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The reaction kinetics of two radical reactions that are important for coke formation during the thermal cracking
of hydrocarbons is studied by transition-state theory. It is investigated how coupled internal rotations influence
the partition functions of molecules with several torsional motions and the reaction kinetics involving such
molecules. This is done by applying a general scheme, which is able to treat various rotating tops without
restrictions on the symmetry of the rotating parts.

1. Introduction

In this paper, the attention is focused on the role of coupled
internal rotations on the kinetics of radical reactions. The
chemical reactions under study are of importance within the
thermal cracking of hydrocarbons, which is one of the main
processes for the production of light olefins such as ethene.
During the thermal cracking, a coke layer is formed on the inner
walls of the reactor, which exhibits a negative influence on the
efficiency of the reactor unit. The process of coke fomation is
complex and consists of thousands of elementary radical
reactions. These can be classified in a limited number of classes
such as hydrogen abstraction, addition, and cyclization reactions.
To unravel the complex mechanism of coke formation, some
prototype reactions are searched that are representative for the
kinetics of each class. In two previous papers of the authors,1,2

the kinetics of two basic reactionssthe addition reaction of
ethene toward the butylbenzene radical and the subsequent
cyclization reaction (Figure 1)swas studied by means of
transition-state theory.3 The basic quantities for the reaction rate
expression are the energy difference between the transition state
and the ground state at the absolute zero and the partition
functions. All of these quantities are determined by ab initio
density functional theory calculations at the B3LYP/6-311G**
level of theory.4-6 One of the main difficulties for the molecules
under study is the presence of one or more hindered internal
rotors. In refs 1 and 2, we found that low vibrational modes
that correspond to internal rotations should be correctly de-
scribed to obtain accurate predictions for the preexponential
factor.

In principle, all internal rotations are coupled with each other
and with the overall rotation of the molecule. This makes an
exact treatment rather cumbersome. In refs 1 and 2, we treated
all internal rotations as uncoupled. By this approach, one goes
beyond the harmonic oscillator (HO) approximation because
more conformers are taken into account, that is, all conformers
that can be reached by following a one-dimensional path on
the potential energy surface. This is illustrated for the butyl-
benzene radical; Figure 2 shows the two-dimensional rotational
energy surface in terms of the internal rotations characterized
by variations of the torsional anglesφ2 (propylene rotation) and

φ3 (ethylene rotation). In the uncoupled internal rotor approach,
the conformers BB1, BB2, and BB3 are taken into account
correctly, while the exact location of the minima corresponding
to BB4 and BB5 are not correctly described in the uncoupled
scheme. As also stated in ref 7, the location of the maxima on
the coupled and uncoupled surface can also be significantly
different. The attention is focused on the mentioned specific
torsional motions because they are the most significant to reach
the various conformers of the butylbenzene radical. Despite the
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Figure 1. Addition of the ethylbenzene radical to ethene and cyclization
of the butylbenzene radical.

Figure 2. Two-dimensional potential energy surface,VBB(φ2,φ3), for
the butylbenzene radical and the stable conformers on the surface.
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topographical similarity of both surfaces, one can question the
impact of the observed discrepancies on the kinetics of the
reactions under study, which was still an open question in refs
1 and 2.

Since the pioneering work of Pitzer,8 which showed that
torsions about single bonds are not freely rotating, there have
appeared many books and reviews on hindered rotations.9,10The
theory of hindered rotors is well-known but has been too
cumbersome for many applications because it explodes in
complexity once coupling is taken into consideration making
extended numerical applications almost unfeasible. Many ap-
proximative schemes have been presented. The most common
approximation is to treat rotating tops symmetrically. For this
case, Pitzer presented tables for various thermodynamic func-
tions, but they are also inconvenient for use in computer
programs. Also some functions were presented that can estimate
thermodynamic functions without having to start from first
principles for each application.11,12 The problem of coupled
internal rotations was addressed in few studies to determine far-
infrared torsional spectra of molecules.13,14Rotor-rotor coupling
was also described in a paper of East and Radom to determine
third-law entropies up to 1 J mol-1 K-1.7 However, up to now,
only schemes that treat coupled symmetrical tops were pre-
sented. Moreover, the potential energy surface is systematically
described by limited Fourier series, of which the expansion
coefficients are fitted to conformation energies obtained by ab
initio calculations. In this paper, we go beyond this approach,
by presenting an algorithm that is able to treat coupled internal
rotations of asymmetric rotating tops with no limit upon the
number of rotating tops. The potential energy is constructed in
a fully ab initio way with no limits upon the symmetry. We
apply the scheme to the two reactions of interest in this paper,
but it should be stressed that the algorithm is of general
applicability.

2. Theoretical Procedures

All ab initio calculations were carried out with the Gaussian
98 software package.15 All stable conformers of reactants,
products, and transition states are taken from refs 1 and 2. These
were calulated at the DFT/6-311G** level of theory.4-6 Ac-
cording to several references in the literature16 on similar
reactions, this level of theory gives reliable predictions of
geometries and frequencies for a realistic computational time.
For more details about the specific computational procedures,
we refer to refs 1 and 2.

For an exact treatment of internal rotations, one must analyze
the low vibrational spectrum of the molecules at hand and
identify the motions that correspond with internal rotations.1,2

For two rotating tops, one can obtain the following torsional
Hamiltonian, starting from the general expression for the
classical kinetic energy as given in the work of Pitzer:8

whereJ2 andJ3 are the internal angular momenta defined by
J2(3) ) (∂T/(∂ω2(3)) with ω2 andω3 being the angular velocities
about the rotation axes of the two internal rotations andT being
the kinetic energy.V(φ2,φ3) represents the two-dimensional
rotational energy potential. For the specific reactions under
study, the two-dimensional rotational potential is constructed
for the butylbenzene radical by building a two-dimensional grid
ranging from 180° to 540° in both dimensions. For each point,
the potential is calculated at the UHF/6-31G* level17 by

optimizing all variables with constrainedφ2 andφ3 angles. The
same procedure is applied to the transition state for the addition
reaction. The coefficientsA, B, andC in eq 1 are functions of
the two torsional angles; the exact expression can be found in
refs 18 and 19.

The partition function corresponding to the two coupled
internal rotations can be determined either quantum mechani-
cally or, in the high-temperature limit, classically. We adopt
both schemes to test the influence of the temperature range on
the thermodynamic quantities. At high temperatures, the canoni-
cal partition function has significant contributions from a large
number of quantum states. In this limit, the summation over
states can be approximated as an integral over phase space:

In the low-temperature limit, the partition function must be
determined quantum mechanically by determining all energy
eigenvalues of the two-dimensional differential equation:

ĤT is obtained by regarding the angular momentaJ2 andJ3 in
eq 1 as quantum-mechanical operators. The partition function
can then be obtained by a summation over all energy states up
to convergence:

wheregi is the degeneracy of the rotational energy levelεi and
σint is the internal symmetry number of the coupled internal
rotors. The symmetry number has to be introduced to prevent
overcounting of the number of unique minima. In our case,σint

equals 1 because the symmetry number for both rotations is 1.
We have solved the resulting coupled differential equation

by a new numerical algorithm based on perturbation theory of
the partition function. The details are outlined in ref 20. We
first determine the variationally best product wave function
ψi(φ2,φ3) ) f(φ2)g(φ3), which minimizes the expectation value
of ĤT. This results in self-consistent fields,Ĥ0 ) ĥ02(φ2) +
ĥ03(φ3), which already contain the averaged effects of rotational
coupling. Next, we use the basis of product eigenstates ofĤ0

to evaluate the partition function up to second order in∆̂ ) ĤT

- Ĥ0. We find that this method, which avoids the large
dimensionality of the full coupled rotor space, leads to numeri-
cally stable results.

3. Results and Discussion

Partition Functions Determined Quantum Mechanically
and Classically.Figure 3a shows the partition function in terms
of temperature associated with the (uncoupled) ethylene internal
rotation in the butylbenzene radical, calculated both quantum
mechanically and classically. Figure 3b shows the classical and
quantum mechanical partition function of the coupled ethylene
and propylene internal rotations in the butylbenzene radical. It
is observed that quantum mechanical effects are only important
for temperatures up to 150 K. At higher temperatures, the
classical approximation becomes almost exact.
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Influence of Internal Rotations on the Partition Functions.
Figure 4a,b shows the partition function associated with the
ethylene and propylene internal rotation in the butylbenzene
radical (BB1) and the transition state for the addition reaction
(TSBB1) in terms of the temperature in various approximative
schemes. The partition function obtained by treating the two
internal rotations in the harmonic oscillator approximation
(vibrational mode) represents the standard in all ab initio
packages. The partition function is largely enhanced by replacing
the harmonic oscillator model by internal rotations. This is best
visualized in Figure 4a,b by the IR/uncoupled B3LYP result,
whereby the two internal rotations under study are handled as
uncoupled internal rotors with rotational potentials determined
at the B3LYP/6-311G** level of theory.

To get an idea about the impact of the level of theory on the
partition function, we replace the ethylene and propylene
rotational potentials of the previous case by cuts from the two-
dimensional potential energy surface atφ2 ) 180° and φ3 )
180°, which has been determined at the UHF/6-31G* level. The
result is given by IR/uncoupled B3LYP/UHF. The reference
geometries and all internal rotations are determined at the

B3LYP/6-311G** level, except that the ethylene and propylene
rotational potentials are determined at the UHF/6-31G* level.
Finally, Figure 4 also includes the partition function obtained
in an exact coupling scheme of the ethylene and propylene
rotations, thereby using the two-dimensional energy surface in
terms of the two torsional angles.

By going from the harmonic oscillator to the uncoupled
internal rotor approach, a serious enhancement of the partition
functions is noticed. This can be explained by an increase of
the density of states in the low-energy spectrum by taking into
account a realistic internal rotor potential compared with a
harmonic oscillator potential with infinite wells. As a result,
more conformers are accessible in the internal rotor approach,
leading to an enhancement of the molecular partition function.
The increase in the case of transition state for addition (TSBB1)
is more pronounced than that for the butylbenzene radical. This
effect can be traced back to the special nature of the ethylene
internal rotation in the transition state, which corresponds to
the rotation of the approaching ethene around the forming C-C
bond. This particular internal mode is a transitional mode, which
arises from the loss of one external rotation of ethene when
brought together with the ethylbenzene radical. The internal rotor
potential predicts that ethene will preferably attack the ethyl-
benzene radical in the gauche conformation.

It should be stressed that the partition functions are very
sensitive to any change of the geometry and the level of theory.
Even a small reduction of the rotational potential barriers may
lead to a serious change of the partition function. In Figure 5,
the propylene and ethylene internal rotations are described at
two different levels of theory (the potentials are determined,
respectively, atφ2 ) 180° andφ3 ) 180°). In the case of the
butylbenzene radical, the B3LYP/6-311G** prediction slightly
underestimates the potential barriers with respect to UHF/6-
31G*, causing a small shift of the bound rotational levels to
lower energies. This immediately manifests in a substantial
increase of the corresponding partition functions. For the
transition state TSBB1, the potential barriers are almost similar,
but the propylene rotational shape slightly changes with the level
of theory. Anyway, in this case, we observe practically no
deviation and the partition functions are coinciding with each
other. These results agree with some conclusions made by Heuts
et al.21 One should be very careful in drawing general conclu-

Figure 3. Partition function for (a) the ethylene internal rotation in
the butylbenzene radical and (b) the coupled ethylene and propylene
internal rotations in the butylbenzene radical, calculated classically (cl)
and quantum mechanically (qm).

Figure 4. Partition function of the ethylene and propylene internal rotations in (a) the butylbenzene radical and (b) the transition state for the
addition reaction in terms of temperature in various approximative schemes.
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sions, but it appears that relatively low levels of theory, which
are less time-consuming, are sufficient for the evaluation of the
partition function within 25%. Finally, application of the exact
coupling scheme of the two primary internal rotations in the
BB1 and TSBB1 conformers leads to a decrease of the partition
function compared with the uncoupled internal rotor approach
and seems to moderate the effect of treating internal rotations.
However, the values are still larger than those in the HO
approximation. The origin can be traced back to the specific
nature of the coupled rotational potential compared with the
uncoupled two-dimensional potential, which can be constructed
by taking the sumV(φ2) + V(φ3). The true two-dimensional
rotational energy surface for the butylbenzene radical shows a
large central bump, which shifts up the energy levels in the

low-energy spectrum, leading to a decrease of the partition
function. Physically, it means that it is more difficult to “walk”
through the “coupled potential energy surface” than through the
“uncoupled surface”.

Influence of Internal Rotations on the Kinetic Parameters.
By calculating the partition functions at various temperatures,
one can construct an Arrhenius plot and determine the pre-
exponential factor and activation energy of the reactions. The
rate equation for a bimolecular reactionA + B f C obeys

and is expressed in units of dm3 s-1 (h is the Planck constant),

Figure 5. The rotational potentials at various levels of theory for the ethylene and propylene motions in the butylbenzene radical (parts a and b)
and the transition state for the addition reaction (parts c and d).

Figure 6. Arrhenius plot for (a) the addition reaction and (b) the cyclization reaction in the temperature range from 700 to 1100 K.

k(T) )
kBT

h

q‡/V

(qA/V)(qB/V)
e-∆E0/(kBT) (5)
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while for a unimolecular reaction,A f B, the rate constant is
given by

and is expressed in units of s-1.
In a typical cracking unit, the temperature varies from 700

to 1100 K, in terms of the length of the reactor. The kinetic
parameters are determined by fitting in the appropriate temper-
ature range. The resulting Arrhenius plots are shown in Figure
6. Table 1 gives an overview of the theoretically predicted
kinetic parameters of the reactions under study obtained in the
various approximation schemes.∆E0 represents the reaction
barrier at 0 K, defined as the energy difference between the
transition state and reactants. The activation energies are
determined by the slope of the Arrhenius plots (see Figure 6)
and are very sensitive to the temperature region in which the
Arrhenius parameters are fitted. In the forward addition and
cyclization reaction, the activation energies increase by a few
kJ/mol when handling internal rotations instead of a treatment
of these modes in the harmonic oscillator approach. Preexpo-
nential factors turn out to be largely affected. We notice a factor
of 10 in the addition reaction, but it should be stressed that in
an exact coupling scheme the enhancement factor is mildly
reduced. It is an overall conclusion that the uncoupled hindered
rotor approximation overestimates the effects generated by the
treatment of internal rotations. The coupled scheme moderates
these effects, and this is due to the specific nature of the true
two-dimensional rotational energy surface. An extra central
bump appears (Figure 2) both for the transition state TSBB1 of
the addition reaction and for the butylbenzene radical BB1,
which makes it more difficult to proceed from one conformer
to another in the coupled surface. In the reverse addition
reaction, the influence of internal rotors turns out to be small,
which is a direct result from canceling effects of the enhanced
IR partition functions in the numerator and denominator of the
rate equation. The reverse cyclization reaction obviously exhibits
no influence of internal rotations because of the complete
absence of any internal rotor in reactant and activated complex.

4. Conclusions

In this paper, we studied the influence of the coupling of
two internal rotations on the kinetics of two radical reactions
that are of importance for the formation of cokes during thermal

cracking of hydrocarbons. The specific reactions were already
extensively handled in two previous papers of the authors at
the DFT/B3LYP/6-311G** level and by treating all internal
rotations in an exact but uncoupled way.1,2 For the specific
reactions under study, we found that coupling of internal
rotations has a minor influence on the kinetics compared with
the corrections already taken up in an uncoupled scheme. It
appears that the uncoupled scheme overestimates the changes
to the preexponential factors but that it gives an upper limit to
what internal rotations are responsible for. The scheme as
applied gives a theoretical foundation for an exact treatment of
coupled internal rotations. However, to draw more general
conclusions on the influence the coupled scheme on the kinetics,
a larger set of reactions should be studied for which also accurate
experimental data are available. This work is in progress.
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