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Bond Orders and Their Relationships with Cumulant and Unpaired Electron Densities
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This paper reports the relationships among different covalent bond-order concepts, second-order cumulant
densities, and atomic populations of effectively unpaired electrons. This framework leads to the derivation of
suitable formulas to perform population analyses at correlated level in Mulliken and topological versions.
Numerical determinations in some molecules confirm the usefulness of these proposals for describing chemical
bondings.

1. Introduction report is the implementation of these tools, cumulant of the
second-order reduced density matrix and density of effectively

. . . unpaired electrons, to describe bond orders. The approach
the understanding of molecular structures, as well as in studies P Pp

¢ hani £ chemical " in which the breaki d provides to establish a rigorous relation between both above-
ofmechanisms of chemica’ reactions in which the breaking and ., ytinned definitions of bond order. We have carried out this

form_ation of chemical bondings is usually described on the bz_a3|s study as in the Mulliken scheme of population analysis, in which
of t.h's term. Ur_1fc_>r_tunately,_ the quantum theory _d(_)es not provide the electronic charge is partitioned in a Hilbert space spanned
a rigorous deflnltlpn of this concgp.t.because it is not itself an by the basis functions, as in the topological version, in which
observable quantity. An early definition of covalent bond qrder the partitioning is performed over the physical space. As a
was l{epo_rt(_ed ?y W|be|'*gsom<_a_delcades ?go t(')n thes_ba3|?hof consequence of our treatment, the usual classification diithe
results arising from semiempirical wave tunctions. since then g q.qng of a system as core and nonbonding electrons, electron
a great effqrt has pe_gn dEd'Cf'ﬂed by many authgr's.to eStab“Shshared between two nuclei, and free-valence electrons is
an appropriate def|n|t|or_1 (.)f. this concept from ab initio calcula- obtained in a natural way, providing useful tools for computa-
tion results?~13 Two definitions of covalent bond order have tional purposes '
mainy b praposed. O of e is based an the exchangd T, L02C Lz a follows. Th second ecton epos
y ' . the basic theory, which allows one to establish appropriate

a second definition arises from the fluctuation or covariance of : . . LT -
; 15 e relationships between different population indices. The third
the electron population of two centéfs1® Both definitions are . ) X .
section describes some calculations of population analyses based

coincident in the closed-shell HartreBock picture but lead to h lated fi d duced densi i The obtained
different results when correlated wave functions are d%&4L3 on the correlated first-order reduced density matrix. The obtaine
) results confirm the interest of the proposed equations.

The study of the properties of the cumulant of the second-
_order regggled d_ensity matrix has recently aro_used a considerablez_ Theoretical Treatment
interest! This tool allows one to relate, in an exact way,
the elements of the correlated second-order reduced density Let us consider a set of orthonormal orbitélsj, k, I, ...}
matrix with products of elements of the first-order reduced and the corresponding set of spiarbitals{i¢, j¢, ...,i%, j5, ..}.
density matrix. Similarly, the effectively unpaired electron The spin-free first-order and second-order reduced density
density, although proposed some time &% has more recently ~ matrices are defined, respectively, as
been revealed to be a suitable method to describe the extent of
the radical and diradi_cal charac_ter in molecules an_d transi?ion Ipi = D/JIZC;FUC-OI»;/)D (1)
state425 The effectively unpaired electron density matrix ! 2
represents the spatial distribution of odd electrons in open-shell
molecules, but it also accounts for the partial split of electron pik L o
pairs that appear even in closed-shell systems when the Dy = EDﬂZZCiTUCIU co'goly U @)
electronic correlation is taken into accod#it?6 We have lately e
established the connection among the cumulant densities, the t . .
density of the effectively unpaired electrons, and population Where cio, o, etc. are the usual creation and annihilation

analyses? On the basis of this connection, the first aim of this f€rmion operators and ando” are the spin coordinates. (or
p). |/ Os theN-electron state of the system. Note that the trace

*To whom correspondence should be addressed. Fex:34-944- of the matrix?D iS_G)- Hence, according to the values of the
648500. E-mail address: gfptogaa@Ig.ehu.es. traces of the matrice¥D and?D, it is possible to write

The concept of bond order has played an important role in
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N=2 > ['DiDi~ 2D (3  where

I 1 A A A

Obviously, if the basis set is nonorthogonal, eq 3 must be P =—[221Di Dk — Zu?] (12)
! . ! A k =i i
substituted byN = 3 [(*PS} (P — 2(PPI}], where P, 24 .
2P, andSare the usual charge density, pair density, and overlap A B
matrices, respectively. Two treatments can be carried out in eq | = 1pi Ipk (13)
3, as is described in the two following subsections. AB ZZ k=i
2.1. Mulliken Treatment. A Mulliken-type partitioning can
be obtained from eq 3 if we write and
N= ZAA + ;BAAB (4) A
) Uy = ZU: (14)

where
A A ) )
An=3 5 (DI~ 2D (5)
I

A B
Mo=2y YCOOL-Z0)  (A<B) ()
|

andA, B, etc. stand for different nuclei of the system.
The diatomic term®ag constitute a definition obond order
between two nucleM andB, at any level of theory, according

Because the monatomic termgexpressed by eq 14 stand for
the effectively unpaired electrons on the nucléif8-2’the other
monatomic termpa in eq 11 must be related to the effectively
paired electrons on this nucleus. These one-electron matrices
have been obtained from contractions (sums over all of the
functions of the basis set) of two-electron quantities, which
contain Coulomb and exchange correlatibhidence, thas and

p matrices also contain information about both types of
correlations in open-shell systems as in closed-shell ones (when
they are described by correlated wave functions). The expression

to eq 6. It turns out to be equivalent to the definition of bond Of the diatomic termsag of eq 11 aCCOF%iT? to eq 13 constitutes
order in terms of covariance (correlation of fluctuations) of the the exchangedefinition of bond ordef:**! This definition of

charge operato§, andgg, that is,Aag = —2[{0a — Ba0(Gs —
@) where, as is well-knownga = 3,5’oc/oco and
similarly for gg.°

We propose to express, in eq 3, the matrix elemébf{$

through the cumulant of the second-order reduced density
matrix, the matrix elements of which will be denoted as

(AJ)22127s0 that

D/'D ~ 7'Dy/DI + 5 ™

L

ik
ZD:k = 2

Another tool that we wish to introduce in eq 3 is the effectively

bond order depends on the square of the first-order reduced
density matrix elements, and consequently, it does not distin-
guish between net bonding and net antibonding, as has recently
been pointed ow—3°

Equations 6, 7, and 13 lead to establishment of the rigorous
mathematical relationship between the two definitions of bond
order

A B
Apg=lpg — ZZ ZA:E (15)

unpaired electron matrix the elements of which are defined |n_ the case of a closed-shell determinant, all of the elements

ag2.23

u=2Dj - ZD:}D}‘ (8)

As has recently been shown, thenatrix is related with the\
matrix through the tensorial contractf@n

u= —ZZA}t )

so eq 3 can finally be written as

1 . _ _
N= EZ[ZlDLlDik —u] + ZU:

The second term of the right-hand side (rhs) in eq3Qy,
represents the number of unpaired electrons of the sy%terh;
consequently, the first term/,3 [T !DIDF — U], must ac-
count for the paired ones.

(10)

If we perform a Mulliken-type partitioning in eq 10 into terms

involving one or two centers, we can write

N=ZpA+/ZBIAB+ zuA

(11)

Aj; are zerd? so both expressions of bond order are identical.
Obviously, neither of these definitions of bond order correspond
to the Huckel concept of bond order although they are related
to the square of this quantif.

2.2. Topological Treatment. Within this approach, let us
consider, in eq 3, the partitioning of the whole real space
according to the Bader's atomic regior@a.3! Taking into
account that this partitioning hold2 = Ux Qa andQa N Qp
=@ (OA B; A= B), eq 3 can be written in the form

N=23 > DDl - 2D{15(2)S(2)  (16)
A 528 LK,

where §;(Q24), Su(Rg), etc. are the elements of the overlap
matrices calculated over the regiofs, Q2g, etc.
In eq 16, the following partitioning can be performed

N= ZAQA + ZQ AQAQB
A Qp<Qp

17)

where

Ag, = (lD}lD:( - ZZD}:()SJ'(QA)SKI(QQA)
i)kl

(18)
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— 1nilnk _ 92nikyg TABLE 1: Calculated Values of Populationspa, pc, Ua, and
AQAQB ZiJZI (D D — 2°D;)§;(224)S(©2e) uc and Bond Orders | a5, and I ac (Mulliken-type) and

Populations pe,, pPe., Ua,, and uq. and Bond Orders | g0,
(R4 < Qp) (19) and | g,0. (Topological) in Diatomic Molecules in the SDCI
Approximation for A, B = H, N, O, or F
The expression ofAg,q, iN €g 19 constitutes the topological H, N, 0, F co
version of the fluctuation-type definition of bond order between

the regionsQ, and Qg at correlated level? B’g 0.464 5.364 6.800 8.248 4 f(.)gm
The substitution of eqs 7 and 9 in expression 16 leads to Un 0.060 0.346 0.377 0.322 0.331
Uc 0.303
1 _ i I 0946 2569  1.642  0.856
N= —[ZZ Z DI'DjS;(RA)Su(Re) — gzujSJ(QA)] + Inc 2.202
2 A Qg A T Paa 0.463 5.243 6.601 8.118 8.088
uS(Q) (200 G > o
Zz i (I 0.060 0.346 0.377 0.322 0.398
ATl Uac 0.237
_ lonos 0.955 2.822 2.045 1.119
or, alternatively, losoc 1.552
— TABLE 2: Calculated Values of Populationspa, pu, ua, and
N ;pgﬁ‘ QAZQBIQAQB + Z Yo, (21) uy and Bond Orders | 4 (Mulliken-type) and Populations

Pe,s Pay, Ug,, and ug,, and Bond Orders | g, 0, (Topological)
for Second-Row Hydrides in the SDCI Approximation for A

where =B,C,N,O,orF
1 BHs CH, NH; H,0 HF
1RilRk i

Po, = [ > DIDS(QSu(RQe) — D uS(Q)] (22) Pa 3200 4319 6111  7.480 8691
26 m PH 0537 0379 0269 0211  0.167
e Un 0189 0250 0298 0302  0.264
o o = S DD (Q,)S(Q 23 Un 0.059 0052 0047 0045  0.041
2% DS (Qa)Su( ) (23) Lan 0940 0932 0879 0849  0.831
. Pas 2111 3738 6412 8172  9.191
and Poy 1197 0447 0172 0065  0.026
Uo, 0.074 0219 0309 0325  0.281
: Ug, 0097 0060 0044 0033  0.025
Uy, = ZU,-S,-(QA) (24) laacn 0507 0944  0.860 0650  0.478

) IQHQH. 0.137

Equations 22, 23, and 24 are the counterparts of eqs 12, 13,TABLE 3: Calculated Values of Populationspc, pu, pa, Uc,
and 14, respectively, in the topological version. Likewise, the U, and ua and Bond Orders Icc, Icu, and Ica

. 7 . (Mulliken-type) and Populations pe., Pe,, Pa,., Ue Ue,, and
topological fluctuation-type bond order and the topological Ug, and Bond Orders lga.., lo.a, and TQCQ: (topcologiHcaI)

exchange-type bond order are related by the expression for Several Organic Compounds in the SDCI Approximation
N forA=NorF
Ag o =loo Z 1 S (QnSa(Re) (25) CoHo CHq CH. HCN  CHF
Pc 4.395 4.185 3.995 3.939 4.096
In the next section, some calculations in selected molecules are P+ 0.372 0.369 0.264 5 gffs 8 %135’8
described to evaluate the usefulness of the partitioning proposed E’; 0.197 0.262 0.309 '0.305 0.195
inegs 11 and 21. Uk 0.040 0.039 0.034 0.035 0.039
Ua 0.321 0.211
3. Results and Discussion lec 0.882 1.814 3.057
. o . lch 0.929 0.926 0.832 0.839 0.908
Numerical determinations have been carried out to test the |, 2.737 0.740
above methodology for localizing paired and unpaired electrons,  po 3.830 3.890 4.012 3.363 3.560
as well as for describing chemical bondings using exchange- Pa 0.440 0.419 0.319 0.279 0.419
type bond order indices at correlated level. All of the calculations ~ P2a 6.288 8.836
. . . . o Uo 0.177 0.246 0.299 0.263 0.170
reported in this section were performed using a modified ug° 0.047 0.047 0.044 0.042 0.045
Gaussian 9% program, which generated the first-order reduced UQ: 0.356 0.219
density matrices, as well as the overlap integ@l$€2,) that locac 0.953 1.782 2.654
appear in eqs 2224. In a second step, these matrices were lacoy 0.937 0.940 0.934 0.894 0.913
subjected to population analysis by our own computational —'ecea 2.440 0.821

implementation. The employed basis sets have been 6-31G**

with d polarization functions on the heavy atoms and p functions (:PS), where'P andSare the usual charge density and overlap
on the hydrogen ones for the compounds described in Tables 1matr|ces respectively.

and 2. The results reported in Table 3 have been obtained with ~ Although all of the studied systems are closed-shell mol-
the simpler basis set 6-31G. All of the geometries were ecules, they have nonzero unpaired electron population values.
optimized for these basis sets within configuration interaction This is due to the partial split of electron pairs, pointed out in
(CI) wave functions with single and double excitations (SDCI). the Introduction, which arises from the dispersal of the occupa-
The Mulliken-type calculations have been carried out in the tion numbers of the orbitals in the expansion on several Slater
atomic basis sets. Because these basis sets are nonorthogonaleterminants, which occurs when a system is described using
the matrix eIementéD} have systematically been replaced by correlated wave functions. The results in Table 1 refer to simple
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diatomic molecules in the ground state (except in the oxygen computational point of view because it avoids the much more
case). The first conclusion that can be drawn from these resultsexpensive use of higher-order reduced density matrices. Further
is that the monatomic populations of the paired, as well as the studies are currently being carried out in our laboratories with
unpaired, electrons are similar in the Mulliken and the topologi- the cumulants of the second-order reduced density matrixes to
cal versions for the homonuclear molecules. However, in the compare fluctuation-type and exchange-type bond orders (see
case of the CO molecule, the valuemf, = 8.088 is clearly egs 15 and 25), as well as their basis dependence, etc. The results
higher than its counterpafo = 6.774. Hence, the stronger will be published elsewherg.
electronegative character of the oxygen atom is more clearly
pointed out in the topological approach. The valuesigf = Acknowledgment. The authors are indebted to R. Ponec for
0.237 anduc = 0.303 also agree with this property. This several interesting discussions. A.T. and L.L. thank DGI (Spain)
confirms again the well-known shortcomings of the Mulliken- and the Universidad del Pais Vasco for their support in the
type partitionings to describe chemical bondings in polar Projects No. BQU2000-0216 and No. 00039.310-EB7730/2000,
moleculesi?2 The found values of the bond orders are close to respectively. R.B. acknowledges grants in aid from the Uni-
the conventional ones; they are higher in the topological method versity of Buenos Aires (Project No. X-119) and the Consejo
than in the Mulliken one, except in the case of the heteronuclear Nacional de Investigaciones Ciéiitas y Tenicas de la
molecule CO of which the lower valuigy,o. = 1.552 shows Republica Argentina (Res. No. PIP 02151/01).
again that the electron pairs are unequally shared, which
provides the previously commented high, value. References and Notes
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