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We develop a very simple, previously neglected, idea for enhancing the power of quantum wave packet
calculations to interpret chemical reactions. This is that, once the energy-domain wave function is calculated,
an infinite variety of time-dependent wave packets may be recovered from it, simply by multiplying by an
energy filter and taking the Fourier transform. Each packet corresponds to a different initial wave packet
along the scattering coordinate. We show that, when incorporated into the plane wave packet method [J.
Chem. Phys.2002, 117, 4623], the filters can isolate features in the differential cross section and generate
separate wave packets visualizing the dynamics of each feature. The filters also enable one to focus the wave
packets, so as to minimize artifacts caused by spreading. We demonstrate these ideas on the F+ HD reaction,
by isolating the low energy ridge from the differential cross section and generating a focused plane wave
packet that visualizes its dynamics. We find that the ridge is produced by a “Catherine wheel” rotation and
decay of the FHD complex through about 180°.

I. Introduction

Wave packet calculations give unique insight into the
quantum dynamics of chemical processes, by yielding “movies”
which visualize the motion of the atoms. The movies can be
used to simulate the time-evolution of a femtochemistry
experiment,1 or they can be used to interpret an energy-domain
experiment, by comparing with data obtained over a spread of
energies. The latter type of interpretation has been applied to a
variety of systems, including molecular photodissociation,2-5

molecule-surface interactions,6-8 rate constant predictions,9

and, the subject of the present paper, quantum reactive
scattering.10-22

Wave packet methods were introduced into quantum
scattering11-13 because they scale better than time-independent
methods, and this advantage led to the first accurate calculations
of cross sections for 4-atom reactions.14,15However, a growing
body of work (e.g., refs. 16-22) has also exploited the ability
of wave packets to visualize the dynamics. Such visualization
is especially useful for reactions, because it provides a link
between the “physics” language of time-independent scattering
theory, and the “chemistry” language of “reaction mechanisms”.
It also makes possible direct comparisons with quasiclassical
trajectory (QCT) calculations.23

The present paper addresses a largely overlooked aspect of
the use of wave packets to visualize quantum reactive scattering.
This is that, because one is interpreting an energy-domain exper-
iment, the choice of the initial wave packet is largely arbitrary.
The internal states of the reagents, and the overall spread of
collision energies, must of course be the same in the initial wave
packet as in the experiment. However, the precise form of the
collision energy spread, and hence the shape and position of
the initial wave packet along the scattering coordinate, are
largely undetermined. The only restriction is that the initial wave

packet be placed sufficiently far out, that the scattering potential
can be neglected.11-13 Typically, the initial wave packet is
chosen to be a Gaussian, and just one initial wave packet is
propagated for each initial quantum state of the reagents.

However, there will be occasions when several, or indeed
many, initial wave packets should be propagated for each initial
quantum state of the reagents. First, it may be necessary to test
whether the wave packets contain artifacts dependent upon the
form of the initial packet. For example, at low collision energies,
spreading of the wave packet will occur, and this might be
mistaken for the effects of a trapping mechanism. The true cause
of the spreading could be unmasked by varying the initial
position of the wave packet. Second, the calculated cross
sections or reaction probabilities may contain distinct features
as a function of energy, or scattering angle. In such cases, it
would be interesting to prepare different wave packets contain-
ing different spreads of collision energies, each of which would
visualize the dynamics responsible for one of the features.
Almost certainly this would require quite a lot of experimenta-
tion, with different energy filters being tested, to isolate smoothly
the features without introducing artifacts.

Thus, one can imagine many examples where reactions could
be interpreted more clearly, and in more detail, by propagating
a series of different packets for each initial quantum state of
the reagents. Given that this is so, we are surprised that, to date,
almost all wave packet calculations of reaction dynamics have
been done starting with just one wave packet (per initial quantum
state of the reagents). However, if one wave packet can be
propagated, then as many different wave packets as desired may
be recovered from it. One has simply to generate the time-
independent wave functionΦ(E) over a grid of collision energies
E, store it on disk, and then transform back using24

This equation may be applied as many times as desired, using
a series of different energy filtersF(E), to generate a series of
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ø(t) ) ∫0

∞
F(E)Φ(E)e-iEt/p dE (1)
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wave packetsø(t). Each packet will describe the time-evolution
of a different initial wave packet, whose form along the
scattering coordinate is determined byF(E). Almost certainly,
this approach was not adopted previously because, for a realistic
scattering problem, a lot of disk space is required to store
Φ(E). However, disk space is now very cheapseven a desktop
PC may hold several hundred gigabytes. Hence, eq 1 is a simple,
practical way to generate a series ofø(t) corresponding to
different initial packets along the scattering coordinate.

In the present paper, we test out the ideas just discussed by
applying eq 1 within the plane wave packet (PWP) method, to
the F+ HD reaction, in the collision energy rangeE ) 0-0.15
eV. The PWP method was introduced recently by the author20-22

as a means of generating wave packets to visualize how the
products of a reactive (or inelastic) collision scatter into space.
The (energy-domain) differential cross sections are obtained
directly from these wave packets, via time-dependent differential
cross sections.20 Hence, the use of eq 1 in the PWP method
would permit one to isolate distinct features in the differential
cross section and to generate wave packets showing the
scattering into space that produces them. The F+ HD reaction,
in the range,E ) 0-0.15 eV, is an ideal system to demonstrate
these ideas. First, the low collision energies allow one to
investigate artifacts caused by spreading of the wave packet.
Second, the differential cross sections contain distinct features,
caused by separate direct and time-delayed mechanisms.19,22,25,26

We will pay particular attention to one of the time-delayed
mechanisms, which appears as a “ridge” in the differential cross
section and was shown recently19,25,26to be the first conclusive
evidence of Feshbach resonances in reactive scattering.

The paper is organized as follows. Section II provides the
theory needed to apply eq 1 within the PWP method. It starts
(II.A) with some background to eq 1; summarizes (II.B) the
PWP method; explains (II.C) how to implement eq 1 within
the PWP method; and discusses (II.D) how to use the filterF(E)
to focus the initial plane wave packet. Section III describes the
application to F+ HD and concentrates on the dynamics of
the “ridge” mechanism. Section IV concludes with suggestions
of further developments to the simple filtering ideas presented
here.

II. Theory

A. Generating Wave Packets using Energy Filters.Before
discussing how to use eq 1 in the plane wave packet method, it
is useful to revise the derivation of this equation and to point
out the conditions under which it can be applied. It is sufficient
to consider the simplest case of one-dimensional scattering along
a coordinatex.

At time t ) 0, the initial wave packetø(x|0) is placed at a
sufficiently large value ofx that the scattering potentialV(x)
can be neglected. The time-dependent wave packetø(x|t)
describing the scattering is then given by

Let us examine the energy composition ofø(x|t). There are
various (equivalent) ways of doing this; one of the clearest is
to use the time-independent wave packet (TIWP) formulation.27

This defines the TIWP function

which is the solution of the inhomogeneous Schro¨dinger
equation

It can be shown27 that, for all values ofx on the potential side
of ø(x|0), the TIWP solutionê(x|E) satisfies

where Φ(x|E) is the usual scattering solution to the time-
independent Schro¨dinger equation. The energy filterF(E) is
given by27

wherem is the reduced mass andA(k) is the distribution of
momentak in the initial packetø(x|0).

Substituting eq 5 into eq 3 and inverting the Fourier
transformation yields the 1-D version of eq 1

As mentioned in the Introduction, we propose applying this
equation a number of times, using different energy filtersF(E).
We will sometimes use the notation of Figure 1, such thatF(E)
denotes the energy-distribution in the original wave packet
ø(x|t) [used to generateΦ(x| E) via eqs 3 and 5] andFn(E) (n
) 1, 2, ...) denotes the filters used in subsequent applications,
each of which generates a different wave packetøn(x|t). Each
øn(x|t) describes the time-evolution of an initial packet

A convenient general choice of the filtersFn(E) is the form

Strictly speaking, it is only the modulus|Fn(E)| which acts as
the “energy filter” and which can be used to generate packets
øn(x|t) that describe the dynamics in different energy ranges.
The phase e-ikx0 determines the position oføn(x|0), which it
localizes aboutx ) x0. The width of the packet aboutx0 depends
on the particular form of|Fn(E)|. For example, if we choose
|Fn(E)| ) exp(-k2σ2/2), thenøn(x|0) is a Gaussian of widthσ.

We emphasize that the packetsøn(x|t) obtained by applying
eq 7 are identical to those that would have been obtained by
taking the initial packetøn(x|0) and propagating it using the
time-evolution operator. Clearly, for a realistic (multidimen-
sional) scattering problem, the computer time required to apply
eq 7 is tiny in comparison with the time required to repeat the
wave packet propagation. Hence, eq 7 is a practical way of
exploiting the availability of large amounts of cheap disk space,
to repeatedly generate a series of wave packetsøn(x|t), corre-
sponding to different initial packets. The only restrictions on
the endless variety of different packets that may be recovered
are the restrictions on the energiesE and positionsx at which
Φ(x|E) is known. Hence, the filtersFn(E) must be contained
within F(E), andøn(x|t) cannot be determined at those values
of x that lie on the side ofø(x|0) away from the potential. Note
that we have assumed in the above thatΦ(x|E) is obtained from
a wave packet propagation, via eqs 3 and 5. However, one could
(at least in principle) generateΦ(x|E) on a grid ofE using a
time-independent (e.g., coupled-channel) method.

B. Plane Wave Packet (PWP) Method.To generalize the
above to reactive and inelastic scattering, we introduce the plane

ø(x|t) ) e-iHt/pø(x|0) (2)

ê(x|E) ) 1
2πp

∫0

∞
ø(x|t)eiEt/p dt (3)

(E - H)ê(x|E) ) i
2π

ø(x|0) (4)

ê(x|E) ) F(E)Φ(x|E) (5)

F(E) )
mA(k)

p2k
(6)

ø(x|t) ) ∫0

∞
F(E)Φ(x|E)e-iEt/p dE (7)

øn(x|0) ) ∫0

∞
Fn(E)e-ikx dE (8)

Fn(E) ) |Fn(E)|e-ikx0 (9)
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wave packet (PWP) method, which obtains the differential cross
sections (DCS) from wave packets showing how the products
of a collision scatter into space. The PWP method has been
described in several recent publications,20-22 and a complete
derivation of it will be published shortly.28 Here, we give a brief
summary of the method, as applied to A+ BC reactive
scattering.

The PWP method describes the scattering in terms of a time-
dependent wave packetøλ0(R, r, γ, R|t), which, at timet ) 0,
takes the form

The functionøplane(R, θ) is a plane wave packet

which has an average momentumkh0 along thez axis and is
localized aboutz ) z0. The z axis is defined to be the initial
approach direction of A+ BC in center-of-mass (COM)
scattering coordinatesR ) (R, θ, φ), such thatz ) R cos θ.
The functions φV0(r) and Yj0Ωj0(γ, R) describe the initial
vibrational and rotational states of BC, as a function of the
internal stretch coordinater and the rotation coordinates (γ, R).
The indexλ0 refers to the set of quantum numbers{V0, j0, Ωj0}.

As time evolves,øλ0(R, r, γ, R|t) moves toward the scattering
potential. When it reaches the strong-interaction region (where
all three atoms are close together), the reagent coordinates (R,
r, γ, R) are switched to the product coordinates (R′, r′, γ′, R′)
(each primed coordinate being the AC+ B counterpart to the
A + BC unprimed coordinate). The ensuing scattering into space
of øλ0(R′, r′, γ′, R′|t) is then related to the DCS as follows.

First, øλ0(R′, r′, γ′, R′|t) is projected onto a set of “probe”
packetsøλ(R′, r′, γ′, R′|θ′p), each of which is afixedplane wave
packet that is perpendicular to the directionθ′ ) θ′p. [Probe
packets were first used in fixed-J scattering, where they were
referred to as “test” functions.29] This yields the time-dependent
scattering amplitude

from which is obtained the time-dependent DCS

The (experimentally measurable) energy-domain DCS is ob-
tained by taking the Fourier transform offλrλ0(θ′, t) (having
dropped thep subscript) to yield

The energy-domain scattering amplitude is then obtained from

whereA(k) andA(k′) are the distributions of momentak andk′
contained in respectively the initial and probe plane wave
packets, andm andm′ are the A+ BC and AC+ B reduced
masses. The DCS is then given by the standard formula

Hence, the energy-domain DCS is related, directly, via the time-
dependent DCS and scattering amplitude, to the wave packets
øλ0(R′, r′, γ′, R′|t), which visualize the scattering of the AC+
B products into space. These wave packets may therefore be
used to interpret the energy-domain DCS. Examples of such
interpretations are given in refs 20-22.

C. Energy Filters in the PWP Method. We now explain
how to enhance the interpretative power of the PWP method
by incorporating the filtering ideas of section II.A.

First, the analogy to eq 7 in the PWP method is

whereΦλ0(R′, r′, γ′, R′|E) is the time-independent wave function
with plane wave boundary conditions.30 Substituting this expres-
sion into eqs 12, 14, and 15 and specifying that the probe packets
contain a flat distribution of energies (such thatA(k′)/k′ ) 1)
yields

where the constantN ) 4π2p2i/m′. Clearly, this equation may
be substituted into eq 13 to yield the time-dependent DCS
corresponding to the wave packet of eq 17. The corresponding
energy-domain DCS is

Hence, one may use eq 19 to isolate a feature of interest in the
DCS and then use eqs 17 and 18 in order to generate the wave
packet and time-dependent DCS that visualize the dynamics
responsible for the feature. This process may be repeated any
number of times, so as to isolate different features and to
experiment with different types of filter (to check, e.g., whether
the filtering has introduced numerical artifacts into the time-
dependent dynamics).

If this filtering technique is to be of practical use, however,
it must also filter as a function of the scattering angleθ′, because
features in a DCS, caused by different reaction mechanisms,
are likely to be found within a specific region ofE andθ′. The
simplest way to make this generalization is to introduce
J-dependent filtersFJ(E), with J the total angular momentum
quantum number.31 Hence, we generalize eq 17 to

Figure 1. Schematic picture of the simple filtering ideas discussed in
this paper. A wave packet propagation generatesø(t), which contains
within it a superposition of energy-domain wave functionsΦ(E)
multiplied by an energy filterF(E). A variety of wave packetsø1(t),
ø2(t), etc. may then be generated fromΦ(E), simply by extracting the
Φ(E), then multiplying by a variety of new filtersF1(E), F2(E), etc.,
and taking the Fourier transform.

gλrλ0
(θ′, E) ) 1

2πp
∫0

∞
eiEt/pfλrλ0

(θ′, t) dt (14)

fλrλ0
(θ′, E) ) p2kk′

4π2im A(k)A*(k′)
gλrλ0

(θ′, E) (15)

dσλrλ0
(θ', E)

dΩ
) mk′

m′k|fλrλ0
(θ′, E)|2 (16)

øλ0
(R′, r′, γ′, R′|t) ) ∫0

∞
F(E)Φλ0

(R′, r′, γ′, R′|E)e-iEt/p dE
(17)

fλrλ0
(θ′, t) ) N∫0

∞
F(E)fλrλ0

(θ′, E)e-iEt/p dE (18)

dσfilt
λrλ0

(θ′, E)

dΩ
) N2|F(E)|2

dσλrλ0
(θ′, E)

dΩ
(19)

øλ0
(R, r, γ, R|0) ) øplane(R, θ)φV0

(r)Yj0Ωj0
(γ, R) (10)

øplane(R, θ) ) A(z - z0)e
ikh0z with z ) Rcosθ (11)

fλrλ0
(θ′p, t) ) 〈øλ(θ′p) |øλ0

(t)〉 (12)

dσλrλ0
(θ′p, t)

dΩ
) |fλrλ0

(θ′p, t)|2 (13)
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whereφλ0J(R′, r′, γ′, R′|E) is theJth partial wave ofΦλ0(R′, r′,
γ′, R′|E). The analogous expression for the time-dependent
scattering amplitude is

where Sλ0λ
J (E) is an element of theS matrix. Similarly, the

filtered energy-domain DCS is given by

To apply these equations, one proceeds as follows. First, one
chooses the energy filtersFJ(E) such that the filtered DCS
reproduces (and isolates) a feature in the (unfiltered) DCS that
one wants to interpret. To achieve this, theFJ(E) could be
chosen, either by experimenting with eq 22 [choosing different
FJ(E) until dσλrλ0

filt (θ′, E)/dΩ reproduces the desired feature
sufficiently accurately] or by first decomposing the feature into
its partial wave components, then determining theFJ(E) using
the fixed-J reaction probabilities. The latter approach is
demonstrated in section III.B below. Having determined the
FJ(E), the time-dependent wave packet and scattering amplitude
are generated using eqs 20 and 21. We emphasize that, despite
the appearance of theS matrix elements in eqs 21 and 22, the
direct relation which the PWP method affords between the
spatially evolving wave packet and the DCS is still present,
except that it now exists between the wave packet and the
filtered DCS dσλrλ0

filt (θ′, E)/dΩ.
D. Focused Plane Wave Packets.In addition to filtering

out specific features in the DCS, theFJ(E) also determine the
position of the initial plane wave packetøplane(R, θ) and of the
probe wave packetsøλ(R′, r′, γ′, R′|θ′p). By analogy with eq 9,
a useful general form ofFJ(E) is

which localizes the initial plane wave packet aroundz ) z0 and
distributes the probe packets around a semicircle of radiusR′p.
Successive applications of eq 20 can use different values ofz0

andR′p and thereby experiment with the effect onøλ0(R, r, γ,
R|t) of varying the position of the initial and probe packets.
This allows one to investigate the effects of spreading on the
wave packet. In particular, in many systems, it will allow one
to minimize the spreading by usingfocusedplane wave packets.

Focused wave packets were introduced into (fixed-J) reactive
scattering by Go¨gtas et al.32 and later used by Monnerville and
co-workers,33 in order to make the wave packet compact in the
strong-interaction region. It is straightforward to apply such
focusing to plane wave packets. Figure 2 compares an unfocused
plane wave packet with a focused plane wave packet. The
focused packet reverses the spreading suffered by the unfocused
packet, starting off broad (but confined toz < -12 bohr) and
then becoming narrow and “focused” by the time it has reached
z ) -3 bohr.

Such focusing is achieved by settingz0 to a small value ofz,
where the scattering potentialcannotbe neglected. The initial
packet (which is localized aboutz0) is then propagated anti-
causally, in the absence of the scattering potential, until such a
time, t ) -T, that it has moved sufficiently far out that the
scattering potential can be neglected. This (broad) packet is then
defined to be the initial wave packet, so that the propagation
starts att ) -T.34 In the absence of the scattering potential,
therefore, the initial wave packet att ) -T will have become
focused aboutz ) z0 at t ) 0. Figure 2b was obtained by
localizing the packet aboutz0 ) -3 bohr and then propagating
it anti-causally untilt ) -300 fs, by which time it was confined
to z < -12 bohr. Propagating this packet fromt ) -300 fs
then produces a packet which is focused aboutz ) -3 bohr at
t ) 0 fs.

The anticausal propagation must be done under free-wave
conditions, otherwise the scattering potential will produce a
superposition of different channels in the initial packet att )
-T. Hence, there is no guarantee that, in the full calculation,
with the scattering potential included, the initial packet att )
-T will have become focused atz ) z0 at t ) 0. However,
previous work32,33 has shown that the focusing works well for
a variety of reactions, whenz0 is chosen to be in the strong-
interaction region.

There is no need to evaluate the anticausal propagation
explicitly, when applying the filters of eq 23. In fact, one does
not even have to work outT. It is enough to know that, by a
sufficiently negativet ) -T, the packet will have reached a
region that is far enough out that the scattering potential can be
neglected. One then applies eq 20 using a value ofz0 in eq 23
that is in the strong-interaction region. The resultingøλ0(R, r,
γ, R|t) is then focused atz0 at t ) 0 (in the sense just defined).
[To prove this, one has only to note that the energy composition
of the wave packet at timet ) -T is identical to the composition

Figure 2. Illustration of the (a) unfocused and (b) focused plane wave
packets used to generate the results for F+ HD, shown in Figures
3-7. The coordinatesR andθ are the F+ HD scattering coordinates,
defined in section II.B.

øλ0
(R, r, γ, R|t) ) ∫0

∞ ∑
J)0

Jmax

FJ(E)φλ0J
(R′, r′, γ′, R′|E) e-iEt/p dE

(20)

fλrλ0
(θ′, t) )

N∫0

∞ 1

2ik
∑
J)0

Jmax

(2J + 1)FJ(E)Sλ0λ
J (E)dΩ0Ω

J (θ′)e-iEt/p dE (21)

dσfilt
λrλ0

(θ′, E)

dΩ
) N2| 1

2ik
∑
J)0

Jmax

(2J + 1)FJ(E)Sλ0λ
J (E)dΩ0Ω

J (θ′)|2
(22)

FJ(E) ) |FJ(E)|e-ikz0+ik′R′p (23)
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at time t ) 0.] We demonstrate the use of eq 20 to generate
focused plane wave packets in section III.B below.

III. Demonstration on the F + HD Reaction

We now demonstrate the use of the filter techniques
introduced in section II, by interpreting the DCS for the reaction
F + HD(V0 ) 0, j0 ) 0) f HF(V ) 2, j ) 0) + D, in the
collision energy rangeE ) 0-0.15 eV. This is a good example,
because, as shown in Figure 3, the energy-dependent DCS has
a distinct “ridge” feature, going fromθ′ ) 180° near threshold,
to θ′ ) 0 nearE ) 0.075 eV. This feature is known from
previous work, most notably refs 19, 25, and 26, to be caused
by a superposition of Feshbach resonances. Our aim here is to
use the filters to isolate the “ridge” feature from the rest of the
DCS, in order to produce wave packets visualizing the formation
and decay of the FHD complex.

The energy-domain DCS of Figure 3, theS matrix elements
Sλ0λ

J (E), and the partial wave functionsφλ0J(R′, r′, γ′, R′|E)
were obtained from wave packet calculations on the Stark-
Werner surface.35 These calculations employed the recent RPD
(reactant-product decoupling36-39) method of the author;39 full
details are given in ref 22. It suffices here to point out that these
calculations serve as the initial “ø(t) f Φ(E)” step, represented
schematically in Figure 1. That is, they are used to generate
Sλ0λ

J (E) andφλ0J(R′, r′, γ′, R′|E) on a grid of energies (with grid
spacing 2.5 meV), for all values ofJ (0 f 30) necessary to
generate various plane wave packets and time-dependent DCS,
using different choices ofFJ(E) in eqs 20 and 21.

A. Focused and Unfocused Wave Packets.The time-
dependent DCSs in Figure 3 were generated by applying eq
21, using filtersFJ(E) chosen to be independent ofJ and flat
over the entire 0.15 eV energy range of the energy-domain DCS.
TheFJ(E)’s die off rapidly and smoothly to zero atE ) 0 and
0.15 eV. This is achieved by choosing each|FJ(E)| to be the
Fourier transform of a distributed approximating functional
(DAF), which is a type of wavelet, defined in ref 40. TheFJ(E)
take the form

The parameters were set toM ) 88, σ ) 40 eV-1, andEJ )
0.17 eV. Hence, the time-dependent DCS of Figure 3 are
obtained with no filtering at all inθ′, and they give an unbiased
picture of all of the dynamics that produce the energy-domain
DCS across the entire 0.15 eV energy range shown.

The time-dependent DCSs of Figure 3 were obtained withz0

) -12 bohr (unfocused) andz0 ) -3 bohr (focused). In both
cases, the probe packets were fixed atR′p ) 12 bohr. The time
evolution of the unfocused and focused plane wave packets, in
the absence of the FHD scattering potential, is shown in Figure
2. The time evolution produced with the scattering potential
(so that the packets undergo the F+ HD reaction) is shown in
Figure 4.41 The scattered packets are projected onto the (V ) 2,
j ) 0) and (V ) 3, j ) 0) quantum states of HF, so that the
pink [(V ) 2, j ) 0)] packets in Figure 4, parts a and b map
onto respectively the unfocused and focused time-dependent
DCS of Figure 3.

As already mentioned, the fact that the free-wave packets of
Figure 2b focus atz0 ) -3 bohr, att ) 0, is no guarantee that
the packets in the full calculations should be similarly focused.
However, it is evident from Figures 3 and 4 that the focusing
at z0 ) -3 bohr has worked well and produced packets and
time-dependent DCS that are much more compact than their
unfocused counterparts.

The focused DCS and wave packets give new insight into
the timing of the “ridge” mechanism with respect to the other,
mainly direct, mechanisms. In the unfocused DCS, the ridge
mechanism appears as a very broad feature, which lags behind
the two direct mechanisms by about 250 fs. In the focused DCS,
however, the “ridge” mechanism is much closer to the direct
mechanisms, appearing first in the backward direction, where
it overlaps the direct mechanisms. Hence, much of the time-
delay that appears in the unfocused DCS between the ridge and
direct mechanisms is an artifact, brought about by the spreading
of the wave packet in the entrance channel. Evidently, another
such artifact (in the unfocused DCS) is that the ridge mechanism
appears first in the sideways direction, at aboutθ′ ) 45°, rather
than the backward direction. Thus, the unfocused wave packet
of Figure 4a gives a picture of the decay of the FHD complex
which contains some artifacts, and these artifacts are removed
when packet is focused in Figure 4b.

B. Isolating and Focusing the “Ridge” Mechanism.Al-
though Figure 4b has removed the artifacts present in Figure
4a, it is not very useful in illustrating the ridge mechanism.
This is because, in removing the artificial contributions to the
time delay, the focusing has conflated the early part of the ridge
mechanism with the direct mechanism. However, the energy-
domain DCS (Figure 3) shows that the ridge mechanism may
readily be isolated, because it scatters the products into a
different region ofθ′ and E from the direct mechanism. We

Figure 3. Time- and energy-dependent differential cross sections
(DCS) for F+ HD(V0 ) 0, j0 ) 0) f HF (V ) 2, j ) 0) + D. The
“ridge” feature is clearly visible in the energy-dependent DCS, sweeping
round fromθ′ ) 180° at threshold, toθ′ ) 0° at E ) 0.05 eV. The
time-dependent DCSs are obtained from the energy-domain scattering
amplitudes, using filtersFJ(E) corresponding to the unfocused and
focused plane wave packets of Figure 2.

|FJ(E)| )
1

x2π
e-Eh2∑

m)0

M/2 1

m!
Eh2mwhereEh2 )

1

2
(E - EJ)

2σ2 (24)
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may therefore useJ-dependent filtersFJ(E), as described in
section II.D, to isolate this region ofθ′ andE.

To this end, we use filters|FJ(E)| of the form of eq 24, which
are made to depend onJ through the parameterEJ. The latter is
chosen such that, for each partial wave, the filter|FJ(E)| encloses
the resonance peak that contributes to the ridge mechanism. The
other parameters took the valuesM ) 440 andσ ) 100 eV-1.
The effects of|FJ(E)| on selected partial waves are illustrated
in Figure 5, which shows fixed-J reaction probabilities obtained
with, and without, multiplication by the|FJ(E)|. The values of
EJ are listed in Table 1. They were determined by eye; a more
sophisticated treatment could derive the filters by fitting the
resonance peaks to a Breit-Wigner line shape.30 The simple
treatment used here is likely to capture most of the dynamics
responsible for the ridge mechanism, though we must expect
small artifacts, where the|FJ(E)| have “chopped off” the
resonance peaks where they merge into the direct scattering
feature.

Superposing the filtered partial waves according to eq 22
gives the energy-domain DCS dσλrλ0

filt (θ′, E)/dΩ shown in

Figure 6. Clearly, theJ-dependent filters|FJ(E)| have success-
fully isolated the ridge feature from the rest of the DCS, meaning
that theFJ(E) can be used in eqs 21 and 20, to generate the
time-dependent DCS and wave packets that visualize the
dynamics of the ridge mechanism. The time-dependent DCS
are shown in Figure 6. They were obtained from focused and
unfocused initial wave packets, using the samez0 andR′p as in
section III.A. The corresponding scattering wave packets are
shown in Figure 7, projected onto the (V ) 2, j ) 0) and (V )
3, j ) 0) quantum states of HF. The initial packets may be
thought of as the focused and unfocused plane waves of Figure
2, except that only those components of the packet about to
undergo the ridge mechanism are permitted to react.

By comparing the unfocused DCS and wave packet of Figures
3 and 4 with Figures 6 and 7, we see that the filtering has
isolated the time-delayed ridge mechanism, though it has
introduced some differences. In the unfocused DCS, the isolated
ridge mechanism of Figure 6 looks flatter than the nonisolated
ridge mechanism of Figure 3, in the backward region where
the latter borders on the direct mechanism. This difference shows

Figure 4. Snapshots from plane wave packet movies of the F+ HD(V0 ) 0, j0 ) 0) reaction, obtained using the same filters that generated the
(a) unfocused and (b) focused time-dependent DCS of Figure 3. The wave packets have been projected onto the (V ) 2, j ) 0) and (V ) 3, j ) 0)
quantum states of HF. The dimensions of each frame are the same as in Figure 2. The complete wave packet movies may be viewed on the web
(http://www.ex.ac.uk/∼scalthor/movies.htm).
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up in the unfocused wave packets [Figures 4a and 7a] in the
323 and 383 fs snapshots, when the HF from the ridge
mechanism is starting to emerge from the FHD trapped in the
inner ring. These differences could be artifacts (introduced as
mentioned above), or they could be caused by interference
between the ridge mechanism and the tail-end of the direct
mechanism. Despite these differences, it is clear that the filters
|FJ(E)| have separated out the bulk of the ridge mechanism from
the other mechanisms.

The advantage of isolating the ridge mechanism is that we
can focus it without conflating it with the other mechanisms
(as happened in Figures 3 and 4). In the unfocused packets of
Figures 4a and 7a, the ridge mechanism emerges first in the
sideways direction, then in the forward direction, and then it
shifts round into the backward direction. This behavior is
evidently an artifact of the spreading of the packet, because it
disappears completely in the focused packet of Figure 7b. In
the latter, the FHD complex is formed first in the backward
direction, and then it rotates round into the forward direction.
The complex throws out HF(V ) 2) product as it rotates, and it
has completely decayed after about half a revolution. There is
evidence of interference in the forward direction. Most likely
this is a Glory effect, caused by the packet rotating by somewhat
more than 180°, so that the nearside and farside parts interfere.42

Note that, during the first 90° of rotation, the FHD complex is
being continuously added to, as successively higher impact
parameters reach the scattering potential. The rotating FHD
remains quite compact, despite being a superposition of Fesh-
bach resonances, each with a different angular momentum

quantum numberJ. Evidently, the complex does not live long
enough to spread much around theθ′ coordinate.

Hence, the filters|FJ(E)| have successfully isolated the low
energy ridge from the DCS. They have produced a focused wave
packet that shows that the ridge is caused by the FHD complex
rotating and decaying like a “Catherine wheel”.43 As mentioned
above, the ridge has been measured experimentally, and shown
to be a superposition of Feshbach resonances.19,25,26The Stark-
Werner potential energy surface35 used here is known to have
deficiencies in the exit channel, but the DCS obtained from it
is in good overall agreement with experiment up to aboutE )
0.05 eV.19,25,26Thus, we can be reasonably confident that the
simple “Catherine wheel” picture of the ridge mechanism, given
by Figure 7b is physically correct.

IV. Conclusions

The results of section III suggest that the filtering techniques
introduced here are useful, general tools for interpreting reaction
dynamics. Using different filters, it is straightforward to generate
wave packets corresponding to different reaction mechanisms
and to focus these packets. When combined with the plane wave
packet (PWP) method, the filters allow one to produce focused
wave packets, which visualize the dynamics of different features
in the energy-domain DCS. Similar filtering should also prove

TABLE 1: Values Taken by the Parameter EJ of Equation 24, Used to Isolate the F+ HD Ridge Mechanism and Produce the
Results in Figures 5-7

J 0-4 5 6 7,8 9 10 11 12 13 14
EJ/eV 0.065 0.070 0.076 0.080 0.085 0.090 0.095 0.100 0.105 0.110
J 15,16 17 18 19 20 21 22 23 24 25-30
EJ/eV 0.120 0.130 0.140 0.145 0.150 0.158 0.167 0.175 0.185 0.195

Figure 5. Selected fixed-J reaction probabilitiesPJ(00 f 20) for F+
HD(V0 ) 0, j0 ) 0) f HF (V ) 2, j ) 0) + D. The PJ(00 f 20) in
panel a are unfiltered; thePJ(00 f 20) in panel b have been multiplied
by the filtersFJ(E), of Table 1, to isolate the Feshbach resonance peaks.
Each line in panel a corresponds to the same value ofJ as the
corresponding line in panel b.

Figure 6. As Figure 3, except that the filtersFJ(E) illustrated in Figure
5 have been applied. Thus, the energy-domain DCS contains only the
superposition of Feshbach resonances that produces the ridge. The time-
dependent DCSs show the time-evolution of the ridge, obtained using
unfocused and focused plane wave packets.
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very useful when applied in fixed-J calculations. Moreover, the
filtering can be applied in time-independent calculations,
provided the wave function, or scattering amplitude, is obtained
over a grid of energies.

There is considerable potential for extending the simple
filtering ideas presented here. The evaluation of eq 1 [or its
PWP generalizations in section II.C] is computationally trivial,
in comparison with a wave packet propagation, and hence, it
will be possible to develop algorithms which optimize the filters
F(E). Such algorithms could be based upon least-squares fitting,
a variational principle, or a control procedure. Optimization
criteria could aim to yield, for example, the most focused wave
packet, the cleanest extraction of an individual mechanism, or
the maximal separation in time between two mechanisms. Of
course, all wave packets that contain the same spread of energies
give physically equivalent descriptions of the reaction dynamics.
However, some wave packets obscure the dynamics, for example
by spreading, whereas others visualize it clearly. We have shown
in this paper how the simple filtering ideas, embodied in eq 1,
may be used to produce the latter type of wave packet.

The results obtained in section III for F+ HD add to what
was known previously about the mechanism that causes the low-

energy ridge in the DCS. Previous work19,25,26had shown that
the ridge is caused by a superposition of Feshbach resonances,
produced by tunneling through the transition state. Recent work
by the author22 had obtained the first (nonfocused) PWP packets
that showed the trapping and decay of the resulting FHD
complex. By isolating and focusing the ridge mechanism, in
section III, we have shown that the FHD produces the ridge by
rotating through half a revolution, like a Catherine wheel. This
explanation ties in nicely with previous work by Miller and
Zhang,44 who predicted, using semiclassical arguments, that such
broad resonances would superpose to produce interesting ridge-
like features in the differential cross section. We emphasize that
the simple “Catherine wheel” picture is the result of rigorous
quantum calculations and would have been very difficult to
obtain without the filtering techniques introduced here.
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Figure 7. As Figure 4, except that the wave packets now correspond to the time-dependent DCS of Figure 6, and therefore show the time-
evolution of the ridge mechanism only. Note the simple “Catherine wheel” behavior of the focused packet, which corresponds to the rotation and
decay of the FHD complex. The complete wave packet movies may be viewed on the web (http://www.ex.ac.uk/∼scalthor/movies.htm).
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