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We present a new method for the decomposition of an experimental absorbance matrix into concentration
and molar absorption coefficient matrices. The decomposition in general is not unambiguous; therefore, the
method may yield only ranges for these matrices. The experimental matrix is not changed, so deviations
from the original data can be monitored element by element. Consequently, all chemical constraints (such as
stoichiometry) can be taken into account. The method, which does not require an explicit chemical model, is

used to analyze the reaction between a CoDTA complex and HO,.

I. Introduction (MRA). These problems, particularly interdependence of the
primary data, must be considered when FA is used as well.
Additional issues should be taken into account when applying
such techniques. The most important of these problems is that
the solution of eq 1 is rarely, if ever, unique. One trivial example
is that if aC—E matrix pair is a solution for eq 1 then tlex
C—E/o matrix pair also satisfies eq 1 wheweis any positive
constant. This difficulty can be remedied by introducing
additional, often chemically evident, constraints (e.g., the sum
of the concentrations of absorbing species is constant). However,

A(p x g) =C(p x n) x E(n x q) (1) the application of stoichiometric constraints is hardly ever

sufficient to yield a unique solution, which can be calculated

where A is the experimental matrixC is the concentration  only if the measured matrix contains independent experimental
matl’iX, andE is the matrix of molar abSOI’ption coefficients. information for every Species_ A unique solution cannot be
The dimensions of these matrices are given in parenthesesextracted if the elements of the matux (i.e., the measured
wheren, p, andq are the numbers of absorbing species, samples, ghsorbances) are determined by more than one absorbing
and wavelengths, respectively. species.

Methods used to perform the decomposition fall into either ~ Aimost all variants of FA are based on an eigenvalue
of two classes, which differ in principle. Model-based ap- calculation for the matri¥AA = AT x A. We have shown in
proaches posit a mathematical model that describes the relatiorhart 1 that this approach may be misleading, because the
among the concentrations or between the concentrations ancstatistical criteria of the eigenvalue calculation are not valid for
their time derivatives. These methods most fl’equently use a |easliarge matrices originating from Spectroscopic data acquisition
squares technigtie* to calculate the parameters of the model, systems. The nonnegativity of the elements of the absorbance
e.g., formation constants in equilibrium studies or rate ConstantSmatriX is an important constraint in most experimental methods
in kinetics. Finding an appropriate model in complex kinetic (e g., Uv-vis spectrophotometry). A negative element may only
or equilibrium systems requires intuition, chemical instinct, pe accepted if its absolute value is smaller than the experimental
experience, and sometimes a bit of luck. In these calculations, gror.
instead of th@ x nindividual concentration data, one calculates The aim of the present work is to introduce a new algorithm
only a few chemical parameters that describe the relationsto overcome the difficulties outlined above. The new method
among them. is called M (model-free modeling with matrices). As we shall

The second category of methods, to which the approach gee, the method is capable of determining NIAS and calculating
developed here belongs, is model-free. If a model-free solution g |arge number of possibte andE matrix pairs. The algorithm
for the concentrations is known, then further evaluation, i.e., js jllustrated on a real example, the reaction of a cobait(ll)

setting up an appropriate chemical model, will be much easier EpTA (EDTA = ethylenediaminetetraacetate) complex with
than using any model-based method alone. Model-free decom-hydrogen peroxide.

position is typically based on factor analysis (FA) and its
offshoots? mainly principal component analysis (PCA). Il. The M 3Algorithm

In part 1, we detailed obstacles to the evaluation of large
experimental matrices in connection with matrix rank analysis

Advanced spectroscopic instruments routinely produce large
experimental data sets in matrix form. A new algorithm for
handling these matrices and for determining the number of
independent absorbing species (NIAS) was reported in part 1.
Once NIAS is known, the next step is usually the decomposition
of the experimental matrix into concentration and molar
absorbance matrices, based on the Béambert law (or its
analogues):

The goal of M is to minimize the target function

pq n
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wherecik and e4 are the concentration and molar absorption procedureswere applied wherever possible. The calculations
coefficient, respectively, of th&th species in theth sample were performed with at least 19 significant digits.
and at thgth wavelengthSnindicates that the assumed NIAS A. Preparation of the Experimental Matrix. Before ap-
is n. plying M3, one must estimate a range of plausible values for
The proposed procedure uses the data of the original NIAS, adjust the experimental data to unit cell length if
experimental matrix, avoiding any transformation, to assign necessary, and remove any erroneous rows or columns. The
deviations to individual points; it is numerically stable, even in size of the matrix should be kept as small as possible. The
the case of singular matrices; and it allows for the incorporation optimal number of wavelengths is one or two greater than the
of chemical constraints and any independent information such largest possible NIAS. In this way, the LESs to be solved are
as known molar absorbances. overdetermined, and the number of parameters to be fitted is
To meet these requirements, the following two-level proce- not unnecessarily high. Those wavelengths of the original matrix
dure is employed. Initially, the elements of tkematrix are evaluation that carry the important experimental information
estimated. The estimation requires some experience to choosehould be kept for further evaluation. Preparation of the matrix
an appropriate initial guess, but it is not crucial. Formally, the for M2 may easily be carried out by using the MRA technigue
cik values are the only unknowns in eq 2. Because different rows B. Solving LESs A combination of two numerical methods
of the A matrix depend on different concentration values and is used to calculate the concentrations at the initially guessed
each concentration value occurs in only one r8wjs the sum or iteratively refineck. First, the singular value decomposition

of the following mathematically independent expressions (SVD) algorithn? is applied. It is fast, can handle singular
matrices, and yields residuals that may be either positive or
p negative. The price paid for speed is that the procedure is not

Sn(C(n)) =) Sn(Cy, Gy - Cin)s stable wherk is far from the final solution. The instability may
i= be manifested in negative concentrations and/or in failure to

q n find a solution. Should a negative value occur, we may either
Sn(Ciy, Cpy -+, Cip) = Z |A; — Z Cieyil (3) (a) reject it and replace the singular value method by the slower
= k= linear optimization, which guarantees a positive concentration
o ) ] ) or (b) accept a negative value fa if the calculated negative
To minimize Sn concentrations for the following linear  gncentrations are smaihd |Giexj| is negligible compared to
equation system (LES) are calculated: the experimental errors at all wavelengihhe final calculated
concentrations should be same within experimental error for
. either choice.
A = Zcikeki' je{l,...q (4) If the above condition for negative concentrations is not
k= fulfilled or if no solution is found, then instead of the LES
defined in eq 4 the following system of inequalities is employed:

n

Additional equation(s) must be added to eq 4 if there are
stoichiometric constraints on the concentrations. For example, n
if the sum of the concentrations of the absorbing species is Aij > ;‘Cikekj! je{1,..0q
constant, the following equation must also be taken into account: =

n C,=0.0, ke{1,...,n} (6)
Ti= Zcik (5) The i " .
& e inequalities (6) may be supplemented by chemical con-
straints such as eq 5. The problem is then to find the maximum
whereT; is the total concentration in thi¢h sample. of the target function
If the number of equations in eqs 4 and 5 is equal to NIAS, 4 n . a
then the concentrations are given “exactly” a8d is zero. 7 _ _
Otherwise, the LES to be solved is overdetermined, ands N(Cix: Gy +++1Cn) = Z g Cikeig = Z (CikZ k).
calculated after solving the LES. = =E
OnceSn has been determined for all row&n and the matrix fe{l, ...t (7)
C are known at a fixece. Thus, Sn can be regarded as a

function of E (Sn = Sn(E)) only, because the concentrations The task defined by eqs 6 and 7 is a standard linear

are now fixed. By finding the minimum @n(E), the elements iz ation problem. Our programs use the simplex algofthm

of the E matrix can also be calculated. The minimization can ¢, caicylating the concentrations. This algorithm is slow (the
be performed by any numerical method of nonlinear parameter g\, gigorithm runs about five times faster), and all of the
estimation, becausBnis a continuous function of the elements | <iquals are positive, but the procedure is very stable and is

of E. During parameter estimation, any elementtotan be jnqenendent of the elements Bf It therefore always finds an
fixed or omitted. If statistical features, especially the correlation appropriate solution.
matrix, are taken into consideration, any relationships among 1 “mixing” of two different target functions for solving

the elements oE can also be found. the same problem raises the question of whether the results are
Alternatively, if A has more columns than rows, the concen- e same or at least compatible with further steps. From the

tration matrix can be fixed first, and then the elements of matrix experimental side, it is evident that an increase in experimental

E can be calculated column by column. accuracy decreases the difference between the results. Compu-

tationally, we apply the following procedure. Whenis still a

crude approximation, only the simplex algorithm is used. Near
Programs for Mwere developed in Borland Pascal for IBM  the end of the fitting process, when SVD is also stable, we

PC (DX-486) compatible computers. Standard mathematical switch to this algorithm. The final results are calculated by SVD.

subject to the conditions in eq 6.

Ill. Calculations
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TABLE 1: Determination of the Stoichiometric Constraint in the Co" —EDTA2 —H,0, Reaction by Using Different
Applications of MRA?

used series i 1 2 3 4 5 6
1-14 abspP)) 1.2890 0.8732 0.1223 0.0197 0.0101 0.0021
1-14, one row subtracted mean of 1680 &h)s( 0.9157 0.5776 0.0868 0.0205 0.0107 0.0025
1-8,13,14 abg?) 1.2890 0.8732 0.1223 0.0197 0.0101 0.0019
1-8, 13, 14, one row subtracted mean of 1200 BPs( 0.9394 0.4969 0.0197 0.0149 0.0035 0.0023

aP; denotes théth element of theP vector which includes the largest residuals of the successive elimination steps (see part 1 for the detailed
definition).
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Figure 1. Differences between measured and calculated absorbances in'"th&€ 09A2~—H,O, reaction. The lower curves were calculated with
four absorbing species, and the upper curves were calculated with five. The constraint given in eq 8 was applied.

C. Parameter Estimation. Once the concentrations are from all of the other rows of the absorbance matrix, then a
known with the initial or a refinedt, the minimum ofSn(E) is stoichiometric constraint is manifested as a decrease of rank. If
sought by the downhill simplex methd&.This method is slow no decrease of rank is found, then there is no stoichiometric
but requires the weakest set of assumptions about the surfaceonstraint among the absorbing species in the system.
to be searched. It is probably the most reliable method for We carried out this analysis on our matrix. Table 1 sum-
seeking minima. When the minimum is reached, the final marizes the results. The first row of the table shows the absolute
iteration and calculation of statistical parameters are carried outvalues of the largest residuals when- 1) absorbing species

by the GaussNewton—Marquardt metho#” with a numerical are assumed. The second row contains the results of MRA after

Jacobian matrix. the subtraction. All of the 1680 rows were subtracted from the
others, one by one, and the mean of the calculated 1680 largest

IV. An Example absolute residuals is indicated in the table. These means really

characterize their ranges, e.g., when BRgsand absPs) were

We illustrate the application of Rwith a real example, the
calculated for the second row, the ranges were 0-@08207

reaction of a cobalt(IlrEDTA complex with hydrogen perox- ; - .
ide, which is treated in detail in part 1. One absorbing species and 0.0016-0.0052 a.u. (absorbance units), respectively. It is

in the system is Gb-EDTA2". Its molar absorption coefficients clear from these nonoverlapping ranges that the subtraction did
have been determined independehdly 0.6403, 0.3910, 0.3349 not decrease the rank of the experimental matrix, no matter

0.579, 4.705, and 2.184 M cm! at 340, 350, 360, 520, 550, Which row was subtracted.

and 590 nm, respectively. These data were used as fixed This calpulation was repeateq ,L,’Sing experimental data
parameters irE. measured in samples of 0.04 M initial concentration of-Na

A. MRA as a Preparatory Method for M 3. In part 1, we C0'—EDTA (runs 1-8, 13 and 14). Comparison of the third
found that MRA alone cannot distinguish between NIAS and fourth rows of Table 1 reveals that the rank of the matrix

and NIAS= 5. The residual absorbance curves (obtained from decreased by one. Th.e_c.:hemical mea.ning. of the decrease of
a series of MRA), however, suggested that NIAS is 5. The use the rank at constant initial concentration is that all Co(ll)-

of M3, therefore, was restricted to NIAS 4 and to NIAS= 5. containing species present ?n the system absorb light in the
The example matrix includes six columns, so the LESs to be Wavelength range selected, i.e.
solved are always overdetermined. NIAS

The relgvant stoichiometric constramt_m the present case is [NaZCo”—EDTA]Oi — Z Cy (8)

that a weighted sum of the concentrations of the absorbing &

species is equal to the initial Co(ll) concentratfoiore

generally, MRA can be used to find the stoichiometric con- We note thaPs = 0.0035 a.u. is slightly higher than the usual

straints. experimental error (0.002 a.u.). Experimental uncertainty in
Wallacé? and AinswortR! elaborated a method to detect the [Na,Co'—EDTA], can easily cause this increase. Equation 8

presence of stoichiometric constraints. If one row is subtracted must be incorporated into the LESs whert M used.
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Figure 2. Residual absorbances as a function of time at different initial hydrogen peroxide concentrations iH-##EDT82~—H,O, reaction.
Runs 13, 1, 14, and 8 from Table 1 of paftviere used.
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Figure 3. Residual absorbances at several wavelengths in tHe-EDTA?—H,0, reaction. Run 1 from Table 1 of part tvas used.

B. Calculations with M3. To

determine the number of and that the residuals can be monitored element by element in

absorbing species and their possible concentration vs timetheA matrix, which provides useful information for determining
curves, calculations were carried out with the linear equation the chemical model

system defined by eqs 4 and 8.

In the calculations with NIAS= 4, we did not obtain unique

Four absorbing species were assumed initially. The lower part C and E matrices. On the contrary, mary—E matrix pairs
of Figure 1 shows the differences between the measured andcould be calculated from significantly different initial estimates
calculated absorbances for all 10 080 experimental data. Theof the E matrix. However, all of them gave the same calculated
figure shows many differences that are too large relative to the absorbance matrix. The experimental matrix carries enough
experimental photometric reproducibility. information to calculate the smallest possible residuals, but it
It can be seen from Figure 1 that the large deviations are does not include enough information for a unique solution of
functions of time. Moreover, there are systematic relations the deconvolution. Mathematically, ti8n function defined by
between these deviation vs time curves and some chemicaleq 2 has numerous minima, and the function values are the same
parameters (Figures 2 and 3). Figure 2 shows the residual vsat these minima. The products;, Az, Az, and A4 of four
time curves at 360 nm as a function of the initial hydrogen different C and E matrix pairs are shown in Figure 4. The
peroxide concentration. (Similar figures are obtained at other elements ofA; are taken as the independent variable, whereas
wavelengths.) Changing [N@o'—EDTA], instead of [HO;]o the elements of thé,, Az, andA4 matrices are the dependent
yields curves that represent similar relations. variables. The plotted points have the same positions in their
Figure 3 illustrates another feature of the residuals. Residual matrices. The figure clearly shows that all of the 30 240 plotted
vs time curves at different wavelengths but for the same samplespoints lie on they = x straight line, demonstrating that the
show a systematic change in the shape of the curves. products of differen€C andE matrix pairs are identical whenever
These examples demonstrate both that four absorbing specieshe calculated absorbance matrices correspond to a minimum
are insufficient to describe the absorbance matrix of our example of Sn.
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Figure 4. Calculated absorbance residuals of three diffe€2anhdE matrix pairs as a function of residuals belonging to a fo@tAndE matrix
pair. Positions of the dependent and independent variables are the same in all matrices: MIAS
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Figure 5. Histograms of the residuals for NIAS 4 and 5. The thick line shows fitted density function for a Gaussian distribution. Relative widths
of intervals, width of interval divided by the half width, are the same for both cases. Axes are normalized.

We carried out further calculations assuming five independent important information. For example, Figure 6 shows two
species. The upper part of Figure 1 shows the residuals for all different “optimal” time series. Both contain an important feature
individual data. No systematic deviation can be detected, andin common, a minimum in [Cb-EDTA?"]. These minima were
each residual is smaller than the photometric reproducibility. found in every one of the 100 or so calcula@dnatrices, which
Therefore, five linearly independent absorbing species are suggests that the reaction mechanism must have step(s) in which
necessary and sufficient to describe the primary absorbanceCo'—EDTA?" is regenerated in the later stages of the reaction.
matrix. Without M3, this feature does not emerge from the primary

We also checked the distribution of the residuals for both experimental data, and there is no indication of it in the
four and five absorbing species. It is clear from Figure 5 that a literature!2-15
normal distribution is appropriate if NIAS is 5. However, this
distribution of residuals cannot be described by the theoretical \/ pjscussion and Conclusion
Gaussian histogram if NIAS is 4. This result also supports the
existence of five absorbing species. In this article, we have demonstrated that i a powerful

The concentrations calculated by M3 (or any model-free tool for determining the number of linearly independent
method) are not unambiguous, as was pointed out explicitly by absorbing species. Like MRA, described in part 13 &toids
Lawton and Sylvestf@ and Ohtal3 In spite of their warnings, sophisticated statistical considerations and is simpler and more
this crucially important limitation has often been forgotten. The reliable than other methods using eigenvalue calculations. The
shapes of the concentration vs. time curves, however, carryresults can be interpreted easily, and the interdependence of the
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Figure 6. Two possible, and significantly different, series of calculated concentration vs time curves in the first run of tHeDd&\>—H,0,
reaction. Concentration of eEDTA? is on left axis, whereas the right axis shows other (unidentified) absorbing species.

measured data does not influence the conclusiofsdel several characterization of the experimental data is feasible, neitifer M
advantages over MRA: it does not require transformation of nor FA can replace completely the usual evaluation procedures
the primary experimental data, it can incorporate the nonnega-based on a postulated chemical model. Using v FA is,
tivity of the absorbance matrix, and it monitors the residuals however, important for carrying out further calculations ef-
element by element, whereas MRA considers the deviations onlyficiently, and M extracts information from large matrices more
row by row and/or column by column. However, MRA requires simply and more reliably than FA.

much less computation time and computer memory than does Ack led Thi K d by the H
M3, and the residuals derived from MRA can be evaluated more . i\ nczjw e gn;elsn._ IS WO(; wastuppgtlt_?( A /1¥Bt Og 98%régar- d
easily. MRA is necessary for filtering the matrix before using lan Academy of Sciences (Grant Nos. an

M3 OTKA/TB030446), by the Chemistry Division of the National
In addition to determining NIAS, Rlis able to resolve the Science Foundation, and by a U:$iungarian cooperative

absorbance matrix into matrices of concentrations and molargram'

absorption coefficients. In the literature, many variants of factor  Supporting Information Available: Experimental data for
analysis are used for this deconvolution® Mffers several  this example. This material is available free of charge via the
advantages over FA-based methods. Becauseddés not Internet at http://pubs.acs.org.

transform the primary matrix, the residuals are not distorted.
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