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It long has been known that advantages attend employing, as a basic internuclear coordinate for determining
a molecular potential energy surface, a varidble 1 — Ry/R, whereR, is a reference distance near to half

of an equilibrium distance. For a diatomic molecule, starting from numerical or analytical representations of
the energyW(R) = W(9), it is shown how to generate the analytical seri®S) = o(9> » bnPr(S), where

Pn(S) are orthogonal polynomials with weight functieS) over the range-1,1) for S. By rearrangement,

there result the series fO¥(R) in inverse powers oR. For neutral diatomics, the Jacobi polynomi&?#,6 ©)

with weight function (1+ S(1 — S°¢, seem particularly appropriate when the potential for large R is of

special interest.

Consider a prototypical diatomic molecule in the Bern 0.2 - a
Oppenheimer approximation, with ground-state potential energy
W(R) a function of the internuclear distanBeand equilibrium
distanceR.. Parr and White introducénd Simons, Parr, and 0.1
Finlan (SPF) applied and treated in some détjpower series '
for W(R) in the variable (1- RJ/R). This expansion has since
seen many applicatiofs? In the present paper, we refine,
systematize, and extend the SPF approach. :

We adopt as the expansion variable a generalization of the

SPF variable
-0.1
S=1-RyR @) \ /

with Ry as a reference point more or less nBarThenS =
{—, =1, 0, } for R = {0, Ry/2, Ry, «}. Note that the
transformation of variables from to Sforces the simple pole
atR = 0 to the edge of the real line without increasing its order, 04 - b
whereas at the same time the problem of discerning the '

asymptotic decay oW(R) asR — « has been changed to the \
problem of finding the behavior aMS) atS= 1. We now set \
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or some truncation thereof. We hope to thereby find a useful
analytical expression foM(S) that can be systematically , . . ,
improved as the amount of data available increases. We also  .» 15 1 05 0 1
want to obtain a reasonable potential energy surface even when .

the number of terms included is small. In Figure 1 are shown ‘\"‘/

W(R) andW(S) for the hydrogen molecule.

The original SPF work well demonstrates the power and the 0.2 -
promise of eq 2. See, for example, Figure 5 in SR#ich S
compares a sixth-order potential of the form of eq 2 with the Figure 1. Potential energy surface for the hydrogen moleétii@)
RKR potential for carbon monoxide. Input for the SPF calcula- W(R) vs R. (b) W(S) vs S.
tions were four Dunham coefficients and two boundary condi-
tions atS = 1 (R — ). The dissociation energy for carbon W(S) is known in advance, whether from ab initio calculations,
monoxide was predicted within seven percent of the experi- inference from experiment, or otherwise. We choose to use
mental value. information about\(S) only in the “significant” region fronR

The method can be improved, and made completely system-= Ry/2 to R — oo, that is, the region frons = —1 to 1. This
atic, with the modifications we now describe. We may assume suggests eschewing series3im favor of series of orthogonal
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polynomials inS, P(S), orthogonal over the intervat1,1) with though when the expansion is severely truncated one would
respect to some appropriate weighting factg($). Thus, we generally prefer empirical values of the coefficients.
have Considernextt = =1,0(9 = (1 + (1 — S, producing
WS = o(9 Y b P 3) WS = (1+9(1 -9 b,Pr(9 (10)
n n
and Because (B 9(1 — 9 = (R/R) — 2)(Ry/R), the zeroth order
term here already recovers the form of the Fues potential. This
1 : S .
b,= f 1 P.(OWS) dS ) formula provides an efficient way to generate the SPF potential.

As a more drastic change from the original SPF method,
accounting for the tru® — o behavior and responding to our
desire to extract long-range coefficients from accurate potentials,
we takef to be the leading-order term in the asymptotic series
in 1/R (mimicking the wayW(R) — 0 asR — ); for a neutral
diatomic, s = 6. If one choose&, so thatW(Ry/2) = 0, it is
also appropriate to take = 1 (which mimics the wayV(R) —

0 asR — (Ry/2). (If W(Ry/2) = 0, thena = 0 is more
appropriate.) Then, for a neutral diatomic molecule, we will

For a givenW(S), Ry, and choice of orthogonal polynomials,
the coefficientsd, are uniquely determined by this procedure,
and the procedure is systematic and readily implemented.

A reasonable (though not mandatory) choice Roi2 is the
turning point on the potential energy surfa¥¥Ry/2) = W(co)
= 0, with the last equality setting our choice of energy zero.
One must choose among the available sets of polynomials
orthogonal over {1,1); in the limit, different choices should

= — 6
give the saman(). haveo(§) = (1 + 9(1 - 9
By inserting eq 1 into eq 3, one find&(R) as a sum of _ _ 1,6
polynomials in (1— Ry/R), from which rearrangement yields a WE =11 +91 S)G] an P9 (11)

sum of inverse powers d®. (More simply, noting thaS — 1

= — Ry/R, the coefficients in the Rexpansion may be obtained and

from the coefficients of the Taylor series expansionV{{S)

aboutS = 1.) The coefficients of the Taylor series, in turn, b,= fil Pﬁ'e(S)W(S) ds (12)

may be efficiently computed using the recurrence relation for

dPy(S)/dS) In principle, even the very small (but important) |mplementation of egs 8, 10, and 11 are equally easy. Note that
long-range terms iWW(R) (such as 1) will be determined because (I+ 91 — 9° = (R/R — 2)(R/R)® the series

correctly by this procedure. generated using eq 11 yield, upon rearrangement, asymptotic
Appealing as weight functions are the Jacobi polynomials, series in Ry/R)® and higher powers ofRy/R). Such expansions
P%%(9,n=0, 1, 2, ..2 for which the weight function is overcome the primary shortcoming associated with the original
SPF method: the difficulty of satisfying the appropriate
o9 =01+9%1—- S)/j (5) asymptotic constraints.

Finally, one could go on to a weight function which recovers

so that both theR — 0 and theR — « limits, for example
WS =[(1+9%1—-9S b PF 6 _qf
O=10+5°A-9FoPS  © o= 1909 13
(S+a)’+b?)®
with

wherea and b are chosen to produce the correct asymptotic
ol Lap decay W(R) ~ Z1Z,/RasR— 0 andW(S) ~ (Z1Z:/Rg) (1 — S
b, = f— 1 Pn"(SW(S) dS 7 asS— — . The set of orthogonal polynomials associated with
. . ) . eq 13 is found through repeated application of the generalized
Theb, are most readily computed if the input potential energy - chyistoffel theorent3 which tells how recursion coefficients are
surface is evaluated at the abscissas of the appropriate ©auss modified whena(S) is modified by a polynomial divisor.

Jacobi quadrature formufd® _ The preceding methods for forcing asymptotic constraints on
Experience will tell which choices ai and 8 will be best  potential energy functions are similar to the “reproducing kernel”
for a particular application. Consider firat= 3 = 0, (S = techniques employed by Ho, Rabitz, and co-worké#8Indeed,
1. Then the orthogonal polynomial expansion may be generated using
- the reproducing kernel from the theory of orthogonal polynomi-
alsté
WS =3 bP(S ®)
n=0 1
WS = o(9) -, Ku(SS)WS) dS (14)
and
where
1
by= /", PA(SW(S) dS ©) y
Ku(SS)= ) P (9P,(S) =
where theP,(S) are the classic Legendre polynomials. The full u(SS) & (9Pe(S)
expansion of eq 8 is essentially (but see the next paragraph) P. (S)P — P (9P....(S
the SPF expansion already known to be useful and quite 1 PuSPun® M(IPu1(S)
accuraté. Truncated at three terms, it is the reasonably good ay S—S

Fues potentiall which is a quadratic in R. Note that eq 9
provides immediate access to the parameters in the potentialHere,P,(S are the orthogonal polynomials associated with the
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measureo(S and ay is the recursion coefficient for the vibrations?0 take the set of all scalar internuclear distances as
orthonormal polynomials associated with the weig{t) internal coordinates and replace each internuclear distance with
an appropriate SPF coordinate. Note tHgfl(N — 1) = 3N —
Pur1(9 = (ayS+ by)Pu(S — cyPu-1(9 (16) 6 for N > 3, with equality holding folN = 3 and 4. Provided
the redundancy problem is addressed, central force coordinates
For anyo(9) of interest, recursion coefficients (thence orthogo- can also be used fa¥ > 4.21.22
nal polynomials) can be generated using standard subrodfines;
this provides computationally efficient techniques for generating ~ Acknowledgment. P.W.A. acknowledges financial support
representations of the potential energy surface. from a postdoctoral research fellowship administered by the
Rearrangements to series irRldre routine for any of the  National Institutes of Health.
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