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Identifiability of the Model of the Intermolecular Excited-State Proton Exchange Reaction
in the Presence of pH Buffer

I. Introduction

Deterministic identifiability analysis deals with the determi-
nation of the parameters of a given model assuming error-free
observations. There are three possible outcomes to a determin
istic identifiability analysis-2 (i) The parameters of an assumed
model can be estimated uniquely, and the model is uniquely
(globally) identifiable from the idealized experiment. (ii) There
are a finite number of alternative estimates for some or all of .
the model parameters that fit the data, and the model is locally
identifiable. (iii) An infinite number of model parameter
estimates fit the data, and the model is unidentifiable from the

experiment.

Identifiability analyses of compartmental models for excited-
state processes have only rather recently been repoitatie
have done extensive studies of the deterministic identifiability
of a whole range of compartmental models with time-invarian
rate constants for intermolecular as well as intramolecular two-
state and three-state excited-state processes in the presence a
absence of added quencHef.For the linear, time-invariant
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In this report, we describe the fluorescence kinetics and the deterministic identifiability of the intermolecular
excited-state proton dissociation reaction and how the addition of pH buffer affects both. In the absence of
buffer, the time-resolved fluorescence decays as a biexponential function with decay times that are invariant
with pH. The information that the proton association rate in the excited state is negligible in combination
with fluorescence decay traces measured at different pH, excitation, or emission wavelengths does not provide
enough useful information for the unique determination of the rate constants and the spectral parameters
related to absorption and emission. Hence, the model of intermolecular excited-state proton dissociation in
the absence of pH buffer is not identifiable. When a pH buffer is added to this photophysical system, the
proton exchange becomes reversible and the decay times now are a function of pH and buffer concentration.
The deterministic identifiability analysis shows that for the unique determination of all rate constants one
should collect a minimum of three fluorescence decays characterized by at least two different pH and at least
two different nonzero buffer concentrations. In addition to these three traces, minimally one biexponential
fluorescence trace corresponding to the pH probe in the absence of buffer has to be recorded. The requirement
that at least two of these traces should be collected at the same pH, excitation, and emission wavelengths
leads to unique identifiability.

change the identifiability criteria compared to the models with
time-invariant rate coefficients.

In this paper, we describe the fluorescence kinetics and
deterministic identifiability of a model of the intermolecular
excited-state proton dissociation reaction. If the excited-state
proton association rate is known to be negligible, the fluores-
cence decay surface measured at different pHs and excitation
or emission wavelengths does not provide enough useful
information for the unique determination of the other rate
constants and the spectral parameters related to absorption and
emission. The addition of a pH buffer to this photophysical
system affects both its fluorescence kinetics and identifiability.
Now the proton exchange reaction is reversible and the model
becomes identifiable.

Deterministic identifiability not only establishes the necessary
t conditions for unique parameter recovery but also points the
way to rational experimental design. Indeed, deterministic

ntifiability analysis informs us about how many fluorescence
decays are needed and under which experimental conditions

models, the parameters to be identified are rate constants anéexcnatlon and emission wavelengths, pH, concentration of

spectral parameters related to absorption and emission. Fo?

dded buffer, etc.) they should be recorded to obtain unique

models with transients, we have shown that transient effects parameter estimates.

On the basis of the deterministic identifiability analysis

* To whom correspondence should be addressed. E-mail: Noel.Boens@ Presented in this paper, time-resolved fluorescence experiments
chem.kuleuven.ac.be. of pH indicators can be rationally planned and executed.
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SCHEME 1: Kinetic Model of Ground- and Excited- proposed and tested. This is beyond the scope of the current
State Proton Transfer Reactions in the Absence of pH investigation.
Buffer2 If the system shown in Scheme 1 is excited by-aulse
ky, which does not significantly alter the concentrations of the
1™ | — | 2* + H ground-state species (i.e., in the low excitation limit), the
fluorescenced-response functionf(1®™ A°X t), at emission

wavelengthle™ due to excitation at® is given by

W] o W | e FA°™ 2% 1) = kE(°MU exptD)U B t=0 (1)

K with k = (by + by)(c1 + ¢,) a proportionality constant) =
[U1, Uy] is the matrix of the two eigenvectors of the compart-
mental matrixA (eq 2), andJ 1 is the inverse ofJ. y; andy,

a1 and?2 are respectively the ground-state aembnjugate base forms a}re the eigenvalues # corresponding tdJ; and Uy, respec-
of the fluorophore (fluorescent pH indicator), whil& and2* are the tively, and exp(l’) = diag[exp{it), exp(t)].
associated excited species.
Fluorescent pH indicators are widely used to investigate in vivo Ksq —Kq,
changes of proton concentratiomsside living cells® The . .
intracellular pH in the cytosol is close to neutral (generally b(4%) is the 2x 1 column vector with elements(4*) defined
between~6.8 and 7.4), so fluorescent indicators with ld,p by
around 7 are required for cytosolic pH measurements. The most .
common fluorescent indicators for near-neutral pH measure- b, = b/(b, + by) 3)
ment$ (e.g., SNARF and SNAFL indicato?§;'' BCECF11) o ,
are fluorescein- or rhodamine-type molecules, which can exist Wherebi denotes the concentration dfat time 0:
in several prototropic forms depending on pH. To fully b = [i*] )
understand the complex photophysics of these pH indicators, it ' =0
is essential to elucidate the excited-state dynamics of these ... . ino jow excitation limit. is broportional to the around-
molecular entities. Rate constants of excited-state processes and ! : 1S Prop 9

spectral parameters associated with excitation and emission are tate absorbance afHence, in the low excitation limit (as in

the relevant parameters to be determined. The current identi-smgle'IOhOton timing experiment)D, represents the normalized
" = ex " "
fiability analysis can be helpful in the rational design of time- absorbance of speciasat A% The elements (and by are

. S dependent on pH ang.
resolved fluorescence experiments of pH indicators workable =1 . . L
. &(Aem is the 1 x 2 row vector of the normalized emission
at near-neutral pH so that the right number and type of =% . ~ I .
weighting factorsti(A®™) of species* at A°™
fluorescence decay traces are collected and analyzed.

G=cllc,+c) 5)

The emission weighting factoig(A®™ are expressed By

Il. Model without Added pH Buffer

A. Fluorescence Decay KineticsConsider a causal, linear,
time-invariant, intermolecular system consisting of two distinct
types of ground-state species and two corresponding excited- (™) = kFiL/)Ale'Tpi(lem) 2= (6)
state species as depicted in Scheme 1. Ground-state sfiecies
(acidic form of pH indicator) can deprotonate to form ground- ks represents the fluorescence rate constant of spéciagl°")
state specieg (conjugate base form of pH indicator) andH is the emission density of speciésat emission wavelength
The proton exchange reaction is characterized by the ground-A°", normalized to the complete steady-state fluorescence
state acidity constar, = [2][H*]/[1] of the pH indicator. spectrunt; of species*; and A18Mis the emission wavelength
Photoexcitation creates the excited-state spetiesnd 2, interval aroundi®™where the fluorescence signal is monitored.
which can decay by fluorescence (F) and nonradiative (NR) ri(A®") is defined by
processes. The composite rate constants for these processes are

denoted byko: (= ke, + krr) @ndkoz (= ke, + knra). koy denotes P2 = FiA [ pandFi A 7

the (pseudo) first-order rate constant for dissociatioh*ahto

2* and H". Throughout this paper, we will assume thatHs Use ofb and& in global compartmental analy$iallows one to

so small as to make the rate of the associa@snt H — 1* link by (i.e., by is considered as a single estimable parameter in

negligible the curve fitting) at the same pH aré*, whereast; can be
Note that we limit our study to thelassicalkinetic model linked at the saméem.

of excited-state proton transf€r.It should be mentioned, Equation 1 can be written in the common biexponential

however, that thizlassicalkinetic model may not be thieest format:

description of all excited-state proton-transfer reactions. Indeed,

the time evolution of excited-state proton transfer may include ~ f(A°™, A% t) = o, exp(y,t) + o, exp(y,t) t>0 (8)
several processes: (i) initial formation/breaking of hydrogen

bonds in the ground state, (ii) solvent reorientation and relaxation The exponential factorg; ; are given by

upon photoexcitation, (iii) proton dissociation, and (iv) diffusion

and geminate recombination of the dissociated prétdfor a 71= ~(koy T k) = =S (9a)
full description of all these steps encompassing subpicoseconds

to several nanoseconds, a more elaborate model has to be V2= k=S (9b)
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Figure 1. Dependence of;, on pH in the absence and presence of
pH buffer (black,C® = 0 M; red,C® = 0.1 M; blue,C® = 0.3 M). The
upper curves (longer lifetimes) corresponditg the lower (shorter
lifetimes) toz,. The simulation values are given in Tables 1 and 2.

TABLE 1: Simulation Values of the Parameters of the
Model Depicted in Scheme 1 Used for the Calculation oft; »
and leza

parameter value parameter value
ko1 (10°s™Y) 0.6 Ka 7.5
Koz (109 Sfl) 0.8 eiler 1.0
ket (10° M—1s71) 1.0 & 0.0,0.2,0.4,0.6
ap, is calculated according to eq 56.
and are related to the decay timas according to
v12= ~1lty, (10)

The exponential factorg; > (and, hence, the decay times,)
depend exclusively on the rate constakis koz, andkz; and,
hence, are independent of pH (i.e.,”[)l Figure 1 shows the
decay timeg ;> as a function of pH. Note the invariancenf,
with pH when no pH buffer is present. The (arbitrary) simulation
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Figure 2. Dependence ofu, on pH in the absence of buffer,
corresponding to differerfi; values (blackg& = 0.6; red,&, = 0.4,
blue, & = 0.2; greeng; = 0.0). The upper curves correspondotg
the lower too;. The simulation values are those of Table 1.

the limiting value ofr; = (ko1 + ko1) ™t = S vanisheslf; =
0; see Figure 2). Hence, a monoexponential decay is obtained
(eq 12),
f(A%™, 1% t) = b,c, exp(—Ky,t) t>=0 (12)

and this assigns a unique valuek. In combination with a
biexponential decay, we can thus assign unique valu&sto
ko1 + ko1 andS, = koz (see section 11.B). Equation 12 presumes
thatb, = 0 andc, = 0 (otherwise no fluorescence would be
observed).

On the other hand, when only the acidic form of the pH
indicator is excited and its fluorescence monitored=t 1 and
€1 = 1), a monoexponential decay is found (eq 13):
t=0

f(A°™ %% 1) = b,c, exp(—Sit) (13)

values of the parameters are compiled in Table 1. The rate The condition¢, = 1 implies thatko = O (¢, containskg,, see
constant values were chosen to obtain decay times in the€d 6). o ) . ~ _
(sub)nanosecond range commonly measured by the single- Another limiting case is whei, = 1 and&, = O (excite

photon timing techniqué& The other parameter values were

exclusively the acidic form of the pH probe and monitor the

selected to produce significant changes in the pre-exponentialeémission of its basic form only). In this case, a dual exponential

factorsay 2 as a function of pH (see below).
The pre-exponential factors; » are dependent okopi, Koo,
ko1, b(1%), andT(A®M), as is evident from eq 11:

= o (%
o, =«b|1—-0C ——— 11a
1=K 1( G Vo — Vl) (11a)
- 61k21 )
o, =«C,|1— b, + 11b
2 = K 2( 1 Va— 71 ( )

The pre-exponentiala; > generally depend on pH because of
the ground-state dependencefobn [H*]. A change of [H]
around the numerical value &, will influence the ground-
state composition of the pH indicator. That will be reflected in
the pre-exponentialsa; » will change in the pH range around
pKa Figure 2 illustrates the pH dependence of the pre-
exponentials 2.

When pH is much higher thankp, only specie®? and 2*
are present and the value of the amplitudeassociated with

decay is obtained (eq 14)

b,c.k
2120 S + expko)]
V2™ "1

t=0 (14)

f(A°™ A% 1) =

The condition here is thdt; = 0.

B. Deterministic Identifiability. An outstanding way of
formulating the problem of identifiability is whether one can
find different realizations of(t), say @, b, ¢c) and A*, b™,
c"), so that”’

f(t, A, b,c) =f(t, A", b", c") (15)

that is, the fluorescena®response function is the same. Unique
identifiability of the model is obtained whelh™ = A, b™ = b,
andct = c. If a limited number of alternativd ™, b*, andc*
exist, the model is locally identifiable. If the number Aft,
b*, andc™ is infinite, the model is said to be unidentifiable.
One way of constructing another realizatioh™( b, c*) of
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f(t) is via similarity transformatioR, giving

AT =T7IAT (16)

whereT is a constant invertible (or nonsingular) matrix (i.e.,

detT = 0) having the same dimension As

T= [2 :i] (17)
One can rewrite eq 16 in the form
TAT=AT (18)
The alternativéb™ andc* are given by
b"=T" (19a)
c'=cT (19b)

J. Phys. Chem. A, Vol. 108, No. 40, 2008183

To summarize, two sets of rate constant values are obtained:
set | is the original setky, + ky; = ko1 + ko1 and kg, = ko2
with T given by eq 22; set Il is the alternativég,; + k;; = ko2
and ko2 ko1 + ko1 is just the interchanged solution &8 (=
ko2) andS,. Thus, the model is locally identifiable in terms of
S, and S but is unidentifiable in terms of the individual rate
constants.

For set |, the alternative™ andc™ are calculated from eqs
19 with T given by eq 22:

b, = b,/t, (23a)

by = (—tgby/t; + by)lt, (23b)
c, =t,¢, + G, (23c)

C; =1, (23d)

The main advantage of the method of similarity transformation Becausé, ts, andt, are all nonzero, there are an infinite number
is that it not only shows if a model is identifiable or not but it Of alternativeb™ andc*. It is straightforward to demonstrate

also gives the precise relationship between the true andthat there also is an infinite number of alternative andc*
alternative model parameters. for set Il (calculated according to eqs 19 withgiven by eq
Equations 16 (or 18) and 19 should be satisfied for each 17). To conclude, the model of intermolecular excited-state
experimental condition [different pH, analytical buffer concen- Pproton dissociation in the absence of pH buffer is not identifi-
tration CB (see section Ill), and excitation and emission able.
wavelengthsl® andAeM). This implies that matrixI should be In the remainder of this section we use an alternative approach
independent of pHCB, 18X andA®™. Indeed, because™ should to identifiability, which can give the number and type of decays
not depend on pHCB, and e T should be independent of that are needed for identifiability. We will discuss whether the
pH, CB, andAex. Similarly, because of the independencébdf ~ parametersoy, koz kz1, b, and€ can uniquely be determined
(andA™*) of 2*™ T should be independent @™, by algebraic manipulations ¢f anda; (i = 1, 2), the descriptive

Performing the matrix multiplication in eq 18 yields parameters of(1°™, A%, t) obtained at different known pH
values, and at various excitation and emission wavelengths.

—ty(Kgy T Ky — Koy — Koy) + kg, =0 (20a) Therefore, the aim of this deterministic identifiability approach
is to investigate WbetherNit is possiblt_e to derive express_ions for
Gk k) =0 @Oy e paramete, B andc a 8 o o ande, (o
ot KU 0 @) e L s et by e e
tkor F ta(koz — ko) =0 (20d) o=7117 (24a)
A nontrivial solution (not all oft;, ..., t4 are 0) to the Oy = Y1V (24b)

homogeneous system (eq 20) of four linear equations in four _ ) o
unknownsty, ..., ta is found when the fourth-order determinant  The functionso,, are functions ofk; only. The explicit
of the matrix of the coefficients of the unknowns equals 0. This €xpressions corresponding to eq 24 are given by

leads to the following condition:
g o=k~ ky—kp=-§-5
(kgl + k;rl — ko1 — kzl)(kgz — ko1 — kzﬂ(kgl + k§1 - 0,=S5S,

koo (ko2 — ko)) = 0 (21) _ o
Becauseo; and g, are symmetric functions i, and S (=
Equation 21 is fulfilled wherk, = ko2. From eq 20d with, = koz), €9 25 has interchangeable solutions$pandko; (= S):
0, we have that, = 0, which leads from eq 20a with = O to

(25a)
(25h)

ke + ka1 = ko + ko1, If t, = 0, the original system is obtained S = — 1(o1 — o, — 4o, and
and the matrixT takes the form 2 1
¢ o — 5o+ Vo2 — 40,) (26a)
T= [tl h ] (22)
3 and

with t; = 0 andt, = O (T is nonsingular). The similarity
transformation shows that only values & = ko, and S =
ko1 1+ ko1 can be obtained.

From eq 20b with, = 0, we have thak;, =
thus, eq 21 is fulfilled. If we then substitukg, =
eq 20, we obtairk, + kj; = ko2 as a solution.

S=— (0, + /o’ — 4;) and
Koo = — %(01 N 012 — 40,) (26b)

Therefore, on the basis of the decay times of a single decay

ko]_ + k2;|_ and
ko1 + ko1 in



8184 J. Phys. Chem. A, Vol. 108, No. 40, 2004

Boens et al.

trace, there are two possibilities to assign numerical values to SCHEME 2: Kinetic Model of Ground- and Excited-

S andS; (= ko). This is in complete agreement with the results
from the identifiability based on similarity transformation. As

mentioned before, the pre-exponentials as a function of pH can

resolve this ambiguity. Indeed, for [iff — O (i.e., high pH),
only the pre-exponential facter, associated wittky, remains
andf(t) becomes monoexponential (eq 12). Hence, if a decay

trace at high pH can be recorded, unique numerical values can

be assigned téo, and S;. However, it remains impossible to
assign unique values to the individual rate constefntandky;
when no buffer is added.

The second set of equations is provided by the Markov
parametersn, which can be expressed as a functionfgfb,
and &

m=«EA'b, i=0,1 (27)
For a biexponential(t) (eq 8), the Markov parameters can be

expressed as a function of the pre-exponentigland eigen-
valuesy;

2
m=SYay' i=01 (28)
; 17

with ;' being theith power ofy;. The explicit expressions for
my andm, are
My = (b, + &, — 2b,%)) (29a)
my = i{ [~ (1 — &)(Ko1 + Kag) + Eko] By — To(1 — b))}
(29Db)

mp and my depend on pH only through the ground-state
equilibrium. Furthermoreyy andny also are dependent df*
and A®™. Elimination of the scaling factox from my and my
yields eq 30:

by[(mpky; + P+ Q), — P — Q¢, =0 (30)

with
P=m, + my(k + ko) =M + mS (31a)
Q= m; + mgko, (31b)

P andQ generally depend on pH&* andA®™ Note that eq 30

is a homogeneous nonlinear equation in three unknowns,
namely,kz1, b1, andg,. Equation 30 has a trivial solution fog

= 0, & = 0, andky; of any value. If the trivial solution is
excluded, dividing eq 30 b, converts it into a linear equation

in three unknownskgy, 1/b1, and 1%):

Mok — (P/E;) = (Qb) + P+ Q=0 (32)

State Proton Exchange Reactions in the Presence of pH
Buffer2

A
R+ PE— + RH
i
1* 12 o
k

2 + H*
hv ko1 hv kop
R + + RH
1 — | 2
+ H*

aRH and R are respectively the acid and conjugate base forms of
the buffer. The other symbols are as in Scheme 1.

constructed at different excitation/emission wavelengths are
linearly dependent with eq 8210 matter which excitation or
emission wavelengths are used.

[ll. Model with Added pH Buffer

A. Fluorescence Decay KineticsNow we will consider the
system with added pH buffer (with analytical concentratizs)
as depicted in Scheme 2. The acidity of the buffer can be
described by its ground-state acidity constKEit

K2 = [RIH "V[RH] (33)

In the ground state, specigésan react with the conjugate base
form R of the pH buffer to give speci&sand RH (acidic form
of the buffer). The reaction is in principle reversible. In the
excited state, the reaction of specigswith R to form2* and
RH is characterized by the rate constdd. The reverse
reaction of2* and RH to givel* and R is described by the rate
constank?,. The meanings of the other rate constagtare as
in Scheme 1.

The fluorescenced-response functionf(Ae™ 1% t), at
emission wavelength®™ due to excitation at®, is given by
eq 1 withA given by eq 34.

_ |t ke T GIR])  kARH]
Koy + k3R] (ko KZRHD)

Equation 1 can be written in the common dual exponential
format (eq 8) withy1 > given by

(34)

__1 ay?
For a single decay trace collected at a given pH and a singleylrz_ E{(Sl THFUS =9+

emission wavelength®™ due to excitation a£®* eq 30 or eq

32 provides the basic equation from which the value&gf

b1, and&, must be derived. For the model to be identifiable

from a single decay trace, two out of three unknowks, (61,

and ¢;) have to be known beforehand. Therefore, we can
conclude that, in the absence of any a priori information, the
model of intermolecular excited-state proton dissociation in the
absence of pH buffer is not identifiable. Additional equations

A RH] (K + KRS (35)
with
S =Koy T Kyt kgl[R]

S, = kop + KRH]

(36a)

(36D)



Model of the Proton Exchange Reaction

TABLE 2: Simulation Values of the Parameters of the
Model Depicted in Scheme 2 Used for the Calculation of; »
and leza

parameter value parameter value
ko1 (10°s™%) 0.6 Ka 7.5
ko2 (10° s7%) 0.8 ng 10.64
ko1 (109 M-1 Sfl) 1.0 erler 1.0
k?z 1°M1sY 30.0 C1 0.0,0.2,0.4,0.6

K (1°M-tsl  10.0

ap, is calculated according to eq 56.

In contrast to the case without added pH buffer, the exponential

factors y12 (and 712 now depend on pH (anﬁg and CB)
because [R] and [RH] are pH-dependent.

Indeed, [R] and [RH] can be expressed as a function ¢ [H
KZ, and the buffer concentratio®® (= [R] + [RH]):

B~B
R o
B [H+]CB
[RH] = —Kg Ve (37b)

Figure 1 illustrates the pH dependencerp$. The simulation
values of the parameters are compiled in Table 2.

The pre-exponentials; » are dependent ok, b, ¢, pH, and
CB (through [R] and [RH]),

0y = Cyf31 T Cfn (38a)
o, =Cyf1,+ Cfys (38b)

with
Bri={by(S, + 7)) + bKARHI}H(y, — v,)  (38¢)
Bro={by(S, + 7,) — bICIRHIM(y; — v,)  (38d)
Bor = {by(koy + IGIR]) + by(S, + y)H(y, — v, (38e)

Baoo = {—0y(Kyy + KG[R]) + by(S, + y)}H(y, — v,) (38

BecauseS; + y1 = —S — yo, there are alternative ways to
write eq 38e-f. Figure 3 displaysn; 2 as a function of pH.
The pre-exponential factors vary most clearly aroukd @nd
pKE.
When pH is much higher tharkg and p(g, only specie®
and2* are present and [RH} 0 (CB ~ [R]). In this case, the
value of the amplituder; associated with the limiting value of

71 = (kor + ko1 + K5,CB)"1 = S;~1 vanishes and the fluores-

cenced-response function is given by eq 12, just as in the case

without buffer (see Figure 3).
B. Deterministic Identifiability. Now we will discuss

J. Phys. Chem. A, Vol. 108, No. 40, 2008185

1.1+
1.0 o
0.9] '
0.6
0.7
0.6-

0.5

o 044
03]
0.2

pH

Figure 3. Dependence o, on pH in the presence of 0.1 M pH
buffer, corresponding to differerit; values (black,&; = 0.6; red,
€1 = 0.4; blue,&; = 0.2; green&; = 0.0). The upper curves corre-
spond toa,, the lower toas. The simulation values are compiled in
Table 2.
multiplication given by eq 18 withA given by eq 34 and
expressed by eq 17.

Performing the matrix multiplication in eq 18 yields

_tl(kcJ)rl + ku — ko — ko) + t2k31 =
(tG) — 161 — 146 IR] + Lk RH] (39a)

_tz(kcJ)rz — ko~ k) =
—tIGR] + (—tiK5 + ke, + tKi)[RH] (39b)

—tkyy — tz(k(J)rl + kﬁl — ko) T t4k;r1 =
(tlkgl + t3k21+ - t4k21+ )R] — tsk?z[RH] (39¢)

—tkyy — t4(k(J)rz — k) =
LRGR] + (—tkdy + tkG; — thkG,)[RH] (39d)

Because the elements of T are independent of [R] and
[RH], the coefficients of [R] and [RH] have to be 0, leading
to

t,=0 (40a)
t,=0 (40b)
tiky — Kz) =0 (40c)
-tk +tk8,=0 (40d)
tike1 — tykgy =0 (40e)
ty(ki; — ki) =0 (40f)

whether adding pH buffer to the system (as depicted in Scheme
2) can lead to a globally identifiable model, that is, to the unique From eq 40c we have th&t, = k3,, because the alternative

determination of the rate constaikts, koz, ko1, k3;, andk®, and
the spectral parametefsandg.

To investigate if there are alternative realizationsf(y,
namely, A*, b™, ¢*), fulfilling eq 15, we calculate the matrix

(t = 0) leads tat4 = 0. In combination with eq 40e, we have
thatt; = t,. From eq 40f, we have thaf, = kI, because the
alternative {; = 0) leads tot; = 0. In combination with
eq 40d, we also have that = t4. Parts a, c, and d of eq 39
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can be rewritten as

_tl(kcJ)rl + k;l — k= k=0 (41a)
tl(ku —ky)=0 (41b)
tl(k§2 — k) =0 (41c)

From eq 41c, it follows thaky, = koz. From eq 41b, we have
thatky, = ko1, and in combination with eq 41a we obtdif) =

ko1. So there is only one set of rate constants possible: the

alternative set of rate constants equals the original lﬁ'ep(
ki) and is obtained whef takes the form

=t 9w

with t; = 0 andl being the 2x 2 identity matrix.
Substituting eq 42 in eq 19 yields the alternativeandc™:

(42)

b™ =bit, (43a)

ch=tc (43b)
Becauset; is not accessible in time-resolved fluorescence
experiments, it is more appropriate to formulate the identifi-
ability problem in terms of normalizell, €, and the propor-
tionality factorx = (by + bp)(c1 + ¢2) (eq 1). Indeed, use of
normalizedb and€ in global compartmental analy$iallows
b; to be linked at the same pH anér, wherea<; can be linked
at the samele™

Therefore, we try to find different realizations &), say
(A, b, € «)and @, bt, &, k), so that

f(t, A, b, & ) =f(t, AT, b, &, k" (44)

The model is uniquely identifiable whek* = A, b* = b, &t
= ¢, and«™ = «. Substituting the spectral parameters (eq 43)
yields

b"=b (45a)
g =¢ (45b)
K =k (45¢)
BecauseA™ = A, b* = b, & = ¢, and«™ = «, the model of
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Therefore, we turn now to the identifiability method based on
o functions and Markov parameters to learn about the experi-
mental conditions under which identifiability of the model of
Scheme 2 will be realized.

o1 andoy are functions ok;, [R], and [RH], and are explicitly
expressed by

- _(k01+ Koy + koz)
0, = KoKy T ko) + k02k51[R] + k01k?2[RH] (46Db)
Equation 46 can be rewritten as a function of the acidity constant

KS of the buffer and the two independent experimental vari-
ables [H] and CB:

(k5 [R] + KZ[RH]) (46a)

KKS + KEH™]
—(kop 1 Koy + Kop) — CsleSJr—[:'er] (47a)
B
0, = koylko, + ko) + CBkoz 21EB + |[<|(_)|1k]2[H i (47b)

To indicate the dependencemfandao, on buffer concentration
CB and pH, we will use the notationsy; andoz; to represent
respectivelyo; and o, at buffer concentration Siand pH
(corresponding to [H];).

A biexponential decay trace in the absence of pH buf@r (
= 0) yields values ofkp, and the sum kp; + kz1). This
information [the sumky; + ko1 + koz)] combined with two
decays in the presence of buffer measured at two pHs allows
one to determine unique values k¥, andk%,. From oy and
owe at two pHs and a common buffer concentratiof e
have:
Koy = {ogalH To(KZ + [H]) — 0yolH To(KZ + [H'],) —

KG(H T2 = H 1) (k1 + ey + ko)
{CKA(HT, — [HT1)) (48a)

{~=03a(KS + [H']) + 0yo(KE +[H'],) —

([H ]1 - [H ]2)(k01+ I(21'|' koz)}/
{Ce(H'], — [H'])} (48b)

B
I(12

In fact, the buffer concentration does not have to be identical

intermolecular excited-state proton exchange in the presencefor the two pHs. Just two pHs are necessary and sufficient for

of pH buffer is uniquely identifiable.

the unique determination d&, and k%, Indeed, fromoyq at

It must be empha5|zed that [R] and [RH] in egs 39 can be pH; and CE and oy at pH and ch we have

expressed in terms &, [H*], andCB via eq 37. Because the
elementg; of T must be independent of [i{and CB, this leads

to eq 40 and, thus, to the same identifiability conditions as

derived above.
The similarity transformation is an extremely powerful

approach to identifiability because it establishes a direct

relationship between the origina (b, €, ) and the alternative
(A, bt, &,
demonstrates directly if a model is identifiable or not. However,
it does not tell which experimental design will lead to identi-
fiability. In other words, although similarity transformation
excels in informing us if a model is identifiable, it does not

«T) system parameters (via egs 18 and 19) and

Koy = { opa[H T,CP(KE + [H']) —
oy5[H ]1Ck(KE + [H+]2) +
(Ko + Koy + ko) { CPTH To(KE + [H']) —

CRHTy(KS + [HT A CECPKE(H T, — [HT1)} (49a)

k12 {—01.C (KB +[H ]1) + 04,C (KB +[H ]2) +

(Kop + ko1 + ko)l CR(KE + [HT],) — CP(KE + [HT1)}Y/
{CECP(H'], — [H'],)} (49b)

reveal how many fluorescence decays are necessary and under

which experimental conditions (pH, buffer concentratidfy,
and 2™ they should be recorded to achieve identifiability.

To summarize, once the surky{ + ka1 + kop) is known (from
a biexponential decay of the pH indicator without added
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ct additionally ko1 + ko1) andky, are separately knowrky; and
k?, can be determined fronw; and o, at a single buffer
concentration and pH.

We just showed that time-resolved data (i®.,values) at
two different pHs are necessary and sufficient for the determi-
nation of k3, and k&, if the sum ko1 + ka1 + kop) is known.
This presumes the measurement of a biexponential decay of
the pH indicator atC® = 0. In the next paragraph, we will
investigate what rate constant information can be extracted from
decays of the pH indicator as a function of pH only (i.e., at a
single buffer concentration). This information is useful for
Figure 4. Possible experimental configurations as a function of pH Systems where only the pH is varied at a single buffer
and buffer concentratiolt® that lead to uniquely determined rate concentratiort®
constants. All four cases depend on the knowledge of the &uirrH( If the only known information about the rate constants is

ko1 + ko), which can be obtained from a biexponential decay without . .
pH buffer (C® = 0). Moreover, the experimental configurations A and the value ofko (e.g., from the monoexponential decay at high

C give a globally identifiable model (in terms &f, b, andg) if the pH in the presence or absence of pH buffer), the four remain-
decays measured at the common pH [two nonzero value® db) ing rate constantskgs, ko1, k?l, and ki.) cannot be determined
and one aiC® = 0 (@)] are recorded under identical experimental from oy, Oue, Oxa, and oae at two pHs (1 and 2) and a
conditions 4 andA°). common buffer concentrationfCHowever, if in addition to
koz the sum ko1 + ko1) is known, unique values fdey (or kz1),

pH buffer), two pHs are necessary and sufficient to determine k2., andk?, can be determined from twey values and one>
unique values ok5, andk?, from the o, functions. Note that ~ value (or oneo; value and twoo, values) at two pHs and a
the knowledge ofKp; + ko1 + koz) combined with decays at  single buffer concentration. Similarly, if botky: and ko2 are
two different buffer concentrations and the same pH (using known, the other rate constantk( k5, and k&) can be
owa at G andoys at ) does not lead to a solution &, and ~ uniquely determined at two pHs. However, whiea and ko
KE,. are both knownkos, k3, and k, are the roots of quadratic

Figure 4 illustrates the four experimental configurations as a equations, resulting in two possible solutions for each of
function of pH andCB, which lead to the unique determination these rate constants. This ambiguity in the rate constants can
of all rate constantsk{;, ko1, ko, k?l, and k?z). Figure 4A possibly be resolved if some of the rate constants assume
shows the situation with two pHs and two nonzero values of negative values.
CB. In Figure 4B, three different pHS and two nonzero values In the above ana'yses' we um equations (eq 47) written
of CB are used. Figure 4C depicts.the configuration with tWo 55 4 function of KE and the experimentally independent
pHs and three nonzero valuesGf. F|nally_, three pH a_nd t_hree variables [H] and CB. One might wonder if one also can do
nonzero values o€® also lead to the unique determination of - e jgentifiability analysis using eq 46, whese; is expressed
kij. (Figure 4D). Of course, each of the fogr configurations of < - fnction of [R] and [RH]. Because five rate constakgs (
Figure 4 can be represented somewhat differently. As long ask% Koo, k?l’ and k?z) have to be determined, one needs three
at least two pHs and at least two nonzero valueGfére used fluorescence decays producing thrand threes, equations
in combination with a biexponential decayGit = 0, one should For the first d Y tp 9 h thz q . tal
obtain unique values fdg;. Mathematically, the system of two or the |rBs ecay ftrace, we can choose he expermenta

variablesC; = 0 and [H']; in principle at random as long as a

o1 and threeo, equations (eq 47) was used to obtain unique N . St . .
solutions for the five rate constarkigvia a symbolic mathemat- clear biexponential function is obtained. This decay allows us

ics program. For all configurations in Figure 4, the knowledge [ construcio: > as a function of [R] and [RH} (eq 46). The
of the sum ko1 + ko1 + kop) is essential to obtain unique choice of experimentaﬂ:? and [H'], for the second decay is
solutions of all rate constants. Indeed, without knowledge of limited to cases wher€} = C? or [H*], = [H*];. The second
(ko1 + ko1 + kop), five eqs 47 at differen€® and pH as shown  decay producess» as a function of [R] and [RH} (eq 46).
in Figure 4 yield unique values d§; and k5, while ko, ka1, For the third decay, however, the experimental varial@s
and ko are roots of quadratic equations. One can say that in and [Ht]; cannot be chosen freely if unique solutions of the
that case the model is locally identifiable in terms of the rate five rate constants are to be found. Indeed, two {[IfRH]3)
constantsk;. If one wants unique solutions for all five rate concentrations give unique solutionslgf (i) [R]z = [R]. and
constants, one should include a dual exponential decay in the[RH]; = [RH]; and (ii) [R]z = [R]1 and [RHE = [RH],. The
absence of buffer. first requirement leads to the experimental variables]jand

_ It sho_uld be me_ntloned that, in the absence of a priori C? given by eq 50:

information, three different pHs and a common buffer concen-

CB

tration do not produce a solution fkgy, ko1, andko,. Conversely, CB[H +] (KB +[H +] )

three decay curves at the same pH but different buffer H],= 1 1 (50a)
concentrations do not lead to the determination of any rate Co(KE +[H™]y)

constant, even ifkg; + kp1) andko, are known. However, in

the limiting case when the pH of the solution is much smaller 5 CE(KS + [H+]3)

than the [KC of the buffer (pH< pKZ), one has that the buffer C; = (50b)

ey
exists practically only under its acidic form ([RH} CB). In (Ka +[H'T)

that casek?, can be determined fromy; at a single buffer _ N _ _
concentration and pH, if the sunko{ + ko1 + koo) is known The second (symmetrical) condition gives the experimental
from a biexponential decay of the pH indicatorGit = 0. If variables [H]3 andCE of eq 51:
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CHHT,(KS + [H'])

+1
== e s iy

(51a)

s Ci(Ks +H'T)
s_Tiia T

<+, .

Equations 50 and 51 are symmetrical (the subscripts 1 and 2

Boens et al.

(0 = by, & =< 1) may lead to unique values for the spectral
parameters. The system of three eqs 55 obtained at three
different nonzero values «® and the same pH,®*, andie™
always leads to a unique solution [mfand&,. The same is true

for the system of two eqs 55 (at two nonzero value€®fand

one eq 30 (a€B = 0). Hence, the situations depicted in Figure
4A,C lead to global identifiability in terms d§;, b, and&. The
requirement in Figure 4A,C is that the decay traces at the
common pH should be collected under identical experimental

are exchanged). These two conditions produce similar configu- 4 qitions e andAem).

rations as shown in Figure 4, but now {H and Cg of the
third decay cannot be chosen freely.

Finally, when some knowledge about the photophysical
system can be assessed through other (i.e., not time-resolved

To summarize, four configurations (Figure 4) lead to unique fluorescence) experiments, it might be useful in obtaining global

solutions of the five rate constants under two conditions. (i)

The independent experimental variables'Trind CB can be
chosen freely for three decays at nonzér®, but then a

biexponential decay a€® = 0 has to be added. (i) The
alternative does not require a decay curve without added buffer

The experimental variables fifiand CB (= 0) of two decays
can be selected freely, but then'H andC? of the third decay
have to fulfill eqs 50 or 51.

Once values of the rate constardsare known, we will

investigate now the conditions for the unique determination of

the spectral parametebs and .

The expression fomy is given by eq 29a, is given by eq
52:
my = k{ Dy[Cy(Kyy + ky[R] + K5 RH] + S + S) —

S, — KiARHI] — &S, + KRH]) + k3, [RH]} (52)
with §; and S, given by eq 36my andmy, depend on pHCE,
A% and 8™ Elimination of the scaling factor from my and
my yields eq 53:

By{[My(ky; + ko[ R] + KARH]) + P+ QJe, — P —

MpkeRHT} — €x(Q + mpks[RH]) + mpki,[RH] = 0 (53)
with
P=m +msS (54a)

Q=m + msS, (54b)

identifiability with less fluorescence decays than discussed
above. For instance, the parameters can be expressed as a
function of the ground-state acidity constalf of the pH
indicator, the molar absorption coefficientg1®) of ground-

"state speciesat 1%, and the pH of the sample solution. Hak

at [H]x and18* we have

1 _ Gz(lex)Ka
E)lk - 61(}“9)()“" +]|< 0

The by values calculated according to eq 56 can then be used
in the analysis and possibly reduce the number of fluorescence
decays needed for unique identifiability.

IV. Conclusions

In this paper, we have derived the equations describing the
fluorescence decay kinetics of the intermolecular excited-state
proton transfer reaction in the absence and presence of added
pH buffer. When the proton association reaction in the excited
state is negligible, the decay times are invariant with pH in the
absence of buffer. The assumption that the association rate
constant equals O for the investigated system is not helpful in
determining unigue values for the remaining parameters. It is
shown that only the values &, and the sumkp; + kz;) can
be obtained in that case. The deterministic identifiability analysis
shows that additional decay curves measured at different pH,
excitation, or emission wavelengths do not provide enough
independent information useful for the unique determination of

Equation 53 can be rewritten as a function of the independentthe remaining parameters. Addition of buffer results in a

experimental variables [H (i.e., pH) andCB:

_6162{ my 4+ My(Koy + 2ky; + Kpp) +
2myCo(KkE, K§ + KE[H DI(KE + [H])} +
B1{ my + my(Ky; + Kyp) + moCB(kgl KS + k?z[H +])/
(Ka + [HD} + T my + mykg, + 2mCoEH Y/
(KS + [HD} = mCoHEH W(KE + [H]) (55)

reversible excited-state proton transfer reaction and yields decay
times that become pH-dependent. To uniquely determine all rate
constantskj, a minimum of three fluorescence decay traces
should be collected for the pH probe in the presence of buffer.
These three decays should be characterized by at least two
different pHs and at least two different nonzero buffer concen-
trations. In addition to these three traces, minimally one trace
corresponding to the pH probe without buffer has to be recorded
for the unique determination of all rate constamis The
requirement that the decays at the common pH should be

Equation 55 is a nonhomogeneous equation in two unknowns, collected under identical experimental conditioA% @nd°m)
by and&,. To create another equation of type 55 with the same leads to unique identifiability (in terms dfj, b, and,).
b; and&,, one should collect a decay trace at the same pH and To investigate the deterministic identifiability we have used

2% (i.e., sameb;) and identicalle™ (i.e., samet,) but at a
different nonzero buffer concentratio@8. The solution to such
a system of two egs 55 in two unknowris, (&) results in two
solutions forb; and&,. If the biexponential decay &8 = 0 is

recorded at the same phEX, andA®™as for eq 55, one can use

eq 30 together with eq 55 to obtain values barand,. Also
here two solutions are obtained for and&,. The constraints

two approaches: (i) the standard appro&gf,® based on
equations involving Markov parameters amg functions, and
(i) the similarity transformation methotf,which provides direct
relations between the true and alternative sets of paranigters
b, and&. Use of normalized and@ in global compartmental
analysis allows; to be linked at the same pH ané¥, whereas
€1 can be linked at the sanié™.
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