS temperature for the case of Figure
11a but including the offsets. It is an empirical patch the need
for which and the success of which are not currently explained.
After using this empirical patch, in almost every case within a
range=+4 around the zerozero energyT*(w) can be made

resolved emission cases to be discussed below, the predictedlosely equal tdrl, as seen in Figures 6 and 7. The patch is of
line shapes themselves present a very reasonable picture ompurely computational interest, because the associated spectra

physical grounds. However, processing the spectra by the KS
formalism brings out some interesting problems.

Anomalies in the KS Function. In computing Brownian
oscillator model steady-state spectra, one makes the assumptio
that emitting states are at thermal equilibrium in the excited
manifold. It follows that=(w) should be linear and*(w) should
be equal to ambient at all w. This is hardly ever fully the
case, and the results of a raw calculation are frequently
discouraging (Figure 11a). Attempts to remove divergences,

are unchanged except for the small offset.

The Time-Resolved Caseln an explicitly nonequilibrated
emitting system, the standard KS relation cannot apply, but as
argued in section V and earliét,it may be used to “project
out” the departures from equilibrium. There must be no
saturation and no competing processes such as transfer to another
excited electronic manifold. Given all this, the connection with
the normal KS calculation is clearly that as the emission
spectrum approaches the steady-state spectftifm) should

which sometimes occur in many places, by increasing all flatten out. Since the time-resolved calculation here used the

accuracy parameters to the severest practical limits failed. It

same algorithms as our steady-state, the same offset anomalies
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and therefore similaf*(«w) anomalies were found. To prevent
too many unrelated fitting parameters, we found the best offse

by minimizing the mean square deviation Bf(w) from T in

the Stokes region for the emission computed at the longest time
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(14) Mukamel, SPrinciples of Nonlinear Optical Spectroscqopyxford

tUniversity Press: New York, 1995.

(15) Weiss, UQuantum Dissipatie System3/Norld Scientific: Singa-
pore, 1993.
(16) Grabert, H.; Schramm, P.; Ingold, G.fhys. Repl1988 168 115.

and used the same offset for all spectra. This generally resulted (17) Chernyak, V.; Mukamel, Sl. Chem. Phys1996 105 4565.

(18) Jackson, J. DClassical Electrodynamic2nd Ed.; John Wiley &

in elimination of all but the usual large divergences at the s’ New York, 1975.

extremes of the spectrum (Figures 8 and 9).

In the case of small damping, negative-going fluorescence
at small times appeared to be unavoidable, as discussed in theCh

text.
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