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Single-molecule fluorescence spectroscopy can be used to estimate the rate constants for slow transitions
between two states characterized by different lifetimes of a fluorescent probe. The fluorescence decay for
this system is a biexponential, the coefficients of each exponential being the fraction of time spent by the
system in each of the states. This paper explains how to estimate the rate constants for the transitions and
derives the sampling error for the estimates on the assumption that the data are gathdreabtacules,

each monitored for a tim@&. Results of the analysis indicate that the dominant factor in determining the
precision of the rate constanti4 and that the role of is less significant.

1. Introduction time T. The fluorescence decay is again described by biexpo-
nential with the same decay times as in the bulk experiment,

A vari f hni mong them single-mol | - . .
ariety of techniques, among them single-molecule spec but with random amplitudes:

troscopy (SMSY;® can be used to monitor the dynamic behavior

of individual molecules in condensed phases. The information lsp(®)
available from single-molecule experiments is more detailed than =xe "+ a- x)e"”2 (1.4)
that provided by bulk measurements. One implementation of Ism(0)

these ideas is based on measurements of fluorescence of th‘?‘he amplitudexis the fraction of time (out of the total tim
probes attached to single moleculesi\ﬁltghas been applied to thethat the molecule spent in states-411 Repetition of the
study of conformational changes of DNAS as well as to tRNA . : : . .
molecule€. In these experiments the molecule interconverts ing(”{_)neg(t)r?élfﬁ\gvse%ngnt?hisgpjﬁ;?ﬁtoprgﬁbiﬁ:gyo?znz;;y Ifgr
between two states, 1 and 2, with different fluorescence lifetimes r’r,ufle(':ulé The bulk resultin ea 1.2 is recove?ed from the sir? e
of the probe,r; and t, respectively. The interconversion is moleculel experiment in the Cl|im.|T o since. because 0%
ri first-order kineti heme: . . ’

described by a first-order kinetic scheme ergodicity, lim—«p(X|T) = J[Xx — Peq1)]. WhenT is finite,

K, p(x|T) is no longer a delta function and contains the information
1< (1.1) that can be used to find the individual rate constants.

A general theory of this kind of SM fluorescence experiment
wherek; andk; are rate constants whose values are sought. has been developed in refs-102. The theory developed in
When the fluorescence decay rate is much greater than that othese references assumes that the number of moleddles,
the interconversion, the decay of the fluorescence intensity studied in the experiment, is infinite. Errors in the estimates of
measured in a bulk experiment is biexponential: ki andk; arise becausk! is necessarily finite. In this paper we

explain how the rate constants can be estimated from the set of
Q) random amplitudes found experimentally and calculate the error

— —t/t —t/7;
lpu(O) = Pedl)e T+ Peg2)e (1.2) in these estimates due to the finitenesd/ofi.e., the sampling
error. Our analysis deals only with the sampling error and
wherePe((i) is the probability that a molecule is in staté= 1, neglects any other source of errors.
2) at equilibrium. If we letk = k; + k these probabilities can A main result of this paper is a general formula relating the
be expressed as sampling errors td1 and the measurement time This formula

shows that when the rate constants are not too different, say
K, Kk, (1/3) < ka/ko < 3, the dependence dhwill not be significant
Peq(l) — X Peq(z) =1- Peq(l) % (1.3) so long akT = 10. This implies that in this circumstance long
records would contain redundant information. Nevertheless this
Equation 1.2 shows that the bulk experiment allows one to additional information can be utilized by cutting the long records
estimate only the ratio of the rate constants, rather than the rateinto shorter ones, thereby increasing the effective number of
constants themselves. The single-molecule experiment providesmolecules without performing further experiments. The same
additional information with which one can estimate the indi- strategy of partitioning the records can also be used when the
vidual rate constants. In this experiment a randomly chosen measurement times for the molecules differ.
molecule is periodically excited by a train of laser pulses for a
2. Rate Constants
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of x. These are functions of the rate constants and can be foundwhere, for examplegx is the random component & These
using the results in ref 12. LékOJand 0%(T) be the mean and  definitions ensure thadx[= [do?00= 0. One can check that
variance ofx. Under the assumption that the system is initially the second-order moments &k and d¢? are®
in a state of equilibrium the exact mean and variancear&%13

o“(T)

2P, {1)P, q(2)[ 1T( e var(x) = Eﬂéx)zD= il — X = —— N
K
T (2.1L

If @XOand o%(T) are known exactly, the rate constants can be

= Pey1) = f AT =

var@®) = oo’)’0= ﬁ{[ﬂﬂx - ' [GZ(U]Z]} +

expressed in terms dakJandk as
p M(M )[0 (M1
k,=@1— &0k k=<K (2.2) 1
_ cov(Oxo0?) = Bxo0’ = =[x — BP0 (3.4)
where k can be found as the solution to the transcendental M
equation
d The important feature of these relations is that all of these
02(1') averages ar®(M1). This result will be used later to show that
m(k‘l’)2 —kT—-e¥+1=0 (2.3) the estimates of the rate constants are unbiaséa( ).
@ -B0 All of the moments on the right-hand side of eq 3.4 can be
The last two equations allow one to calculate the two rate calculated exactly using results derived in ref 13. The exact
constants, which can be expressed as moments are too complicated to be included here, although they
’ will be used later in their exact form to generate numerical
k = k (DkEbZ(T)) i=12 (2.4) results. In the long-time limit the normalized moments take the
’ ' ' form
WhenkT is large enough, salyT > 10, the last two terms in eq op (2
2.3 can be neglected. In this approximation the rate constants var(x) ~ ed2)
can be related to the mean and variance b X3 MP(1)KT
2
NSl DN 01-37 covExd0”) _ 3[Ped2) — Ped1)]
ToX(T) ToX(T) XA(T) MP(LKT
Equations 2.4 and 2.5 formally relate the rate constants to _
the mean and variance ®f In practice, neitheBChor o*(T) is var (02) 31~ SPef1)Ped2)} (3.5)
known exactly, but must be estimated from the experimental [A(M)]? M Ped(1)Pe2)KT
data. The experimental output consists of a set of amplitudes
{X1, X2 ... , Xu}, Where x is the amplitude found from where a term that i©(M~2) is omitted in the last line. A brief
measurements on molectleThe sampling error in estimating ~ derivation of the moments is given in the Appendix.
the rate constants is the error incurred by repladXigand ) . .
o(T), by their estimatesy anda2. Our strategy will be to first ~ 4- Sampling Errors in Rate Constant Estimates
calculate the sampling errors in the estimateskaiand o*(T) Equation 2.4 is an exact relation between khand XJand
and then to find the sampling error in the estimates ofkhe  52(T). WhenXCandoX(T) in this relation are replaced by their
using the relations in eq 2.4. estimates anda?, we arrive at an estimate of the rate constants:
3. Sampling Error in Estimates of XOand ¢*(T) ‘kI =k (X, 52) (4.1)

We assume that all of the; are identically distributed
independent random variables described by the probability These estimates are random variables whose values are close

densityp(x| T). The standard estimates of the mean and varianceto the exact values in eq 2.4 whev is large enough. To
aret estimate the error i we write

13 1 k = k(% 0°) = k(BxCo*(T)) + ok (4.2)
X="3 % K’ZZW x—%* (3.1
= = To find an approximation t@k; we substitute the expressions

% 52 i i (% G2
BecauseéM is finite, x anda? are random variables. It is easy to for x ando* in eq 3.3 intoki(x, 0%) and expand the result to

check that second order idx and 6o
RO= XCand@?0= oX(T) (32 sk~ %ﬁx - af 502+
(o}
This property of the estimates is usually referred to as un- (-DZ 5
biasednes¥! 1 I('( 0x)? +—a K 10K (0% (4.3)
In our further analysis the estimates and o2 will be 235@ AXD?(T) 2 3(6*(M)? '
decomposed into a sum of deterministic and random parts by ~
writing Sinceldx= Do?= 0 it follows that the estimatlk is unbiased

up to terms that ar©(M1).
X = X[H Ox, 3° = 0%(T) + 00° (3.3) On squaring both sides of eq 4.3 we find
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1
M

(4.4)

k) = [ok )= o )’ +
var(k) = [ok) o0 var(x)

ki \[ 9k _
2(3?[)(%) COV()_(, 0'2) +

0.45

)2 var@®) + O

ok
30°(T)

relative error

1/2)
2

M

p(k,)

The derivatives in this equation can be evaluated exactly by
appealing to eq 2.1. Figure 1 shows plots of the relative error
[var(k)]¥?k as a function ofkT to lowest order inM~1 for
M = 50.
In the largekT limit (kT = 10) the expressions can be
simplified by appealing to eq 2.3. In this limiting case we find,
by using eq 3.5, that to lowest order ifVLthe relative error in 0.15 . . . .
the estimate of the rate constant is 0 10 20 ©T 30 40 50
[Var(Ri)]l/Z 1— 4peq(1)peq(2) Figure 1. Curves of the normalized standard deviation, [ed(2/k;,
—_— _ | = as a function okT for M = 50 molecules. The curves shown are for
ki 2Peq(1)Peq(2)kT values ofK = ki/k; = 1, 3, and 9. These illustrate the point that the
5 1/2 (K — 1) qu!ckest approach to the limiting value of 0.2 c_;ccursl(mt landis
<= 1+-——=~| (4.5 quite slow when the rates are very asymmetric.
M 2KKT
independent of. In this formulaK = ki/k,. The expression in
eq 4.5, which is one of the main results of the paper, shows 3t . .
how the relative error depends on the number of moleciMes,
and monitoring time,T. We see from this equation that the y
dominant factor in determining the relative variance of the .
estimate ofk; is the number of molecules rather than the 2| .
monitoring time. Any deviation from the conditida = k, will
increase the error at a fixed value lof. One further result is
immediately available. The joint probability density of the
random variableg anda4(T) is essentially a two-dimensional 1t . 1
Gaussian* Since eq 4.3 shows thak is a linear combination
of two Gaussian random variables to lowest ordeMn, it . .
follows thatk; is also a Gaussian with me&nand a variance
calculated from eq 4.5. This is confirmed by a plot of simulated 05 * ; Ts
data given in Figure 2. 7
Looking at Figure 1 we see that when the two rate constants !
are approximately equal the curves will contain a small dip as Figure 2. Results for the approximate value of the probability density
a function of KT. Otherwise, one sees that the greater the for the estimatek; generated by the S|mul_at|on of 1000 experiments.
difference betweek; andk;, the slower will be the approach ThS pararneters used tggenerate the points Were 100 molecules,
! ki =1, k. = 0.3, andkT = 10. The solid line is a Gaussian calculated

to the largekT value (2M)¥2 This effect of asymmetry is in yjith the same mean and variance as in the simulated data.
agreement with results shown in Figure 1 of ref 12.

In general, increasing the monitoring time will always with lifetimes identical to those found in the bulk experiment
improve the precision of the estimate of the normalized variance. has been established) can also be applied when the monitoring
However, there is no benefit to be gained by increaSibgyond times differ for the different molecules. Reference 16 discusses
kT = 10 if the value ofky/ky is in the interval (1/3, 3) (see  how to calculate rate constants in this case. Implementing the
Figure 1). This would seem to suggest that data from measure-decomposition strategy not only increases the number of
ments made at such long times provide no usable information. effective molecules, but may also allow one to convert an initial
However, this is not the case since the data can be used todata set with different monitoring times into one with identical
increase what we will term “virtual molecules”. This is done monitoring times.
by decomposing the total data set into subsets, each of which
can be regarded as being the result of measurements on nevAppendix. Moments ok.

virtual molecules. When the rate constants are not too dissimilar - The moments of can be calculated using the results derived
the monitoring time for these virtual molecules should be of ;, some detail in ref 13. The formula fé&"(as a function of

the order ofkT ~ 10. On one hand, this is long enough t0 T can be expressed in terms of a functigit) defined by

guarantee the independence of data collected from the virtual

molecules as the relaxation function for the kinetic scheme in g(t) = Peg(1) + peq(z)e—kt (A1)

eq 1.1 is expf kt).'23 On the other hand, this value & is

short enough to make the cutting procedure efficient in ag

increasing the number of virtual molecules. Making use of the

data in this way can potentially increase the precision in the _ _ nlPg(1)

estimates. XT= T
The general idea of decomposing the data set into smaller

data sets (after the biexponential form of fluorescence decay ot, — ty)..o(t 1 — t,) (A2)

T ty th_1
Jodty [dt,. [T dt gt — t) x
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A more succinct representation can be found in terms of Laplace
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(2) Nie, S.; Zare, R. NAnnu. Re. Biophys. Biomol. StrucfL.997, 26,

transforms as shown in ref 13. Exact expressions for the first 567-

four moments can be expressed in term&ot ki/k, as

XC= Peq(l)
X[= P? (1)’ @ 2(1 _ ekT)]
e P 6K 6K(K—2) 1K1 -K)
(kT)? (kT?
oK [ 2= K

12K 36K(K — 1)
X'0= Poy(1)|1 + W+T

24K(K* — 6K +3)  12K(6K* — 18K + 1) 1x f

(kT (kT)* (kT)zl

2K(2K —3) | 6K*— 18K + 1
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