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The reference species used to evaluate the resonance energy (RE) are optimized so as to make them completely
free of any type of resonance, strain, hyperconjugation, differences in the types of bonds and hybridization,
etc. This is achieved by introducing a fictive set of energies of the reference species referred to as the
“equilibrium” energies. The latter are determined by requiring the energy change of any conceivable reaction
involving the reference species to be zero and employing an optimization procedure similar to the least-
squares method. It is shown further that the RE defined in terms of “equilibrium” energies of the reference
species have the remarkable property of being independent of the stoichiometry of the reactions used to
evaluate the RE.

Introduction
3 =
Energetically, aromaticity is characterized by the resonance @ ? O "

energy (RE). The difficulties in defining and estimating this

quantity are well-knowr.Broadly, the RE of a given species RE = AH, = —36.0 kcal/mol 3)
is defined as the difference between an energetic characteristic

of the species and the same energetic characteristic estimated

via an additive schentThus, for benzene, the resonance energy 3CH,=CH-CH=CH, = O + 3CH,=CH,

is often defined ds

RE = E(C4Hg) — 6E(C—H) — 3E(C—C) — 3E(C=C) (1) RE= AH, = —20.7 kcal/mol (4)

where E(CgHs) is any energetic characteristic of the benzene

(such as enthalpy of formation, atomization enthalpy, total ’ ’ - w3

energy, etc.) an&(C—H), E(C—C), andE(C=C) are the bond

energies estimated using various reference species and additive RE = AH. = —29.2 kcal/mol (5)
schemes. Clearly, because the selection of the reference species '

and additive schemes is not unique, so is the RE. For this reason

numerous types of RE have been defined and estintafée. 3 CH, = CH - CH = CH - CH = CH, _O 4 3CHy= CH- CH=CH,

most rigorous (and successful) selection of the reference species

and structures are those proposed by Déwaad Hess Schaad.

These approaches employ a large number of reference species, RE = AH, = —63.0 kcal/mol (6)
thus allowing an accurate estimation of the group values

energies. Concomitantly, a large variety of reaction schemes

have been proposed to estimate different types of RE. The main 3CH,=CH, + O = © + 3 CH;-CH;

advantage of these reaction schemes is their simplicity. In

particular, within this approach the RE is always equal to the

enthalpy change of the reaction schehfeor instance, in the RE= AH, = —48.6 kcal/mol )
literature, the RE of benzene has been associated with theThese reaction schemes result in different types of RE that are
enthalpy change of various reactions: referred to as isodesnfi¢reaction 2), homodesmofti¢reaction
4), hyperhomodesmofi¢reaction 6), and homonuclégreac-
tion 7). Reaction ¥ is an extension of the well-known
3CH-CH, + 3CH,=CH, = @ + 6CH, KistyakowskP definition of RE and expressed by reaction 3.
Although, by its very essence the RE is a relative quantity,

the dependence of the RE on the choice of the reaction is
RE = AH, = —64.8 kcal/mol () confusing. First, because all of the above reactions formally
preserve the number of-€H, C—C, and G=C bonds and,
hence, according to eq 1 should result in the same value of the
* Corresponding author. E-mail: ifishtik@wpi.edu. RE. Second, it looks like more rigorous methods of estimating
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the RE, such as Dewar’s or Hess and Schadd’s methods, arghe stoichiometric matriw may be derived from
completely different; i.e., these methods have nothing in
common with the methods based on various reaction schemes. vg=0 (14)
The aim of this work is to present a new approach to the
evaluation of the RE that, for a given set of reference species
and additive scheme, have the remarkable property of being
independent of the choice of reactions, i.e., independent of
stoichiometry. More generally, on the basis of the proposed
approach, it is proved that, energetically, the RE can be always
uniquely expressed as the energy change of an arbitrary reaction
independently on the choice of reference species and group
addivity scheme. g g oo g
11 12 1q

Q1 G2+ Oy

In other words the GA reactionsare required to preserve the
type and number of groups. As well-known from linear algebra,
the number of linearly independent solutions of eq 14, i.e., the
number of linearly independent GA reactiopsjs equal tom

=n —rankg = n — g. For our purposes it is necessary to
generate a particular set of linearly independent AT his

tan be done as follows. Let, for instance

Notation and Definitions =0 (15)

Consider a set of reference species;BBs, ..., B, that are 91 9 --- 9
used to estimate the RE of a presumably aromatic spegias B 4 4 a
Consider next a set ofilinearly independent chemical reactions  Then, a set ofm linearly independent GA reactiong;-

among the reference species (i=1,2,...m)
p=vB=0 (8) P =VBi+vB,+ .. +v,B,=0 j=1,2,..m
(16)
where
may be generated ¥s
— T
P = (Py P2y -1 P ) O: G v+ Oy O
g g R ¢ 0
B=(By, By .. B)' (10) L
911 Y12 *** %19 O
and ' ’ '
V= | Ya Ok2 cor O 1
vy Vi v Oct11 Okt12 ** Gktag O
” y R Cee et eee e e
v=|00 T L0 T rankv=m o) O G <+ G O
O9+i1 Yg+i2 *° Yg4q O
v v Y, qH, o, g
meooom m k=1,2,..q (17)
The matrix v is normally referred to as thstoichiometric 9 9 il g 0
matrix ! Reactions may be defined in different ways, e.g., as 1 12 1a
conventional reactiod3 (preserving mass balance only), iso- %1 %22 “r O 0
desmic reactiorig (preserving the number and type of bonds), Vjg+h = Ojgrn | =" tmm ot e e
group additivity (GA) reaction$ (preserving the number and Y Q2 ccr Oy 0
type of groups in Benson’s ser&e etc. Our analysis is general O9+h1  Ygth2 **° Yging 1
and, therefore, valid for any type of reaction. Because the
stoichiometric formalism is the same for any type of reaction 91 G2 -+ Yy
and because a group can always be formally assumed to be an =5 G921 G2 -+ O
element or a bond, we consider only the most general case of L AL R R R IR
GA reactions'® Let thusg;(j=1,2,...s) be a set of groups from 91 Y2 *°° Yy
which the species can be assembled. Let furtjebe the h=1,2,..m 18)
number of groupsj; in species B We thus can define the matrix
where
91 Y12 O1s 1 if j=h
] (12) S ER
91 G2 Ons Using the properties of the determinants, the sandihearly

. ) independent GA reactions obtained above may be presented in
Often rankg' = g < s. In such cases, the linearly independent 5 more compact form as

columns ing' may be dropped so that we can define a matrix
O11 G2 c o O B,
Oz G2 +-° Oy Oo1 O s Oy B,
e (13) pJ: ° o o DY ° o o o o o o o
gq,l gq,z c gq,q Bq
91 G2 - Ong O9+i1 gtz *°° Ygtig By

o j=1,2,...m (19)
such that ranlg = g. In what follows the matrixg is referred

to as the group matrix. By analogy with chemical stoichiometry Define further the vectors
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E=(E,E, ....E)’ (20) and minimize the Lagrangean function

AE = (AE,, AE,, ..., AE )" (21) F=¢e'e+ A" (ve— AE) (29)

with respect toe and4. The procedure results in a system of

whereE;(i=1,2,...n) is any appropriate thermochemical quantity -
linear equations

of species Bthat may be used to characterize the RE, e.g.,
experimental enthalpy of formation, atomization energy, total

energy, or enthalpy from ab initio calculations, HMO energy, 2+ A'v=0 (30)
etc., andAE;(j=1,2,...m) is the change in quantity of the GA
reactionsp;j(j=1,2,...m). To avoid confusion, in what follows, ve=AE (31)
the quantityk is simply referred to as energy. According to the )
conventional thermodynamic formalism the vectBrand AE The solution of egs 30 and 31'%s
are interrelated via

e=v'(w')'AE (32)

AE =vE (22)
Notice that although the stoichiometric matmxis generated
arbitrarily, e is unique. That isg is independent of the choice
of v.16 Once e is known, the “equilibrium” energies of the

reference species® are obtained from eq 27, i.e.,

or

AE =B +vpE+ .ty B J=1,2,..m (23)
Inserting here the stoichiometric coefficients of the GA reac-

ed_ | _
tions, egs 17 and 18, we obtain E E-e

(33)

The Main Result

911 912 O1q E,

001 (o O2q E, We are now in a position to formulate our main finding.
AEj= |-+ .- e een Consider an arbitrary GA reactiom involving the reference

Jg1 Jy2 Jaq Eq species B, By, ..., B, and the aromatic species,.B

9g+i1 Yatiz 9+ia  Eati

n

p= ZViBi t V1B =0

Preliminary Considerations
We define the RE of the species:B as the energy change of
As shown below, the reason the RE depends on the stoichi-reaction 34 (per 1 mol of B,) as
ometry of the reactions is that energy changds of the GA

reactionsp are different from zero. These quantities, however,

can be made equal to zero by allowing the species energies

Ei(i=1,2,...n) to vary. Thus, we introduce a fictive set of species
energiesE {i=1,2,...n) that are referred to as “equilibrium”
energies

10 eq
BT+ By
Vnt1i=

RE = (35)

Our main result may be formulated tiee RE defined by eq 35

is independent of the choice of GA reactiombe proof of this
statement entirely follows the lines described in our previous
work!® and is not given here. Concomitantly, eq 35 may be

The “equilibrium” energies of the reference species are Chosenconsidered as the stoichiometric formulation of the RE for a

so that the energy changes of the GA reactipmse precisely ~ Particular selection of reference species, groups and species
equal to zero, i.e., energies. In particular, the RE given by eq 35 is equivalent to

Dewar’s and HessSchaad's RE.
(26) Because the GA reaction, eq 34, may be selected arbitrarily,
it is convenient to choose this reaction as a GA response reaction
In other words, the “equilibrium” energies of the reference (RER)* We remind the reader that a GA RER is a reaction

species imply an absolute lack of any type of resonance, strain,iNvolving no more thamg + 1 species. In our case, one of the
hyperconjugation, differences in the type of bonds and hybrid- SPecies should always be B and the remaining species may
ization, etc. The “equilibrium” energies may be evaluated as P€ arbitrarily selected from the set of reference species. Let the
follows. Define the vector q reference species involved in a GA RER bg Bi,, ..., B,
whereiy, io, ...,1qis a set of integers satisfying the condition 1

< i1 <iz <... <ig = n. Let further the determinant of ordgr

E*= (B E ..., ES9T (25)

AE®=yE®=0

=E — E®
e=E-E @7) formed from the rows B, Bi,, ..., B, of the group matrixg be
Subtracting eq 26 from eq 22 we have different from zero
ve= AE (28) G,1 9,2 9i,q

g e G
Now, the vectoe may be evaluated by minimizing the product . '22 L 'f’q. =0
e'e subject to the constraints given by eq 28. For this purpose

we employ the method of Lagrange’s undetermined multipliers 9,0 G2 - Y
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TABLE 1: Experimental Enthalpies of Formation and Total instance, as
Enthalpies at the G3 Level of the Reference Species Used To
Evaluate of the RE of Benzene p, =3B, —3B,—2B;+3B,=0
AH;#®, kcal/moF  H;®3 hartreé _ _
i p,=6B;, —6B,—B;+3B;,=0
1.CH, —-17.9 —40.453813
2. GHs —-20.1 —79.718912 p3=—6B,+ 3B, —Y/,B;+3B,=0
3. GHy 12.5 —78.503424
4. C4Hs (1,3-butadiene) 26.0 —155.840336 p,=—6B,+3B,—B;+3B,=0
5. GsHi2 (cyclohexane) —29.4 —235.615985
6. GsH1o (cyclohexene) -1.0 —234.40711 ps=—B,+2B,—Bg=0
7. CeHs (1,3-cyc|0he>§adiene) 25.0 —233.200736
8. GeHs (1,3,5-hexatriene) 40.1 —233.176173 Thus, the stoichiometric matrix is

9. GsHs (benzene) 19.8 —232.046743

B, B Bs Bs Bs Bs B; B
aReference 172 Reference 18. ! 2 3 P4 bs B T 8

3-3 23 0 0 0 O ;v

Then, an arbitrary GA RER involving the specieg.Bandq 6 6 -1 0 3 0 0 O p

reference species is givenly v=|-6 3-Y% 0 0 3 0 O] p3

-6 3 -1 0 0 O 3 Of pa

9B, B, - B, By = -1 2 00 0 0 0-1] ps
91 9,2 coo Og Bil (@) Experimental RE. In this caseE; = experimental

enthalpy of formation of the speciéeHy;, kcal/mol (Table 1).
=0 (36) The energy (enthalpy) changes of the GA reactipno2, ps,
_ _ _ B ps, and ps may be easily evaluated thus resulting into the
iy 92 v+ Gga I following vector AE
Oi11 Gni12 **° Oniig Brna

O,1 Y2 -+ Y,q B,

AE = (15.3, 23.4-36.0,—27.9,—0.6)
whereas the RE of the speciegBis
Substitutingv and AE into eq 32 we obtain

' ' e . €q
91 G2 9.0 B e, = 4.9 kcal/mol e, = — 0.2 kcal/mol
. . P . Ef%q
RE= 1 %ot G2 Ja "2 e, = 0.9 kcal/mol g = — 3.0 kcal/mol
- A . e o o e o o e o o e o o _ _
9,1 9,2 cer O Equ e, = 0.0 kcal/mol e, = — 0.4 kcal/mol
Oni11 Ont12 **° Onig Enia 37) e, = 1.1 kcal/mol e, = — 2.5 kcal/mol
whereas from eq 33
Example 1
Next, we illustrate the application of the proposed approach E7?= 7.6 kcal/mol Ec'= 25.2 kcal/mol

to the estimation of the RE of benzene employing the set of eq_ eq_
reference species involved in reactions72 It should be noticed E,"= 25.1 keal/mol Eg'= — 14.8 kcal/mol
that the below calculations are presented for purely illustrative eq_ eq_
purposes and are not intended to provide a “better” value for Ey'= — 29.4 keal/mol E7"= — 19.7 keal/mol
the RE of benzene. First, we generate an arbitrary set of linearly Ee9— _ 2 1 kcal/mol E%I = 42 6 kcal/mol
independent GA reactions involving the reference species B 4 ' 8 '
= CH;=CHp, B, = CHy=CH—CH=CH,, B3 = C¢H1, (cyclo- Now, with these “equilibrium” energies (enthalpies of formation)
hexane), B = CeHio (cyclohexene), B = CeHg (1,3-cyclo- of the reference species and experimental enthalpy of formation
hexadiene), B= CHy, By = CH;—CHz and B = CH,=CH— of benzene any conceivable GA (isodesmic) reaction involving
CH=CH—-CH=CH,. Because all of the reactions-Z are the reference species and benzene will result in precisely the

isodesmic, the natural choice of groups is the type of bond, same RE. For instance, according to eq 35 the experimental

i.e.,01(C—H), g2(C—C), andgs(C=C). Thus, the group matrix  Rg of benzene obtained from reactions 2is
is

9 G G RE*(2) = —3E5%— 3E"+ 6E¢" + L,

. 01 %ﬁ = —3%(—19.7)— 3*(7.6) + 6*(—14.8)+ 19.8=

126 0| B —32.7 kcal/mol
g= éo i % é REH(3) = —3E5+ 2E57+ ESY.

P = —3%(—2.1)+ 2(—29.4)+

8 2 3| B 19.8= —32.7 kcal/mol

XPy J— eq eq exp
Because ranlg = 3, the number of linearly independent GA RE™(4) ESAE S ECeHe

(isodesmic) reactions is equal o= 8 — 3 = 5. Employing = _3%*25 1+ 3*7.6 + 19.8= —32.7 kcal/mol
the stoichiometric formalism described above, an arbitrary set
of linearly independent GA reactions may be generated, for etc.
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(b) Ab Initio, G3 Level RE. In this caseE; = total enthalpy ~ TABLE 2: Group Matrix, HMO, and “Equilibrium” &
at 298 K of the species, hartree/mol (Table 1). Hence, the vector Energies  Units) of the Reference Species in
: Hess-Schaad’s RE Model
of the energy changeAE of the GA reactionss, p2, p3, P4,
andps is 01 92 O3 Os Os O O7 Os E [ Ejeq

B; 0 0 O 4.472 0.006 4.466
AE = (0.021376,-0.041215, 0.035249, B. 6.988-0.014  7.002
B2(2) 9.518-0.020 9.538
—0.001075,-0.0539105) Bx(3) 12.053-0.021 12.074
B2(4) 14.592-0.017 14.609
Insertingy andAE into eq 32 and evaluating furth&®d from B2(5) 17.134-0.011  17.145
04 33 we obtain 2(6) 19.676—0.005 19.681
q Ba(7) 22219 0.002 22217
B4(8) 24.763 0.010 24.753
ES%= —78.510735 hartree/mol B(9) 2r.307  0.018  27.289
B2(10) 29.852 0.027 29.825
Ec’= —233.200924 hartree/mol B 6.899 0.027 6.872
Bs(2) 9.332 0.024 9.308
E5?= —155.841654 hartree/mol Ba(3) 11.764  0.020 11.744
eq Bs(4) 14.196 0.016 14.180
Es = —40.449171 hartree/mol  B(5) 16.628 0.012 16.616
Ba(6) 19.060 0.009 19.051
E;%= —235.616130 hartree/mol Bs(7) 21.492 0.005 21.487
Bs(8 23.924  0.001 23.923
E;%= —79.718526 hartree/mol Bzggg 26.356-0.003  26.359
o 28.788—0.007 28.795
E;Y= —234.408339 hartree/mol B, 11.831 0016 11.815
eq__ Bs 16.763 0.006 16.757
E;'= —233.172573 hartree/mol Be 51.694-0.005 21.699

=
OPRBAPOONNNNOORAPRNOOIAPNONNNNNNNMNNNCOOOOOOOOOO

26.625—-0.017 26.642
9.446—-0.001  9.447
11.925 0.009 11.916

16.908—-0.018 16.926
16.920 0.023 16.897

Using these “equilibrium” ab initio total enthalpies of the species ES
in eq 35 results in a theoretical RE that, again, is independent Bg
of the choice of the GA (isodesmic) reactions. Indeed, employ- Bi)

ing reactions 2, 3, etc., we obtain Bu, 19.394—0.002 19.396
Bis 11.875—0.007 11.882
B 14.302—0.016 14.318
RE®(2) = —3E7" — 3E;"+ 6B+ Ec o, Bue 14.385-0.033 14.418
Bie 16.913—-0.003 16.916
= —3*(—79.718526)- 3*(—78.510735) By7 21.906 0.028 21.878
+ 6*(—40.449171)+ (—232.046743) Bis 24.385  0.008 24.377
Bio 14.388—0.001 14.389
= —0.053986 hartree/met —33.9 kcal/mol Bao 16.814—0.011 16.825
Boy 16.881—0.007 16.888

Jos]

BN

=

o

2
ARWWNONWWWOUITAWRNNNNNONRNNNONNRNNNONNNODNONNNNNDNRNRN NN
WP PP OOWROOOOOOOAWNRFROOO0OO0O0O00O0 VN UTAWNRO
NRPNFROONRFNHROOOOOUAWNBDOONOUIEAWNFRFOCOOOOOOO OO
OCORRPRRNORRRLRORROROOOOCCOOOO0O0OO0O0O0OD0OO0O0O0OOO OO
PP OONRPROOOONRPRRROOOOO0OCO000000000000000000O
NFRROOWNHRHROOROROOOOpOOOOO0OOOoORBvww~NwoutrwN R
PR PORPORREPNRPRPOLO00000EENOURWNRLO _so0000000°

RE®(3) = —3E4%+ 2E5%+ Ec . B 24.319-0.047 24.366
= —3*(—234.408339) 2*(—235.616130)+-
(—232.046743)  energy changed\E, obtained using eqs 19 and 24, is presented
in Table 3. Inserting andAE in eq 32 readily yields the vector
= —0.053986 hartree/met —33.9 kcal/mol e (Table 2). As can be seem,coincides with the difference
between the HMOr energies of the reference species and their
etc. It is seen that the experimental RE and the theoretical RE gdditive values, as evaluated by Hess and Schaads is an
at G3 levels differ by 1.2 kcal. illustration of the proof that the RE given by eq 35 is equivalent
to Hess and Schaad’s RE. Solving further eq 33&®#tthe RE
may be evaluated employing an arbitrary GA reaction involving
Example 2 the reference species ang:B As an example, consider the
RE of benzene. In Hess and Schaad’s notation this is species
Consider next the HessSchaad RE According to this model ~ Bzs. Because rang = q = 6, a GA RER in this system involves
the set of reference species comprises 40 acyclic polyenes andl + 1 = 6 + 1 = 7 species, that is, 6 arbitrarily selected
the energies of the speciEsare equal to the Fekel molecular reference species plus specieg.B-or instance, selection of
orbital (HMO) 7 energies in units g8. Hess and Schaad further  Bi, B, B3(8), Bs, Biz, and By is appropriate because the

consider 8 types of groups (bonds), nameifH.C=CH), g»- respective determinant frogis different from zero
(HC=CH), g3(H.C=C), go(HC=C), g5(C=C), g(HC—CH), gr-

(HC—C), andgs(C—C). The group matribg and the HMOx 92 04 O, Us 97 Os

energies of the reference species are presented in Table 2. Itis 0ooo010 0ol]s
immediately deduced that rargk= 6, and hence, two groups 000020| B

are redundant, that is, may be dropped out, for exangpland _loo 00 2 7| B®) _

gs- The number of linearly independent GA reactions is, A= 01 0120| B —14
consequently, equal tm = n — rankg = 40-6 = 34. An 021080 B,

arbitrary set of linearly independent GA reactiopsand their 1101 41 Bo
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According to eq 36 the respective GA RER is TABLE 3: Set of Linearly Independent GA Reactions and
Their HMO = Energy Changes g Units) for the
Hess-Schaad RE Model

9(By, Bs, By(8), By, Byz, Byo By = AE;
000100B; p1=B1— 2B, + By(2)=0 0.014
0000208 | mImoErEOSS oo
p3 = ob1 — 4B 2(4) = .
0000 2 7By8) 0a=4B; — 5B, + By(5)=0 0.082
0101208 | rimomimge o1z
B ps = Ob1 — /B2 o\f) = .
0210 8 0By p7=7B; — 8B, + Bo(8) =0 0.163
11014 1By ps= 8By — 9B, + By(9) =0 0.191
3003008B po = 9B; — 10B; + B5(10)=0 0.220
. po= 2Tt DatBOD 3%
Al 18 3 _ — p11= —3Bs + 2Bg + 2By — 2By + B3(3) = —0.
= —14(-3B, + */.B; + %,B4(8) + 3B — 3B,,+ B,) =0 D aBo 1 3B+ 3By — 3Bt BAA)— 0 0011
P13 = —583 + 4Bs + 4Bg - 4810 + 83(5) =0 —0.015
) . P14 = _683 + 588 + 5Bg - 5810 + 83(6) =0 —0.019
This gives the RE p15s= —7Bs + 6Bg + 6By — 6B1o+ B3(7)=0 —0.023
p16=—8B3+ 7Bg + 7By — 7B1o+ By(8) =0 —0.027
p17=—9B3 + 8B + 8By — 8B1o + B3(9) =0 —0031
000100 Eiq p1s= —10B; + 9Bg + 9By — 9B;o + B3(10)=0 —0.035
eq p19=2B1—B2—2B3+Bs=0 —0.011
0000208 R M h
eq p21= 0B1 — ob2 — 453 6= —Y.
1 0000 2 7E@) pz2= 8By — 4B, — 5B + B; —0.046
RE= - — €q = p23=Bl_B3_Bg+ B11=0 0.021
14 010120K p2a=Bg — Bg— Bio+ B1o=0 0.007
0210808 e i B hmo s
P26 = —<b3 8 9 — 10 14 = —0.
11014 1E] p21=B1— By — Bs+ Bo — Byo+ Bis=0 —0.013
E P28 = SB]_ - 3Bz - 283 + Bs + Bg - Bm"v‘ B]_5= 0 0.030
300300k p20= 2By — 2Bg — Bo + By7 =0 0.033
00010 04.466 p30=B1— By — Bio+ By =0 0.024
00002 06.872 p31= %Sl - gz - gé—+5§+ Bég :+OB 0 —882%
P32 = 1 — B2 — 3 9 — D10 20— —U.
1 0000 2723923 p33:Bl_Bg—B3+Bg—810+82120 0.004
- ﬁ 0 1 0 1 2 0 9477 = 039 P34 = 4Bl - 3Bz - ZB3+ Bg - BlO+ Bzzz O —0017
0210 8 021.878 References and Notes
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