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In the majority of studies on stochastic resonance, white noise without any time correlation has been used.
In this paper, a modified Oregonator-type model, which was proposed to account for the photosensitivity of
the Ru(bpy)32+ catalyzed Belousov-Zhabotinsky reaction in a flow system, is investigated when the control
parameter, light flux, is modulated by colored noise near a Hopf bifurcation point. Noise induced coherent
oscillations (NICO) are observed, and the signal-to-noise ratio (SNR) goes through a maximum with the
increment of noise intensity indicating occurrence of internal signal stochastic resonance (ISSR). In addition,
the SNR also shows resonance behavior with the variation of correlation time of colored noise. The aspects
of the ISSR in this system are discussed.

I. Introduction
Noise is typically thought of as the enemy of order rather

than as a constructive influence. It makes clear signals or
patterns obscure, and it also makes the detection of weak signal
impossible. However, recent research has show that in nonlinear
systems, the presence of noise can affect the time evolution of
a system in a counterintuitive way via a mechanism known as
stochastic resonance (SR). The concept of SR was originally
put forward by Benzi and his collabrators to account for the
periodic oscillations of the earth’s ice ages.1 The first experi-
mental verification was obtained by Fauve and Heslot in a noise-
driven electronic circuit known as the Schmitt trigger.2 In the
past decades the counterintuitive phenomena of SR have been
extensively studied.3 At present time more and more scientists,
whose majors vary from biology, physics to chemistry,4,5 have
paid considerable attention to these surprising phenomena, that
noise with suitable intensity can increase the detectability of
weak input signal in a nonlinear system and that the signal-to-
noise ratio (SNR) goes through a maximum with the increment
of noise intensity. Recent theoretical research has proved that
SR can occur under many situations. For instance, the system
can be monostable,6 excitable,7 threshold-free,8 or spatial-
extended;9 the signal can be periodic, aperiodic, or chaotic;10

the noise can be white or colored,11 furthermore the noise can
be internal11,12 or external4,5 for a system.

Recently, it is reported that the external signal can be replaced
by “internal signal”, such as periodic oscillations in a deter-
ministic system.13 When the control parameter is modulated by
random force near the bifurcation point between a stable node
and a limit cycle, noise induced coherent oscillations (NICO)
are observed, and the SNR goes through a maximum with the
increment of noise intensity. We called this type of SR internal
signal stochastic resonance (ISSR).14 In this paper we adopted
a newly developed Oregonator15-type model, which was pro-

posed by Amemiya et al.16 to account for the photosensitivity17,18

of the BZ19 reaction in a flow system, to investigate the ISSR
behavior. When the control parameter, light flux, is modulated
by colored noise near a Hopf bifurcation point, noise induced
coherent oscillations were observed and the SNR went through
a maximum indicating the occurrence of ISSR. Furthermore,
the system also showed resonance behavior with the variation
of correlation time of the colored noise.

II. Model

A. Photosensitive Flow-Oregonator.A modified Oregonator
model,whichhasbeenproposedbyKa´dárandco-workers,17accounting
for the photosensitivity of the BZ reaction in a flow system
involves the following reaction steps:

where A ) BrO3
-, P ) HOBr, X ) HBrO2, Y ) Br

-, Z )
Ru(bpy)33+, M ) MA (malonicacid), G) Ru(bpy)32+, E )
Ru(bpy)32+*(excited state of Ru(bpy)3

2+), V ) BrMA, andh is
the stoichiometric factor. Processes O1-O5 represent the
Oregonator, while processes PO-P2 represent the photochemi-
cal reaction of the catalyst; PO is the photoactivation of Ru-
(bpy)32+ with the forward reaction rate proportional to the light
flux (Φ), and the reverse reaction is a first-order quenching
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A + Y f P + X (O1)

X + Y f 2P (O2)

A + X f 2X + 2Z (O3)

2X f P + A (O4)

M + Z f hY (O5)

G / E (PO)

E + V f Y + Z (P1)

E + A f X + 2Z (P2)
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process with a rate constant ofk -po. P1 and P2 represent the
photoinduced generation of HBrO2, Br

-, and Ru(bpy)33+ from
the reaction of Ru(bpy)3

2+* with BrMA and BrO3
-. The flow

terms are added to the differential rate equations as

whereP1Φ andP2Φ are the reaction rates for processes P1 and
P2, kf is the flow rate, andA, M, andV are constants in this
flow system. By using the Tyson’s scaling,20 the dimensionless
rate equations then become

where

For details see refs 16, 20-22. The rate constants and other
parameters used in this model are listed in Table 1. The initial
concentration of BrMA affects the dynamics of this system.17

In this paper we adopted a high value of BrMA concentration
to investigate how colored noise affects the dynamics of this
system near a Hopf bifurcation point.

B. Random Modulation of Light Flux. The light flux is
composed of a constant and a random component. It can be
expressed as follows:

whereΦ0 is the constant component,â is intensity of the colored
noiseê(t). We can introduce another equation as follows:

whereΓ(t) is Gaussian distributed white noise with zero mean
value〈Γ(t)〉 ) 0 and autocorrelation function〈Γ(t)Γ(t′)〉 ) 2Dδ-
(t - t′); 2D is variance. Equation 4 is a Langevin equation (LE).
The mean value of variableê(t) is

and the autocorrelation function of it is

where〈ê(0)〉 is statistical mean value of random variable at initial
time. Soê(t) is exponential Gaussian colored noise, andτ0 is
the correlation time of it. Its power spectra have Lorentzian
distribution: S(ω) ) ∫ exp(-iωτ)Dτ0 exp(-|τ|/τ0)dτ ) 2Dτ0

2/
(1 + τ0

2ω2). Therefore, by enlarging the dimensions of eq 2,
we can investigate the effects of colored noise on the dynamics
of this system. The constant component was chosen in such a
way that the system remained in the steady state without the
modulation of noise. The system was modulated in the following
two ways to show ISSR: (i) varying noise intensity with
constant correlation time; (ii) varying correlation time with
constant noise intensity. We chose three correlation timesτ0 )
1s, 2s, 10s, and three noise intensitiesâ ) 0.1, 0.2, 0.3 to study
this system, respectively. The noise pulse length [4] and variance
(2D) of Γ(t) were set as 0.2 s and 1, respectively, in this paper.
Equations 2-4 with the values of the parameters listed in Table
1 were integrated numerically by using the fourth-order Runge-
Kutta method (dt ) 0.01 s, total time 60000 s, total number of
data 60000).To quantify the ISSR effect, the time series ofy
(proportional to the concentration of Br

-) were analyzed by the
Fourier spectra.

III. Results

A linear stability analysis for this three-variable system with
â ) 0 was carried out. The bifurcation diagram is show in Figure
1. A subcritical Hopf bifurcation occurs atΦ0 ≈ 1.623× 10-6

Ms-1; undamped large-amplitude oscillations (spikes) stopped
or started abruptly when the value of the light flux was increased
or decreased gradually. The dotted line indicates the amplitude
of oscillations iny (proportional to Br-). We choseΦ0 ) 1.63
× 10-6 Ms-1, which is close to the bifurcation point for ISSR
study.

A. Varying Noise Intensity with Constant Correlation
Time. Figure 2 shows the results as a function of noise intensity
with correlation timeτ0 ) 1 s. Without noise, the system
exhibited no response (Figure 2a). Irregular spikes occurred at
noise intensityâ ≈ 0.06 (Figure 2b). When the noise intensity

TABLE 1: Parameters Used in the Model

parameters ref

Rate Constants
KO1) (2 M-3 s-1)H2 22
KO2) (3 × 106 M-2 s-1)H 22
KO3) (42 M-2 s-1)H 22
KO4) 3 × 103 M-1 s-1 22
KO5 ) 5 M-1 s-1 16

Stoichiometric Factor and Concentrations
h )0.5 16
H ) 0.37 M 16, 17
A ) 0.15 M 16, 17
M ) 0.2 M 16, 17
V ) 0.05 M 16, 17

Initial Conditions
X0 ) 0 M 16
Y0 ) 0 M this paper
Z0 ) 0 M 16
K f )2.2× 10-3 s-1 this paper

dX
dt

) KO1AY- KO2XY+ KO3AX - 2KO4X
2 + P2Φ - kf X

dY
dt

) -KO1AY- KO2XY+ hKO5MZ + P1Φ - kfY

dZ
dt

) 2KO3AX - KO5MZ + P1Φ + 2P2Φ - kfZ (1)

ε
dx
dτ

) x(1 - x) + y(q - x) - εKf x + p2φ

ε′ dy
dτ

) 2hz- y(q + x) - ε′Kfy + p1φ

dz
dτ

) x - z - Kfz + (P1

2
+ p2)φ (2)

x )
2kO4

kO3A
X y )

kO2

kO3A
Y z)

kO4kO5M

(kO3A)2
Z τ ) kO5 Mt

y0 )
kO2

kO3A
Y0 , Kf ) 1

kO5M
kf

φ )
2kO4

(kO3A)2
Φ ε)

kO5M

kO3A
ε′ )

2kO4kO5M

kO2kO3A

q )
2kO1kO4

kO2kO3

p1 ) V

0.089+ V + 15H2A
p2 ) 15H2A

0.089+ V + 15H2A

Φ ) Φ0[1 + âê(t)] (3)

dê(t)
dt

) - 1
τ0

ê(t) + Γ(t) (4)

〈ê(t)〉 ) 〈ê(0)〉 exp(-t/τ0) (5)

〈ê (t) ê (t′)〉 ) Dτ0 exp(-|t - t′|/τ0) (t/τ0, t′/τ0 . 1)
(6)
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was increased, more orderly spikes appeared atâ ≈ 0.44 (Figure
2c), which resulted in a peak in the SNR to the noise level
(Figure 3(i)a). If the noise intensity was further increased, the
system generated more spikes with the period of the intrinsic
oscillation (Figure 2d), which resulted in the decrease in the
SNR. The above phenomena indicate the occurrence of ISSR.
When longer correlation times were chosen, the maximum effect
of ISSR is shifted to lower noise intensity:τ0 ) 2 s,â ≈ 0.27
(Figure 3(i)b);τ0 ) 10 s,â ≈ 0.118 (Figure 3(i)c). In Figure
3(i) the maximum of SNR also decreased with increasing
correlation time of the colored noise.

B. Varying Correlation Time with Constant Noise Inten-
sity. The system also shows resonance behavior with the
variation of correlation time. The SNR reached its maximum
at τ0 ≈ 4.06 s withâ ) 0.1 (Figure 3(ii)a); the maximum effect
of ISSR shifted to lower correlation time atτ0 ≈ 2.23s withâ
) 0.2, 0.3 (Figure 3(ii)b and Figure 3(ii)c). It seems thatτ0

plays the same role as the noise intensity.

IV. Discussion

Generally speaking, the occurrence of NICO near the Hopf
bifurcation point is not surprising, since the system enters the
oscillatory region now and then by the noise perturbing the
control parameter, which results in a peak in the Fourier spectra.
With the increment of the noise intensity, the SNR goes through
a maximum, indicating the occurrence of ISSR. As to our
knowledge, in the majority studies on SR, white noise without
any correlation time was used, especially in chemical reaction
systems. In the present work we investigated the ISSR behavior
near a Hopf bifurcation point in a photosensitive BZ reation
driven by colored noise. A similar situation has been measured
experimentally by Schneider and Mu¨nster23 who observed
optimal noise effects when the applied noise had a frequency
which was close to the resonance frequency of the focus. What
interests us most is that the correlation time of colored noise
seems to play the same role as noise intensity for the occurrence
of ISSR, and the largest SNR goes down as the color of the
noise increases. The similar phenomenon has been reported by
Hanggi et al.24 White noise is Markovian noise, which describes
short-time behavior, while colored noise (exponentially cor-
related) refers to the long-time dynamics of fluctuation which
is a non-Markovian process. The time scale of the two noises

Figure 1. The bifurcation diagram of the modified Oregonator model
(eqs 2-4 with â ) 0). The other parameters used are listed in Table
1. The dotted line indicates amplitude of oscillations iny (proportional
to the concentration of Br-). A subcritical Hopf bifurcation occurs
at Φ0 ≈ 1.623 × 10-6 Ms-1. Here, h denotes the Hopf bifurcation
point.

Figure 2. Oscillations iny as a function of the intensity of the colored noise with noise crrelation timeτ0 ) 1 s and noise pulse lengthτ ) 0.2
s. â ) 0 (a); â ) 0.06 (b);â ) 0.44 (c);â ) 0.92 (d). A total of 60000 points were recorded at the intervals 1 s, and the result up to 5000 s is
shown. The parameters used are the same as those in Figure 1.
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is different, which resulted in the difference in their effects on
SR. In addition, a proper theoretical model would be of great
help to the future research.
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Figure 3. Internal signal stochastic resonance (ISSR). (i) SNR as
evaluated from the Fourier spectra versus noise intensity. The SNR
passes through a maximum atâ ≈ 0.44 with τ0 ) 1 s (a);â ≈ 0.27
with τ0 ) 2 s (b);â ≈ 0.118 withτ0 ) 10 s (c). (ii) SNR as evaluated
from the Fourier spectra versus correlation time of colored noise. The
maximum effect of ISSR occurs atτ0 ≈ 4.06 s withâ ) 0.1 (a);τ0 ≈
2.23 s withâ ) 0.2, 0.3 (b) and (c). The solid lines are meant as guides
to the eyes.
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