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Fractal Nature of Sorption Kinetics

R. P. Meilanov,*™ D. A. Sveshnikoval and O. M. ShabanoV

Geothermal Research Institute of the Daghestan Scientific Centre of the Russian Academy of Sciences,
Makhachkala, Russia, and Department of Physical Chemistry, Daghestan Stat<ityi
Makhachkala, Russia

Receied: July 18, 2002

The generalization of sorption kinetics equations is given within the context of fractal conception. Using the
fractional integrodifferentiation technique, we derived a new class of solutions that takes memory effects into
account. Satisfactory agreement with experimental data has been found.

In recent years, the tendency of revision of the fundamental concentration difference. Thus, the time dependence of the
tenets of the heat and mass exchange theory was outlined. ltquantity of cation adsorption is determined.
should be pointed out that two fundamental factors hinder the  The mathematical description of electrosorption is realized
development of the adequate quantitative theory of heteroge-by a set of equations consisting of the equation of balance
neous systems. This is the space inhomogeneity and multiphas€conservation law of substance), kinetic equations for compo-
behavior of a system. The description of space structure featuresents participating in the sorption process, equations of elec-
of heterogeneous systems using Euclidean geometry is limited,trodynamics, and equations of adsorption isotherms giving the
and it is necessary to invoke notions of the fractional dimension relationship between the concentration of substance in a solution
geometry. The multiphase behavior of the system leads to theand on a sorbent surface. In general, the equations have a
necessity of the development of a radically new approach for complicated integrodifferential form. Therefore, various ap-
the study of sorption kinetics. The interface of two phases proximate models with precise determination of the their
represents the special condition of the substance that isapplicability boundary are applied. The fundamental feature of
intermediate between interacting phases. Such an intermediateéhe considered process is that during the substance sorption from
substance condition is characterized by the availability of a liquid phase onto the surface of a solid phase with further
fluctuations, its complicated correlation nature, and the absencediffusion in the solid phase, kinetic factors depend on the sought
of the traditional structure of a relaxation-time hierarchy. The solutions, and the problem becomes nonlinear. Moreover, at
complicated space- and time-correlation character leads to thedifferent stages of an adsorption, it is necessary to use different
existence of memory effects and self-organization. It is beyond equations.
the scope of traditional statistical physics methods to describe The initial equations that take into account the marked

such properties. features of fractional derivatives of time and space have the
One intensively developing area is connected with the use following form:
of the fractal conceptiofr.2 The wide area of application of 9%

this conception in various branches of natural sciences is related

to two features. The first is connected with the use of the

Haussdorff-Besikovich fractional-dimension geometry ap-

proach. As a result, it is possible to develop an adequate gy t) = Dfiﬂcf(x,t) + Dics(x, t) — uG — vC; +
0

(G D+ CXx )+ gk =0 ()
t, ot lo 08

description of the systems with a complicated space structure. o9& Sloagﬁ
These systems cannot be described using Euclidean geometry. g 9
The second feature is connected with the use of the mathematical Cfufa_g + Csusa—g ()

technique of the fractional integrodifferentiati&hl® Using this
formalism, it is possible to take into account the complicated
nature of the nonlinear phenomena such as memory effects an
space correlations.

where 0< aandf < 1. Wheno. = =1, eqs 1 and 2 transform
do the traditional forn¥* C; is the density of substance
transmitted by a liquid,Cs is the density of the adsorbed

. L . substanceq(x, t) is the fluid flow with the substancé); and
m(')gé?'(sa\évg”;’ ?ga?tézgggfoe?ee;%os%:hﬁoci:;%ng'iiivgé?;pgfot?]em are the diffusivities defining their diffusion contributions to
fractional inteprodifferentiation formalizm to explain the ex- the fluid flow with the substancei and are the velocities of

erimental da%d‘lg has been made. The basi(F:) idea of the the liquid and the substance defining their convective streams,
P ) : ’ . . and ug; represents the absolute velocities of ions at the single
experiment is the measurement of the concentration difference t th of a fieldE = —arad
of S”* and C&" cations in their salt solutions before and after rleng ci a cljez h_ fgra_ ¢'| derivative is defile
filtration through the cell with polarized or unpolarized activated negs 1 and 2, the fractional derivative is defifeny
carbon and the establishment of the time dependence of the d*C(x, 1) 1 d tC(x 1)

dt F(1—o)dt’Ox — )
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Equations 1 and 2 are supplemented by the isotherm sorption  ¢/c,
equation on the boundary between liquid and solid phases:  1.00 —

®) 7

0.80 —

Cs=9(C, E)

The expression for the flow(x, t) in each case has these
features and presents a separate problem. The strict solution of
this expression is made on the basis of the kinetic equation with
a consequent averaging procedure. Equation 3 also has a form ., _|
that depends on the adsorption isotherm, taking into account
the features of the interphase. 4

The solution of eqs 1 and 2 depends on the mechanisms of
the adsorption process and the filtration mode. We will consider 040 —
the simple case of an inner diffusion mode, when egs 1, 2, and
3 lead to the equatiorCg — C):

0.20 |/

d’C(r) Cz=0) _

- C(r) 4
dr* T —-o)r® /
The second summand on the left side of eq 4 is defined as the0.00 ~t——+———— ,; T ; . R
fractional derivative 8C(z = 0)/dt* = C(z = 0)T'(1 — )%, 0.00 10.00 20.00 30.00 40.00 50.00

whereC(z) = C(7)/Co, T = t/to, to is the characteristic time of  Figure 1. Time dependence @/C, for unpolarized activated carbon.
the inner diffusion process, ai@ is the saturated concentration Curves £3: calculated results. 1o = 1. 2: o = 0.75. 3: a. = 0.5.
of the solid phase. For the solution of eq 4, we use the Laplace (®) Experimental data for Ca. (#) Experimental data for 3.
transformC(p) = /gexp(—pr) C(r) dr. For C(p) from eq 4, we
obtainC(p) = [(1 + p®)-C(z = 0))/[p(1 + p®)]. Using the inverse
Laplace transformation, we hav€(r) = 1 — [1 —
Cr = 0)]Eq1(—7%), where E,4(€) is the Mittag-Leffler 1
function? Eq,p(E%) = ¥ r_o(E/(T(ak + B)) for a > 0,8 > 0.
The solution of eq 4 depends on the initial conditions and
the value ofa. For 0 < a < 1 and for the initial condition | ;
C(r = 0) = 0, we obtain '

[0
095 —

C(r) = Col1 — Egy(—7%)] (5)

At a = 1, from eq 5 we hav&; i(—1) = exp(1): {

C(r) = Co(1 — exp(-1)) (6)
B 2
This solution is the same as the earlier known one. In the case |
wheno = 0.5, we haveEy,(—1?) = exp@)[l — erf(v/7)] 075 —
and eq 5 takes the following form: B |
C(r) = 1 — exp)(erfe(/7))] " et t,h
0.00 10.00 20.00 30.00 40.00 50.00

The transformation of the functional form of the solution from _ i . . .
eq 6 to 7 corresponds to the variation of the state and propertiesgguée;j ;'Tgrcg;ﬂendence of for unpolarized activated carbon. 1:
of substance. The reasons responsible for the use of eqs 6 and T '

7 are not included in a variation of thtg parameter. Thus, a  for the adsorption of G4 and S#t ions on unpolarized activated
variation ofa supplements the description of substance proper- carbon %2 reported in ref 17. The best agreement with
ties and, as we will show below, more exactly describes the experimental data for Cawas observed for = 0.75. For the

experimental data. Moreover, the rangeoofariation in eq 4
canben <a =<n+1, wheren=0,1,2,..Forl<ax=?2,
we have

C(r) = C[1 — E,4(—7%)] — A" 'Eo(—7%)  (8)

Except for the initial conditio©(r = 0) = 0, eq 8 must satisfy
another condition:

(d* )
(de" )

C(t)|17:0 =-A

Figure 1 shows the results of the numerical solution of eq 5

for various values ofr andt, together with experimental data

adsorption of St" ions, in contrast to the adsorption of Ta
ions, to explain the experimental results, it is necessary to take
into account the variation af with time. Thus, the process of
the adsorption of St ions has multifractal character. As analysis
showed, the agreement between calculated and experimental data
is good only at certain values ¢f for Ca&", to = 10 h; for
St to = 13 h. The derived values &f correspond to the value
of C/Cy = 0.6 for the studied ions. The time dependencetof
is shown in Figure 2. As one can see from this Figure, the
essential difference in the sorption kinetics of?Cand S#*
ions is observed in the initial stage.

It is interesting that on the polarized sorbents electrosorption
curves are explained by eq 8 with a variationcofvithin the
range from 1 to 2. For the explanation of experimental results
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a parameter but that it has direct relationship with the sorbent
200 *——\ structure.
| — In the case of cathode-polarized sorbents, we did not visually
observe their destruction; however, a drastic decrease of the
180 — T parameten. after 65 h of sorption can testify to certain structural

modifications of activated carbon, which can be connected, for
N example, with the intercalation of ions into interplanar spaces
of carbon.
160 — The physical means of parametgrs the characteristic time
of the inner diffusion procesty = deq/7?Defr, WhereDes is
the effective diffusivity of the cation in the activated carbon
pores anddequ = (I — k/i7?)d is the characteristic size of the
adsorbent particlesl(is the diameter of the particl&,= 0.6 at
2l/d > 4, and| is the length of the cylindrical part of the
/ 2 1 particle); in our cas@eq = 7.5 x 1072 cm. Using calculated
1.20 — values ofto anddeq, We obtained the values of diffusivity for
cations: Dcz+ = 1.58 x 1078 cn?/s andDsp+ = 1.22 x 1078
: cn¥/s for the adsorption without polarization. For an adsorption
on polarized sorbents, the results are the following: for the
1.00 ! | . I ] I , 1t h anode-polarized sorberdc2+ = 1.06 x 107° cn¥/s andDsp+
0.00 40.00 80.00 120,00 160.00 = 1.38 x 107 cn¥/s. For the cathode-polarized sorbeDgzz+
Figure 3. Time dependence af for anode-polarized activated carbon. — 1-67 X 1079 cn/s gnd Dspr = 1.15 x 1.09 sz_/s' The
1: For C&": 2: for SP'. calculated values of diffusivities agree satisfactorily with the
data reported by other authors.
o There are two adjustable parametessandty) in eq 5 to
explain the experimental data. There is a fundamental difference
/ between these parameters. If under the changgtioé form of
1/ \ solution is not varied, then the varying @fleads to the change
A of the functional form of the solution. Moreover, as the
\ calculations indicate, there is a correlation betweeand to.
The calculated and the experimental data show good agreement
180 — only at certain values of these parameters. It is fundamentally
important that the values of are varied with time. By this, we
2 mean that the variation of the differential equation form is the
/ result of substance property changes. The establishment of
regularities in the fractal dimension variation becomes the
important problem of the developed fractal conception and needs
160 — special investigation.

Thus, using the fractional integrodifferentiation approach, it
is possible to get well-known solutions and to realize their
- 1 nontrivial generalization. The fractional derivative approach is
a fundamentally new method of the quantitative description of
the time and space nonlocal processes. In this case, the fractal
1.40 r r , I . (th dimension becomes the most important magnitude in the fractal

0.00 40.00 80.00 120.00 conception. The fundamental nature of this magnitude is that it
determines the order of fractional derivatives and fractional
integrals and is an “operating” parameter of the theory that is
analogous to that in the physics of open systéms.

Another important feature is connected with the property of

reported in refs 17 and19, it is necessary to take into accountSelf-similarity of the fractal structures. Contrary to traditional
the variation ofa with time. As the analysis showed, the methods of the system description on the basis of various

agreement between the calculated and experimental data is goo@Veraging procedures, when an “erasing” of the microscopic
at certain values df that correspond to the time of saturation level of description takes place, the self-affine structure of the

of the solid phase. For @hions, t, is equal to 150 and 95 h medium is taken into account in the fractal conception, and
for adsorption on anode- and cathode-polarized carbon, respec'-[hereby within th_e framework of this conception, the microscopic
tively. In the case of St ions,t, is equal to 115 and 106 h for and macroscopic levels of the system description are integrated.

anode- and cathode-polarized carbon, respectively. The timeAs a result, it is possible to restore more detailed information
dependence oft for electrosorption on anode- and cathode- using experimental data on the macroscopic level.

polarized carbon is shown in Figures 3 and 4. Figure 3 shows

abrupt changes in the parameter with time. It is remarkable = References and Notes
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Figure 4. Time dependence of for cathode-polarized carbon. 1: For
Cat, 2: for SP*.



11774 J. Phys. Chem. A, Vol. 106, No. 48, 2002

(3) Eltekova, N. A.; Razdyankova, G. |.; Eltekov, Yu. Russ. J. Phys.
Chem. (Engl. Transl.1993 67, 1426.

(4) Glockle, W. G.; Nonnenmacher, T. B. Stat. Phys1993 71, 741.

(5) Olemskoi, A. I.; Flat, A. YaUsp. Fiz. Nauk1993 163 1.

(6) Glockle, W. G.; Nonnenmacher, T. Biophys. J1995 68, 46.

(7) Chukbar, K. V.J. Exp. Theor. Phys1995 108 1875.

(8) Meilanov, R. PJ. Exp. Theor. Phys. Letl996 22, 40.

(9) Saltikov, Yu. V.; Kornienko, V. L.Russ. J. Phys. Chem. (Engl.

Transl.) 1996 70, 1267.

(10) Sukhanov, A. D.; Timashev, C. Russ. J. Phys. Chem. (Engl.

Transl.) 1998 72, 2073.

(11) Meilanov, R. P.; Sadikov, S. Alech. Phys. (USSRP99 69, 128.

(12) Meilanov, R. PEng. Phys. J2001, 74, 1.

(13) Oldham, K. B.; Spanier Jhe Fractional Calculus: Theory and
Applications of Differentiation and Integration to Arbitrary Ordefca-
demic Press: New York, 1974.

Meilanov et al.

(14) Samko, S. G.; Kilbas, A. A.; Marichev O. Integrals and
Derivatives of the Fractional Order and Some of Their Applicatiddauka
i Tekhnika: Minsk, 1987.

(15) Miller, K. S.; Ross, BAn Introduction to the Fractional Calculus
and Fractional Differential EquationsWiley: New York, 1993.

(16) Schneider, W. R.; Wyss, W. Math. Phys1989 30, 134.

(17) Sveshnikova, D. A.; Abakarov, A. NChem. Techn. Water993
15, 250.

(18) Abakarov, A. N.; Sveshnikova, D. A.; Dribinski, A. V.; Gafurov,
M. M.; Sheykhov, Sh. O.; Kuleshova, T. Yu.; Saltykov, P. A.; Shirkov, A.
V. Russ. J. Phys. Chem. (Engl. Trandl993 67, 1449.

(19) Sveshnikova, D. A.; Abakarov, A. Ker. Daghestan Scient. Center
2000Q 6, 78.

(20) Kokotov, Yu. A.; Zolotarev, P. P.; Elkin, G. ETheoretical
Fundamentals of lon Exchang€himia: Leningrad, 1986.

(21) Klimontovich, Yu. L.Turbulent M@ement and Structure of Chgos
Nauka: Moscow, 1990.



