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Although theorists have devised a number of different approaches to treat the early (transient) stages of freezing
by homogeneous nucleation, no experiments of sufficient accuracy have been performed to check the theories.
In the present work a computer experiment is carried out by molecular dynamics simulations in order to
make such a check. A system of 2500 independent liquid clusters gfxfthFan average size of 545 molecules

was rapidly cooled to 130 K and maintained at that temperature until each cluster froze. Nucleation times of
each cluster were recorded, ordered, and plotted against the quatiti(t)/Ny] for comparison with Wu’s

theory of moments. Results conformed to Wu's expression. From the behavior in the transient region could
be derived the reduced moment characterizing the initial, rapidly increasing rate of appearance of nuclei, and
from the slope and intercept of the steady state plot could be derived the steady state nucleation rate and
nucleation time lag. Although Wu provided no clue about the magnitude of the reduced moment to be expected,
an earlier, more complete theory of Kashchiev did, at the expense of introducing what some had claimed to
be severe approximations. Our results yielding a (dimensionless) reduced moment of 1.43(0.07) supported,
to within statistical error, Kashchiev's theory which implied a moment of 1.40.

Introduction subsequent sections we will taketo be 545). Simulations
. L . involved computations of nearly three orders-of-magnitude more
The transient regime is the initial stage of the process of jnteratomic distances than the simulations of rubidium chloride
freezing before a steady state has been reached in the generatiofysters. They were carried out on a distributed-array processor
of critical nucleil? This regime has been the subject of many g pe described in the next section.

theoretical treatments, treatments which introduced various Why selenium hexafluoride was chosen to be the subject of
approximations to make them tractable. No comparable experi- 5 first large-scale test of transient nucleation is somewhat
mental effort has been expended to test these theories. Althoughyccigental. Although the substance is of no particular techno-
many studies of the kinetics of freezing have appeared, none|ggical importance, it offers a convenient model system. The
that we are aware of have acquired enough observations ofghstance is well behaved, reasonably well charactetiaed,
nucleation events in the transient regime to allow a definitive ;g composed of molecules possessing a very high symmetry. It
comparison with theory. One problem is that no purely pag aiso been the subject of an experimental study of nucleation
experimental technique available has the sensitivity to detect yinetics in this laborator§.In prior MD simulations, we found
individual nuclei directly. On the other hand, it has been found it convenient to examine its behavior in several investigations
that molecular dynamics (MD) techniques, which follow the  of the nucleation and subsequent growth of crystals in liquid
behavior of a system in molecular detail, are able to monitor ¢j,sters™-11 |n addition, being polyatomic, SeFprovides

the spontaneous generation of nuclei in freezing, at least injnteresting orientational aspects of molecular behavior not
deeply supercooled liquidsTherefore, MD studies of freezing  possessed by the systems of Lennard-Jones spheres that have
with realistic potential functions offer the possibility of directly  peen the favorite subject in most other simulations. The degree
investigating what goes on in the transient regime, with to which orientations of molecules are correlated has provided
observations free from possible theoretical biases about molec-3 new order parameter to characterize phase chahgeshe

ular behavior. Such studies, however, are so exceedingly present investigation, however, the recognition of phase change

computer-intensive that until recently it had not been practical yas made through the use of translational, not orientational
with ordinary workstations to carry out computations on a grder.

sufficiently large set of independent spontaneous nucleation
events to characterize transient nucleation. Procedure

Remarkable advances have taken place in computer technol- .
ogy, changing the situation considerably. Although an investiga- _Method of Moments. In our laboratory, all previous analyses
tion of a fairly large number (375) of nucleation events in very of nuclequon in MD simulations of sets of supercooled clusters
small (RbCl)s clusters carried out on a workstation has already Undergoing spontaneous nucleation had been based on an
been describetiit seemed worthwhile to perform a much more  ©versimplified rate law. This law assumed that the decay of
computer-intensive study with the new hardware available. In the population of liquid clusters followed the first-order expres-
the following we report the behavior observed in nucleation S'O"
events taking place spontaneously in 2500 independent)SeF
clusters with n ranging from 540 to 560 molecules (in — IN[N(()/Ng] = K(t — t,) 1)
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where TABLE 1: Lennard-Jones Parameters for the Seven-Site
Intermolecular Potential Function for SeFs Moleculest
NO=N,—1+1 (2) atom pair FF Se-Se Se-F
is the number of clusters in the set N§ clusters which have o, A 2.92 3.78 3.322
. . . €, kd/mol 0.213 1.38 0.5422
not yet undergone nucleation before titraf thelth nucleation
event,K represents the produdtV. with Js the steady state *Chargesiel, for F, —0.185; for Se, 1.11.

nucleation ratey, the volume of the clusters,> t, the time of
nucleation, and, the nucleation time lag. Such a rate law is

the same as that for the decay of radioactive nuclei starting athas already been shoWhthat the error matrix for a given set
time t, but is clearly incorrect for nucleation in the transient ©f data yields estimates of uncertainties in derived parameters

period before a steady state is reached. that are far too optimistic. As described in ref 13, estimates of

References 12 and 13 addressed the problem of how tothe true uncertainties can be deduced from histogranis tf
modify eq 1 to take into account the phenomenon of transient 2hdMg derived from very large sets of nucleation times, each
nucleation in analyses of MD data for clusters. The most general S€t generated stochastically in computer simulations. It is this
treatment of transient nucleation that is relatively simple to source of uncertainty which will be applied in the following,
incorporate into analyses is that of WHis method of not only toMg, but also toJs andt,.
moments yields an explicit expression which he applied to  Outline of Computational Details. For hexafluoride mol-
nucleation in a large system of bulk matter. We modify it to ecules there are many different molecular packing arrangements
apply to nucleation in a large set of clusters, obtaining of roughly comparable stability, according to potential energy

minimization analyses. The potential function adopted in this

— In(N/Ny) = K{t’l _ l'erfc(fl)] _ toll _ lerfc(fz)” 3) investigation was originally developed in order to construct

2 2 molecular coordinates for the minimum energy structures of
various possible phases of crystalline §eFrom these coor-
where dinates were calculated the characteristic diffraction powder
1 patterns corresponding to the phases. This facilitated the
_ In[(t/tO)MRz] ) identification of the several structures encountered in electron
(2 InMp)Y? diffraction studies of crystalline clusters of Seffenerated in
supersonic flow experimenfPotential parameters for fluorine
and and selenium were derived by perturbation techniques from the
neon and krypton Buckingham parameters published by*Hill.
In[(t/tO)M;”Z] For use in MD simulations the Buckingham potential parameters
f,= - (5) were converted to Lennard-Jones parameters, and partial charges
(2InMg) were added by Kinneybased on results of charge equilibration
computations carried out with the proprietary program Bio-
the time increases beyorg it is evident that eq 3 approaches |isted in Table 1 were not developed to reproduce thermody-
eq 1 atlarge times. The parameltég characterizing the gradual  namic or kinetic properties. For this reason, it turns out that the
buildup of nuclei in the transient regime is a quantity we have corresponding enthalpy of sublimation is 24.6% too low.
chosen to call the “reduced moment.” It is proportional to Wu's - Nevertheless the melting point of the high-temperature solid
first momentM but possesses a more universal nature. Clearly, hody-centered cubic (bcc) phase is very nearly correct. Despite
the lowest value the reduced moment can have is unity. WU the fact that the potential functions yield an inexact account of
regarded his momerM as a free parameter to be derived in  the actual substance, Sebhey should be entirely suitable for
the analysis of experimental data. testing the reduced moment sought here because, in the

Because the quantity In[Ni(t)/No] is known exactly in the  treatments reviewed by Kelton, Greer, and Thompstine
set of nucleation events while the stochastic nucleation times moments implied are universal, independent of the exact
are a matter of chance, it is appropriate to make the times, thermodynamic properties of individual substances.
the uncertainy” values in least-squares analyses. This requires  \jglecular dynamics simulations were performed on a 24-
that eq 3 be inverted. To a good approximation for the range node Linux cluster with individual simulations run in serial on

1

beyond—In[Ni(t)/No] ~ 0.03} the result is the various nodes. The calculations were performed using two
o 12 different modifications of the MD program outlined in Allen
t=1t,+ g/K — t,(1 — 0.5MZ") exp[-1.82@/Kt) " and Tildesleyt” the second modification being a slightly more
(Mg — 1)°4Y (6) accurate version of the first.
Initially, MD simulations were performed on clusters contain-
whereg represents the quantity In[N;(t)/No). ing 725 molecules of SeF which were taken to be rigid

It is worthwhile to say a few words about the uncertainty to octahedra with SeF bond lengths of 1.67 A Simulations were
be expected for a reduced moment derived from a set of carried out at constant temperature using a seven-site inter-
nucleation times. If the number of nucleation events is not very molecular interaction function based on pairwise-additive Len-
large, least-squares refinements of data including all three of nard-Jones potential functions with partial charges assigned to
the parameterd;, t,, andMg are too ill-conditioned to be useful.  the atoms. Each MD simulation had a time step of 7 fs and
Therefore, as will be discussed in a later section, refinementswas started from an approximately spherical cluster of 725
have been carried out including only the rate and time lag as molecules which had been prepared in the monoclinic phase.
variables while holding the reduced moment constant at one or A set of clusters at initial temperatures of 100, 130, or 140
another value in any given refinement. Having no error matrix K were heated in at least four stages to 220 K. At each stage
element for the reduced moment is of no importance because itthe clusters were equilibrated for 70 ps. During this process



1668 J. Phys. Chem. A, Vol. 108, No. 10, 2004 Turner et al.

1000 200

800
Q 3150
- [0]
[}

S

£ 600 =
.5 _%100
g o
2L 400 [
] ]
S c
c 50

200

0 1 1 1 1 1 1
0 ] ] ] ] ] ] ] 0 01 02 03 04 05 06 07
0 1 2 3 4 5 6 7 8 -In[N(t)/NO]

-In[N(t)/ND] Figure 2. Same as Figure 1 except that the results are plotted for only

Figure 1. Nucleation times, in ps, as a function of the variable the first 50% of the nucleation events.

In[N|(t)/Ng]. The heavy dots correspond to the sorted times found for ] )
the nucleation events in 2500 independent MD simulations. The light reduced moment in accordance with eg$3I1t should be noted

lines correspond to the times calculated for five different reduced that the irregular nucleation times plotted in Figure 1 beyond a
momentsMg, namely with values of 1.35, 1.45, 1.55, 1.65, and 1.75. ya|ye of 4 for the abscissa span a region in which points have
The lowest values difz generated the lines with the largest calculated 1,000 me very sparse and far apart (and, hence, this region is not
times in the_ figure. The tangent to the steat_iy state times correspondlngW ighted h iy i timall - ht, dl i_ V-
to Mg = 1 intersects the time axis at the time lag= 118 ps. _elg 3 . eavi y in an optimally weighted leas s_quar_es analy
sis). Put in a different way, 32% of the nucleation times are

found within the first 5% of the range of the abscissa plotted in
Figure 1, and 22% are found in the second 5%. By contrast,
only 2% of the events occur in the last half of the range of the

The fma}l cqnﬂgqratlon.c.)f gach 72.5-moleculle clugter at 220 abscissa. Analyses of the entire set of times were used to derive
K was maintained in equilibrium while 30 configurations were ) . . ) .
the nucleation rate and time lag, each analysis being carried

saved at intervals of 4.9 ps. This process resulted in 1100 new f b f f d reduced
configurations which served as starting configurations for the out for-one member of a set of assumed reduced moments.
cooling runs. During the equilibration at 220 K some evaporation Ideally, the reduced moment giving the best fit of the times
9 ’ 9 9 P shown in Figure 1 might be expected to correspond to the
took place. To ensure that the newly created clusters were . | £ 1h
comparable, each cluster was trimmed down to be approximatelyeXpeCtat'c.m value of the moment. . S .
' In practice?13unless the optimum weight function is applied,

spherical and contain between 540 and 560 molecules. All of . . ;
I it has been found to be more reliable to constrain the rate and
the 1100 clusters at 220 K were equilibrated at 200 K for 70 ps time lag by fitting theentire set of data, as stated above, but to

before being quenched to a temperature of 130 K for 1 ns. A . o )
subset of 600 clusters was taken from the 1100 clusters at 220|nfer the reduced moment by finding the best fit of observed

e and calculated curves the transient regior{roughly the first
K.and undgryvent thg same eqwhbrqﬂon at 200 K for 70 bs but 50% of the nucleation times). Such a comparison is illustrated
with a modified version of the MD simulation program. Since

the MD program had been altered to improve its internal in Figure 2 where the observed nucleation times have not quite

accuracy, this resulted in trajectories that quickly diverged from reached their steady state values. If the optimum weighting is
Y, IS, . ra) quickly ged: applied:® results so determined are 1.49(0.0510®° m—3 1
the equilibration simulations performed with the original

rogram, yielding nucleation times uncorrelated with those for the nucleation rate, 118(5) ps for the time lag, and 1.43-
program, 'y g . (0.07) for the (dimensionless) reduced moment, with standard
originally calculated. Therefore, the 600 clusters equilibrated

at 200 K could be considered independent. In this new subset,dewatlons shown in parentheses. These parameters were derived

the 600 clusters at 200 K were quenched to a temperature o from times of onset of nucleation found by the method listed

130 K for 1 ns. This set at 200 K was further equilibrated at in the Appendix.

180 K for 70 ps to produce an additional set of 600 independent Discussion

clusters which were then quenched to a temperature of 130 K

for 1 ns. Another set of 200 was generated by a similar Comparison of the Present Results with the Results of

procedure to reach a total of 2500 clusters, each of which froze Prior Studies. The effect of neglecting the reduced moment in

to the bcc phase during the final quench. No statistically earlier treatments would be expected to result in a lower rate

significant differences in nucleation parameters were found in and time lag, but such a shift tends to be masked by the large

the different sets despite the differences in preparation. statistical uncertainty associated with the much more limited

number of events involved. Moreover, statistics inferred from

such an oversimplified modé&that is, based on the application

of eq 1 instead of eq 3, give an unrealistically low estimate of
Determination of Kinetic Quantities. In Figures 1 and 2 uncertainties. To illustrate how sensitive results are to the

are plotted the sorted nucleation times versus the quantity number of nucleation events observed, we present results for

[N(t)/N] for 2500 independent liquid (Sekas clusters quenched  prior MD runs on the same system. Results in®rs™! that

to 130 K. From the limiting slope, intercept, and behavior in were obtained, based on eq 1, for nucleation rates in prior

the transient regime can be determined the rate, time lag, andsimulations quenched to 130 K were (with corrected uncertain-

the clusters transformed from the monoclinic to the bcc phase
and then melted.

Results
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ties) (2.14 0.7) x 10% (ref 9, 138 molecules, 15 events), (2.2 clusters® Whether the Kashchiev result will continue to apply

+ 0.7) x 10% (ref 11, clusters of 725 molecules, 12 nucleation to systems of different sizes and compositions is currently being
events), and (1.6t 0.3) x 10% (ref 11, 1722 molecules, 10  explored in this laboratory.

events). Besides statistics, another factor which should be taken

into account is that nucleation is initiated at the surféce. Acknowledgment. We thank Messrs. Alex Cusmano and
Therefore, rates calculated on the basis of critical nuclei per Gaurav Shah for their considerable assistance in the computa-
unit volume per unit time would be expected to be size tions.

dependent. Although this was the basis used in the present _

analyses of nucleation rate, it should have no effect on the Appendix

derived time lag or reduced moment. It turns out that, to within |, MD simulations of the spontaneous freezing of clusters,
statistical error, the prior results are not discernibly different g reliable criterion has been established to identify the critical
from each other or from the present result of (1:49.05) x nucleus. Among the problems is the fact that the size of critical
10°> based on 2500 events. It should be noted that a treatmentnyclej is arbitrary because it depends on which order parameter
to account properly for the transient regime was not available js chosen to characterize the nucleus. Therefore, to provide a
in the prior studies nor was the same computer power available.procedure for analyzing MD data, we adopted the following
Time Lag. The spontaneous behavior of the molecules routine to recognize the times of onset of nucleation. We
undergoing nucleation in the supercooled clusters producedassociated such times with the times at which critical nuclei
fleeting structural fluctuations that resulted in a gradual buildup were formed. Although our choice is somewhat arbitrary, it is
of embryos. As a consequence of this process, there was a timgpresumably at least as valid as the choice adopted in experi-
lag before a steady state of nucleation was attained. The valuemental studies of nucleation rates, where nuclei must grow large
of the time lag derived from the MD simulations was 118 ps, enough to be observed.
as reported in the previous section. This value was based on Coordinates from each MD simulation were saved every 200
the estimate of the reduced moment inferred from the observedsteps (1.4 ps), and each set of coordinates was analyzed with
nucleation times in the transient region. The duration of the the ge criterion'! to determine the number of liquid, solidlike,
derived time lag depends on the reduced moment assumed. Foand bulklike molecules in the cluster, including both surface
example, over the range of moments 1.4, 1.45, and 1.5and core molecules. Initially, all the occurrences of bulklike
represented in the calculated curves of Figure 2, the corre-molecules in the range 3®0 were determined. The median
sponding least-squares time lags derived from the nucleationvalue of all these occurrences was used as the initial value of
data were 115, 120, and 125 ps. n, and this value was then further refined using the following

Reduced Moment.Finally, it is useful to comment on some ~ Citeria. _
aspects of the reduced moment. In a new, alternative treatment - If the current value oh is greater than or equal to 50,
of transient nucleation by Shneidm#ha quantity equivalent then preceding values af are examlned sequentially un_tll a
to Mg is encountered which the author designated.asiow value of_n less than or equal to 50 is found. The valuenaé
the reduced moment characterizes nucleation has not beers€t {0 this new value. _ _
discussed in the prior literature. All theoretical treatments of  2- If four steps back and eight steps badkas a value which
nucleation agree that there must be a time lag before a steady$ less than the current value wfthenn is modified such that
state rate in the formation of critical nuclei is attained. The It takes the value oh from four steps back.
reduced moment characterizes whether this lag is almost the 3 If Six steps forwarch has a value which is less than the
same for all nuclei initially generated (in which cadgis nearly ~ currentvalue ofi by at least eight, thenis modified such that
unity) or whether there is a wide variation of times of formation 't takes the value of from eight steps forward.
(makingMg quite exceed unity). The reduced moment quantifies 4. 1t 12 steps forwa@ has a value Wh'Ch. s less than the
this variation. Wi in his treatment of moments, provided no current value of, thenn is modified such that it takes the value
guidelines about how to estimate the magnitude to be expectedOf n from 15 steps forward. .
and simply suggested that the moment be determined by !N €ases 2.3, and 4 above, if the valuenokas found to be
experiment. We know of no reports of such determinations by less tha_n 20, t_hen subsequent valuesnofere examined
experiment. On the other hand, a 1969 treatment by Kastéhiev sequentially untll a value i greater than 20 was found, and
provided more specific detail than Wu's about the transient thg V?"“e ofn was thep setto this new value. If none of these
period in which nuclei materialize and disappear. Moreover, in criteria had b?e”. Sat'Sf.'ed’ then t_he yalumo;ﬁ/as_rgchecked .
the review of ref 1, this treatment was singled out as the best against t_he criteria until all the criteria were satlsﬁeo! or until
of those available. This treatment says nothing explicitly about the criteria had beeq checked 100 tllmes.. Since the criteria were
the reduced moment, but a comparison with Wu's theory shows not guaranteed to _f|n_d the nucleation time for all clusters, it
that the Kashchiev time behavior agrees almost exactly with was necessary to limit the search to 100 checks to prevent the

Wu’'s whenMg is taken to be 1.48 Nevertheless, in discussing Ze?r:::“;rogwtrr]unnn:rg endr:zfnslyt._ Once at Vslumdntﬁd beeln i
alternative treatments of transient nucleation, Wu commented ete ed, the correspo g ime was taken as the nucieation

that Kashchiev’'s approach is based on rather severe approxima:[Ime for that cluster.

tions. Therefore, because of the so-far unknown behavior of
the buildup of nuclei before the steady state, and in view of the
questioned validity of the Kashchiev treatment, it is of interest 29 (1) Kelton, K. F.; Greer, A. L.; Thompson, C. \J. Chem. Phys1983
that the present inyestigation QOes provide aresult characterizing " (2) Kashchiev, DNucleation. Basic Theory with ApplicatignBut-
the transient regime. The simulations of the freezing of our terworth-Heinemann: Oxford, 2000.

(Sek)s4s clusters yield a value for the reduced moment of 1.43- (3) Bartell, L. S.Annu. Re. Phys. Chem199§ 49, 43.

(0.07) agreeing, to within its uncertainty, with the Kashchiev (g') E.“ang’ JK Eag?]”bL'Tﬁl _So“lj‘ State Ch‘?nl\“/‘lf‘ PSS o At
value. By comparison, a reduced moment of 1.48(0.18) was . (1395"nney’ & 0D, Thesis, University of Michigan, Ann Arbor,
found in the study of 375 nucleation events in (Rhgsl) (6) Dibble, T. S.; Bartell, L. SJ. Phys. Chem1992 96, 8603.
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