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We present a Lorentzian function-based spectral filter method for computing the elements of the quantum
scattering matrix (S-matrix) and molecular bound-state spectra. For computing bound-state eigenvalues in a
predefined energy window, we use the Lorentzian function within the filter diagonalization framework. From
the spectral filter point of view, we find that the formal theoretical structure for computing the S-matrix is the
same as those of overlap and Hamiltonian matrix elements necessary for filter diagonalization, and hence,
the same computational protocol can be utilized for scattering as well as bound-state studies. Furthermore,
we argue that the appropriate scattering boundary conditions can be accurately built while preparing the
initial wave packets. For numerical implementation, we have utilized the Lorentzian filter in two complementary
series forms: (1) using Chebyshev polynomials with the Hamiltonian as its argument, which is useful for a
fully quantum mechanical study; and (2) in terms of a discrete set of short-time quantum propagators, which
can additionally be extended to approximate dynamical regimes. The computation of matrix elements for a
filter diagonalization application and the scattering matrix requires a product of a series representation of two
filter operators for which we have been able to perform a partial resummation of both the series analytically,
giving thereby a very compact and rapidly convergent expression. The exponential damping term associated
with the Lorentzian filter is very useful for controlling the convergence and removing unwanted features
from the computed spectrum. As is true of previous discrete time expansion of the spectral density operator,
the present formalism can also be utilized for inverting discrete time signals obtained from various experiments.
We illustrate the validity of the present approach by test calculations on a model one-dimensional quantum
scattering problem.

I. Introduction and Perspective conductance properties of the molecular systéraad elemen-

| tary chemical reactions, wherein the quantities of prime
importance are the scattering matrix (S-matrix) and reaction
rates’:® Clearly, a theoretical study of molecular dynamics
requires an accurate and efficient computational protocol for
obtaining the elements of the S-matrix and the eigenvalue
eigenvector information corresponding to molecular-bound states
for a given Hamiltonian. This is the central objective of this
jpaper. In particular, we utilize the idea ofspectral filteP to
obtain a very general and compact quantum mechanical
computational framework, suitable for studying molecular
processes involving continuum as well as bound states, along
with an additional flexibility of enabling extension of the theory

Quantum theory provides the most fundamental theoretica
framework for a microscopic description of dynamical processes
of molecular systems in the gas and condensed pRasésin
this framework, a molecular system is defined by an appropriate
Hamiltonian, generally possessing a range of eigenstates,
continuum as well as discrete, in which the system may reside.
In addition, the molecular system may also be prepared in an
arbitrary quantum state, which can be expressed as a linea
superposition of eigenstates of the full Hamiltonian. A dynamical
process is then fundamentally visualized as the transfer of the
molecular system from one quantum state into another, as
determined within the framework of the time-dependent Schro . . . . . .
dinger equation. Hence, the most detailed information concern- 10 various s¢m|cla53|cal and mixed quantum/classmal regimes
ing a molecular process one can have is the eigenvalues/'n an unambiguous manner. Expressions for other experimental
eigenvectors of the corresponding Hamiltonian and the transition observables, such as cqnductance and_ thermally. averaged
probability amplitudes between various quantum states. Wheread 8action rates, can be derived .bY appfop“a‘e'y referring to 'the
the dynamical processes involving bound states of the Hamil- necessary equations for obtaining eigenstates and transition

tonian underly various laser based molecular spectroscépfies, probabil?ty information; that is, an explicit numerical construc-
processes involving continuum states directly relate to the tion of eigenstates themsel\_/es may not allways be .requwed. We
will address these issues in future studies. In this paper, we

T Part of the “Gert D. Biling Memorial Issue”. will concentrate only on the theory of elementary chemical
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Concerning elementary chemical reactions, there have beenthe present formalism, like the earlier studies on this subje#,
several theoretical formulations, with varying types of ap- effectively retains the correlation function form of the S-matrix,
proximations and degrees of sophistication, of the relevant and this is very important because it then easily allows one to
scattering processes with an ultimate purpose of obtaining theextend the formalism into approximate dynamical regimes,
elements of the S-matr#¢48 The present approach of utilizing  which is necessary for treating large molecular systems.
the notion of a spectral filter is related to the wave packet As to the molecular bound-state problem, it can, in principle,
description of quantum scattering, as discussed, for example,be solved by direct numerical diagonalization of the relevant
in the treatise of Goldberger and Watéband in the text by Hamiltonian operator expressed in some appropriate basis. But
Taylor50 By “wave packet”, we here simply mean a function this is generally impractical because a molecular system typically
that decays sufficiently rapidly, in both the position and the involves a very large rank Hamiltonian matrix, and furthermore,
momentum space; that is, the function can be arbitrarily one is typically interested in obtaining only a small subset of
accurately approximated as band-limited with finite support. In eigenvalues in a given energy range of interest. Therefore, recent
recent years, the wave packet approach has become very populaiesearch efforts have been directed toward developing various
in molecular dynamics studies because it is intuitive and offers iterative methods, which generate a small basis set by a repeated
an efficient computational protocol. In the context of chemical application of the Hamiltonian operator on an arbitrary quantum
reaction dynamics, we particularly mention the theoretical state and use them to diagonalize the original Hamiltonian in
formulations developed independently in the groups of K6u# part?51.53-89 We parenthetically note that a specific numerical
and Tanno3~36 which formally express the S-matrix element application usually does not require the explicit construc-
as an integral transform of an appropriate time-correlation tion and storage of the basis produced by successive iterations,
function, and the present spectral filter approach is conceptuallybut only the scalar quantities entering the mathematical pro-
similar to these studies while differing significantly in the cess by which one computes the relevant matrix elements
operational details. In the following, we offer a brief critique directly>*
of the existing wave-packet-based approaches for computing A common feature which, at present, most iterative methods
the S-matrix, which are relevant to the present investiga- share is a three-term recursion process, symbolically expressed

tion. as follows
In a series of studies, Kouri et &l732 proposed and utilized . . . .
the following expression for the scattering matrix (omitting the fira(H) = (H — o) fil(H) = By fiea(H) 2

normalization and other factors) .

wheref(H) is akih degree polynomial with the Hamiltonian,

Sy (B) 0 @ P67 (E)|@* 0 (1) H, as its argument. A notable exception is the Faber polynomial,

which may be used with a recursion process involving more
where |®F@0and [®~@0are wave packets, asymptotically than three term% Various iterative methods formally differ in
correlating with the reactantk, and product,3, channels, the choice of the polynomials and the ways of computing the
respectively, an@"(E) is the causal full Green’s function. An  unknown scalar coefficientsy andSx. These coefficients are
expression similar to eq 1 but involving the spectral density then used to construct a new matrix of much smaller rank which
operatorg(E — H), in place of Green’s function, has been given is therefore much easier to diagonalize. These eigenvalues
by Tannor et af3-36 Other variants of eq 1 are also available progressively increase in accuracy as the recursion scheme, eq
in the literature, and they have found several applicatférs. 2, proceeds. In this context, Lanczos’s original prescription of
We first note that eq 1 is formally exact; that is, it will certainly implementing eq 2 and its varia#it$? has been very popular
give an exact answer if one utilizes an exact Green'’s function for the last several decades. Furthermore, it is well-known that
in an application. This is, unfortunately, a heavy computational the Lanczos method tends to converge the well-separated
burden because the construction of an exact Green’s functioneigenvalues preferentially. Thus, if one can dilate the spectrum
demands either a complete diagonalization of the associatedof the Hamiltonian in the desired energy region using an energy-
Hamiltonian or a physically equivalent quantum propagation dependent “shift operator” before implementing the Lanczos
for a sufficiently long time if one uses an integral representation method, one can substantially accelerate the eigenvalue
of the Green's operator. Neither is feasible in a nontrivial computatior?*~52:93 Although there have been several studies
molecular application. In a practical study, however, one almost exploiting this theme with varying degrees of succ®s&? the
always approximates the Green'’s function, usually in the form application of an energy-dependent shift operator in a practical
of truncating a convergent infinite series, and for an approximate application remains a major computational bottleneck. On the
Green’s function, eq 1 is not the optimal prescription for other hand, the iterative method has gained further popularity
obtaining the S-matrix. This is because eq 1 is fundamentally in recent years due to the development of a filter diagonalization
based on a certain factorization of a product of two spectral (FD) scheme by Neuhau$€r®® and others:>.678¢ A FD
density operatorsj(E; — H)o(Ez — H) = 6(E; — Ep)d(Ex — scheme involves an energy-dependent spectral filter, which acts
H), which is only approximately true if one uses truncated series on an arbitrary state to generate a basis set spanning a
expansions for the relevant operators, and this significantly preselected energy window and uses it for the purpose of matrix
reduces the rate of numerical convergeticene present spectral  diagonalization. Since the filter operator is usually expressed
filter approach highlights and eliminates this limitation in an in a degenerate kernel infinite sefiésonsisting of orthogonal
unambiguous manner, thereby offering a well-convergent and polynomials (therefore satisfying a three-term recursion relation
compact series expansion for the S-matrix. Moreover, an similar to eq 2), the FD scheme can also be visualized as yet
important feature of the present formulation is that the issue of another prescription for computing the coefficientg,andfy,
enforcing appropriate boundary conditions, scattering as well and the filtering process itself is akin to applying the “shift
as bound state, is directly linked to the way we prepare the operator” as mentioned above. However, FD schemes differ
initial wave packets, and no additional device (e.g., a complex from the Lanczos-type processes in several important ways: (1)
absorbing potenti&t-14425% is necessary for this purpose. We Whereas the Lanczos method attempts to generate a strictly
will elaborate these points more in the later discussion. Finally, tridiagonal matrix, whose dimension grows with the number of
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recursions, the FD generates a diagonally dominant matrix of ament, because it is known to provide a uniformly convergent
priori fixed dimension, to be diagonalized, (2) as opposed to approximating schem®.Furthermore, this choice allows us to
the Lanczos method with an energy-dependent shift operator,perform all relevant time integrals analytically and also facilitates
the recursion process in the FD is completely decoupled from certain algebraic manipulations involving series, leading to a
the energy window of interest, solely due to the possibility of compact, energy-separable and nicely convergent set of equa-
expanding the filter in a degenerate kernel setesnd this tions. In the second implementation approach, we express the
means the three-term recursion, eq 2, involving a matrector SDO as a degenerate kernel series in terms of the short-time
product, which is numerically the most expensive step, need quantum propagator, which then allows us to express all
not be repeated with a change of the energy window one is observable quantities in terms of a discrete set of time-
interested in. (3) Although the Lanczos method is useful strictly correlation functions. We then argue that in appropriate practical
for quantum mechanical studies, the FD-based methods cansituations, one may ignore the quantum mechanical origin of
easily be extended for use in classical or semiclassical studiesthe time-correlation function and obtain it by other suitable
which certainly are required for large molecular systems. In this approximate dynamical schemes. That means one can easily
paper, we thus focus our attention only on filter-based methods 0btain a dynamically approximate representation (for example,
for molecular bound-state studies. We note that from the presenta semiclassical one) for the SDO. In this way, the present
spectral filter perspective, the theoretical structure of the FD approach offers a unified computational framework extending
method for a bound-state problem finally turns out to be similar from quantum to classical regimes, suitable for studying
to that of the S-matrix theory. The difference lies only in the molecular bound states and scattering problems for systems
nature of the wave packets employed in the final computation, ranging from small to large. It should be noted that the present
and this is simply due to the fact that a scattering problem Suggestion of computing short-time correlation functions by
fundamentally differs from a bound-state one only in the nature @Pproximate dynamical means has been very popular and
of the boundary conditions. Hence, one can use the sameeXplored by other researchers in various contexfs!s. 7071164105
computational protocol, as developed here, for both bound-state  The organization of this paper is as follows. In Section I,

and scattering studies. We will elaborate on this theme in the We define the notion of spectral filter along with its Lorentzian
later discussion. function realization, in terms of both Chebyshev polynomials

and discrete-time quantum propagators. In Section I, we

introduce the wave packet description of quantum scattering
from a filter perspective and obtain a compact set of expressions
for the elements of the S-matrix. In Section IV, we elaborate

on the Lorentzian function-based filter diagonalization scheme
to compute a set of eigenvalues in an arbitrary energy window
and also obtain an expression for the spectral intensity. We
discuss numerical results for a model scattering problem in
Section V, and finally, we present our conclusions and future

research directions in Section VI.

We now briefly review the ingredients of filter theory and
the scope of the present work. In spectral filter thebtie
quantity of central importance is ttepectral density operator
(SDO), 8(E — H), where the filter energyE, is within the
spectral range of the Hamiltonia, of the quantum system.
Because)(E — H) is a projection onto the space of solutions
of the homogeneous Scitimger equation both for scattering
and bound states, its application on an arbitrary wave function
yields the eigenstates describing the bound as well as the
scattering state®,depending on the value &and the enforced
bou_ndgry cpn_ditions. Since .the SDO matlhematically ipvolves II. Spectral Filters
an infinite limiting process, it must be suitably approximated
before it can be applied numerically. This is an important issue  In the present work, we are concerned with the use of an
associated with the implementation of various spectral filter €nergy filter, associated with the Hamiltoniah, of the system.
algorithms. In practical applications, it is often convenient to The general notion of a filter in quantum mechanics is directly
take the filter function to have some prelimit form (e.g., a sinc, elated to the concept of “selective measurement”, as discussed
Gaussian, Lorentzian, etc.) and express it as a degenerate-kerndly Dirac! and this aspect has recently been elaborated by us
infinite serie§ involving polynomials, thereby separating the for the purpose of bound-state studiéde first recall the salient
dependence on the filter enerdgy,from that of the Hamiltonian features.of thg nqtion of a filter, which are relevant for the
operator. The choice of a prelimit expression of the SDO and Présent investigation. _
its series expansion necessarily determines the convergence fea- We first assume the existence of an orthogonal reference
tures of the resulting algorithm, and hence, there have been sevSPace spanned by the eigenvectors, discigighim = 1, ...,
eral suggestions for dealing with this issue in the literai#&100 N, satisfying(dm|¢n[i= dmr as well as continuous|g.Ll e =
In particular, Kouri and co-worke$&%-98 used a sinc function 0. %, satisfyinglg|p.[= d(e — €')] of the system Hamiltonian.
approximation of the SDO and obtained its series expansion in 1NiS allows us to express an arbitrary quantum staté) as
terms of Legendre and Chebyshev polynomials. A more generalfollows:
expansion of the SDO and Green’s function in terms of Jacobi
polynomials, of which Legendre and Chebyshev polynomials lyO= f de A(e)|p.[H Zcm|¢mg (3)
are special cases, has also been rep8ftelérmite polynomials m
have also been used to obtain a series representation of the SDO,
expressed as a Gaussian limiting proc@d8urther extension  The discrete and the continuous sectors of the eigenstates are
of a general complex operator-valued function, in terms of Faber assumed to be orthogonal. It is clear that the arbitrary state,
polynomials, a special case of which is the Chebyshev poly- |y[] contains complete eigenstate information, provided the
nomial, has also been reported by Kouri and co-worRee&. coefficients,A(e) and Cy, are all nonzero. To extract spectral
In the present work, we use a Lorentzian function representationinformation from |y[] we introduce the notion o$electie
of the SDO, lim—o &/n[&? + (E — H)?], and we will explain measuremerdr filtration, in which we imagine an ideal process
later why this choice is better suited for numerical studies. In which selects only one of the eigenstates (discrete or continuous)
the first implementation approach, we expand the Lorentzian from |y Mathematically, this amounts to applying a projection
in terms of Chebyshev polynomials with a Hamiltonian argu- operator,A(E), which acts orjyJand produces the eigenstate



8990 J. Phys. Chem. A, Vol. 108, No. 41, 2004 Vijay et al.

if the filter energy E, is equal to the corresponding eigenvalue ties: (1) a series expansion in terms of some choice of

of H, as is evident from the following implicit definition, orthogonal polynomials, and (2) an iterative solution in short-
time steps. As we will later see, although the polynomial
AB)Iy[= [¢pelldely U= A(E) gl 4) expansion is useful for a fully quantum mechanical treatment,

the latter can additionally be implemented with a semiclassical

whereE is either a discrete or a continuous variable. The notion or a mixed quantum/classical form of the time propagator. There
of filteration in eq 4 is only formal, because it defines the are excellent short-time dynamical schemes, valid in the
projection operator in terms of the eigenstates of the Hamilto- quantum, semiclassical, and mixed-quantum/classical regimes,
nian, which are a priori unknown; hence, it cannot be used for available in the literature, which can be employed for this
practical applications. For operational purposes, however, the purposgt0-10+-103.106-115
mathematical object that satisfies the primary notion of the filter ~ We first consider the orthogonal polynomial representation
in quantum mechanics is the spectral density operator (SDO) of the time propagator, for which there have been several studies
o(E — H), whereE is the energy at which the filter process is in the pasf?99.100107110 |n the case of a real and time-
to be carried out. By definition, then, the applicationdgE — independenH, a general expression for the time propagator in
H) on an arbitrary stateUselects out the eigenstateHfis an the form of ultraspherical polynomials has been obtafffed.
eigenvalue and the corresponding eigenstate has a finite overlafSpecial cases are Legen¥frand Chebyshe90.108 (first and
with the initial arbitrary stately[] Whether the projected state  second kind) polynomials. In the present study, we utilize the
belongs to the discrete or the continuous sector of the spectrumChebyshev polynomials of the first kind, and therefore, the
will depend on the energ¥, and the manner in which tHe O present treatment will be limited to the case in which the
has been initially prepared, because the Hamiltonian portion of damping parametef,in egs 5 and 6, is coordinate-independent.
the SDO in itself does not possess any bias favoring a particularChebyshev polynomials, in addition to giving a uniformly
state vector; therefore, it does not enforce any boundary convergent scheme for applying the quantum propagator, also
condition whatsoever. We will say more on this point later on. possess certain algebraic properties (not shared by any other
In any event, it is clear that the spectral filtering essentially orthogonal polynomials) which allow further simplification,
necessitates an appropriate application of the spectral densityleading to a very compact and rapidly convergent expression
operator. We here stress that the notion of the Dirac delta for computing the elements of the scattering matrix (S-matrix)
function as a filter is a very general unifying theme, which offers and necessary matrix elements used in the filter diagonalization
a convenient framework to set up various computational algorithm for studying molecular bound states. The Chebyshev
algorithms necessary to study molecular dynamics. polynomial expansion of the time propagdfdf®1%also allows

Becaus&)(E — H) conceptually refers to an infinite limiting  the time integral in eq 6 to be performed analytically, and thus,
process applied to an appropriate sequence of functions, it musive obtair§596.9?
be suitably represented before it can be applied numerically,
and this is an important issue associated with the implementation R 1\ ° R
of various spectral filter algorithms. The procedure we follow J(E — H) = lim (—) Z}(Z — 0,0)RED(E) Zk(E)]Tk(HSg
here is first to choose an appropriate integral representation of 0 \tAA & @)
the following form

. 1l e EUh Atk whereD(E)™* = [1 — (Esc + i8s9? "2 Z(E) = [(Esc + is) —
O —H)=lim >~ f_mdtf(|t/h|; ¢) e (5) i D(E)™Y, {se = &AL, andAAEs{Hs) = E(H) — 1. Here,AZ
&0 and A are parameters (with units of energy) which map the
Here, different choices for the damping functidit/l; 2), eigenvalues oH in the range fmin, Ama{ into the eigenvalues
will give different sequential representations for the SDO. With ©f Hscin the range {1, 1], and rendeHsc dimensionless. This
f(jt/A|; €) as unity, we have the traditional prelimit sinc function Hamiltonian renormghzanon is a necessity with the ch0|qe of
approximation to the delta function. Other frequently used Chebyshev polynomials, but it does not affect the generality of
choices forf(|t/ll; €) are exponential and Gaussian functions, the overall scheme. It should be noted that in a practical
In the present study, we shall use an exponential form for calculation, the upperl[mlt of the summation in eq?|s truncated
f(|t/h]; £); the reason for this choice will become clear later (see ©© SOMe appropriate finite numbe, which is equivalent to
also ref 51). The choice of an exponential function figifh: restricting the upper limit of the integration in eq 6 to a total
£) is equivalent to approximating(E — H) by a Lorentzian time, T. This incurs an additional error, which is equivalent to
function. A finite value of the paramet€], having units of multiplying the Lorentzian representation of the SDO bY a
energy, ensures that the integral in eq 5 is convergent and giveéqumerlcal factor. It can easily be shown that a practical

a finite width to the otherwise sharp delta function. This is very calculation using eq 7 with a finite number of terms and a finite
useful for practical calculations. Thus, for a fintewe have ~ POSitive value of the parametel, approximates the SDO as

the following Lorentzian representation of the SDO, follows,
= Liat—pm L g _ a(E_ﬂ)zl#X
O~ R == ZImG' = lim 2 : e
Lo o (EHOUR —iFth [{1 — e cosE — KT} +
IcmﬂhReL/; dt e e (6) o
. —H\ oo
whereGt = (E — A + i)t is the well-known causal Green's ( 3 )e sin€ — H)T/A| (8)

function. Notably, eq 6 shows the SDO to be the real part of a .

Laplace transform of the quantum time propagatot!®. Thus, whered(E — H) refers to an approximate SDO. Clearly, the
our next problem is to obtain an appropriate representation of numerical factor multiplying the Lorentzian is equal to {1
the time propagator, for which we here consider two possibili- e ¢ at the exact location of the eigenvalue of the Hamiltonian;
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that is, “the focusing power” of the Lorentzian is reduced by a boundary condition in scattering studi€s#42521f one so
small exponential factor. Now, a comment concerning the desires, the present formulation can easily be extended to such
general convergence characteristics of the series in eq 7 is insituations with only minor modifications. The present study,
order heré! This series is composed of terms that oscillate faster however, uses a coordinate-independénand handles the
with higherk, superimposed upon lkedependent exponential  scattering boundary conditions by appropriately constructing
damping factor. It is easy to verify the damping factor to be initial wave packets (vide infra). That is, one does not necessarily
exp(—ky), wherey is a positive number determined from have to make the Hamiltonian a non-Hermitian one just for the
the relation, 2 coshy = (1 + E2. + £2) + [(1 + EZ + £2)? purpose of enforcing boundary conditions.

— 4E§Jl’2. The convergence is, thus, guaranteed here due to ]

two factors: (1) cancellation due to the summation of rapidly !ll. Quantum Scattering

oscillating terms, and (2) the exponential damping. Here we follow a general quantum mechanical wave packet
We now consider the short-time iterative scheme for the SDO. approach to the scattering process of a molecular system with
In this scheme, we first choose a total length of time propagation, jnternal degrees of freedom, with the objective of computing
T (formally, T — ), and discretize the total interval infg the so-called scattering matrix. The present theoretical treatment
smaller stepsAt; that is, NAt = T. We then perform the  of quantum scattering is similar to the time-dependent method
integration in eq 6 according to the trapezoidal idkeThus, discussed by Tayl6f and Goldberger and Watséhmodern
eq 6 can be approximated as follows, implementations of which have appeared in the research of
N Tannor et af3-3 and Kouri and co-worker¥: 32 In the
A following, we first briefly define the notion of a scattering
OE—H)= % I(Zb(l ~ 040/2)(1 — O /2) x process and obtain a general expression for the elements of the
B Ak A S-matrix in terms of reactant and product wave packets, using
{z(E\E)} U™+ {ZE)*}U T (9) the idea of spectral filters as discussed in the previous section.
N - S A general molecular scattering process is characterized b
whereU = eI, Z(E) = (1040, and * denotes complex  4p in%eraction region (in the pos%tign space, for example), iny
conjugation. We have chosen integration by the trapezoidal rule hich the interaction between molecular fragments is nonzero,
because it is known to be more accurate than the ordinary 3nq asymptotic regions in which the interaction vanishes
summation resulting from the_rectangle integration scheme. T_h|s asymptotically (in the reactant and product arrangement chan-
can be seen as follows. We first note that W|tho_ut the end-point nels). The complete scattering dynamics itself is governed by
correction factors, (1 dw/2) and (1— 0k/2), in eq 9, the the HamiltonianA, of the total molecular system, consisting
finite Fhscrete time representation essentially amounts to the ¢ asymptotic Hamiltonian plus the interaction. As an example,
following approximation for the SDO. we consider a general bimolecular collision,

S(E — A) ~ {[{sinhCAYR){1 — e *"" cosE — H)T/A} + A-B+C-D—A-C+B-D (11)

e ™ sin(E — A)AUA sinE — F)T/A}/ 4 denote the molec em in th ant(8 +
B 7 and denote the molecular system in the reactan
{coshEAUR) — cos€ — H)AUR}] + C — D) and product (A— C + B — D) arrangement channels
[1+ e ™ cosE — H)T/A]} At (10) by the symbolsx andj3, respectively. For notational simplicity,
2rh we specify the translational degree of freedonxlaynd suppress
) ) ) the set of quantum numbers needed to specify the various
It can then easily be shown that the end-pg'glgcofred'on 8S internal degrees of freedom of the fragmented systems in their
employed in eq 9 exactly cancels the termi{ =" cos€ — respective asymptotic arrangement channels. We now assume
H)T/A] on the right-hand side of eq 10, which is an extra eror ¢ eyistence of a complete set of energy eigenstates for each
solely due to the time discretization. Furthermore, it is easy to asymptotic arrangement channiélg@(E) = E¢@(E), where
verify that theAt — 0 limit transforms eq 10 to eq 8, whichis  fa'is the asymptotio-arrangement channel Hamiltonian. For

to be expected for consistency. Thus, €gs 8 and. 10 clearly re"eabxample, the energy eigenstate for tfearrangement channel
the nature of the approximations involved in the present g given as

treatment. Of course, one could also choose even more accurate
numerical integration schemes than what we use here in eq 9, ,(« . . . .

the necessity of which was not felt in the present investigation. [¢A(E)C= Iro — vibration] _g ® |ro — vibratiorlg_, @
Finally, we note that no Hamiltonian renormalization is neces- [ro — translationg g cp) (12)
sary for the discrete representation of the SDO as shown in eq

9, contrary to the use of Chebyshev polynomials as in eq 7; Here, the total energy is given &= Eag + Ecp + E4, where
however, it may be desirable to carry out such a renormalization Eag and Ecp are the rotationatvibrational energies of the
for certain implementations of the FD algorithm (see Discrete fragments, andy is the energy in the relative rotational and

Time Representation). translational degrees of freedom (scattering energy). Ideally, a
A comment on the nature of the damping parameigin molecular scattering experiment would prepare the system in
eqgs 6-10 is in order here. That is, one may chodsé& be one of the channel eigenstates; in practice, this may not be

coordinate-dependent after passing the SDO to the integral orfeasible.

the discrete summation form, in which case this will act as an  Now, the energy is a conserved quantity in a physical process,
absorbing potential and render the Hamiltonian of the system and therefore, we use this as a basis for our discussion of the
to be non-Hermitian. Even though a non-Hermitian Hamiltonian molecular scattering process here. For every value of ertergy
carries its own set of disadvantages, the use of absorbingin the molecular continuum, the scattering eigenstga{g),
potentials has found many useful applications in earlier molec- consists of degenerate components, which differ in the direction
ular scattering studies and it has also been highlighted as aof the associated quantum flux. In one dimension, for example,
convenient device that may be used to enforce an outgoing wavey(x, E) = x*(x, E) + x(x, E), where the flux associated with
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»* and y~ points in the positive and negative directions, Eq 21 defines the quantity that is generally known as the spectral
respectively. We can thus define the scattering eigenstate asntensity, and it is clearly seen here to be the Fourier transform

follows: of the autocorrelation function. An important question, however,
which remains here is: How does one ensure that the filtering
H Xi(“)(E) =E Xi(“)(E) (13) process satisfies the appropriate boundary conditions? That is,
R eq 18, for example, produces the state vattly positive flux
A *OE") = E y*OE) (14) from the reactant side directed toward the scattering region so

@) Y. . . that the coefficient computed using eq 21 belong$y to the
Here, y*“(E) and y="X(E’) are globally defined in the jncident wave. Enforcing such scattering boundary conditions
representation space, and they asymptotically correlate with thejg known to be a nontrivial issue as an arbitrarily prepared wave
eigenstate of the Hamlltomin in the reactant chanmel ( packet in an asymptotic channel produces quantum flux both
arrangement) of the energy ¢ (“)(Ei)(ﬁ?nd' the product channel iy the positive and negative directions. As we explain in the
(p-arrangement) of the enerdy/, ¢*)(E’), respectively. The  fqiowing, it is possible to make the negative flux compo-
existence of such asymptotic c.orre'latAlons is motivated on the pant negligible by a proper choice of the wave packets in egs
physical ground that the Hamiltoniahi, takes the form of 18 3nq 19 s0 that eq 21 remains accurate for the numerical
channel HamiltoniansH* andH?) as the molecular interaction purpose.
vanishes. , ) o . We first note thatb*@ and®~® in eqs 18 and 19 are the
Now, all scattering eigenstates within both positive and 5ying wave packets, which we obtain by choosing an arbitrary
negative flux sectors are mutually orthogonal and normalized function, ®@, that has a sufficiently rapid decay both in the
in the delta function sense, as shown below. coordinate space and in the Fourier space (one may select a
real Gaussian function, for example), and multiplying by a

+i +i i i
) 1y (END= 6(E - E) (15) momentum eigenfunction as follows,

@) 1P EN=0E - E) (16) O — gKex @

The overlap between the positive and the negative flux
components, which correlate with the respective asymptotic
scattering channels, defines the elements of the on-shell S-
matrix, as shown below.

and similarly,
O B = g KX p) (22)
where Ko = + /2uEy/h and Ep is an arbitrary (preferably

large) energy. Thus, we can expregs (@ in the integral
representation as follows,

B PE) " E)=S(E) 0E-E)  (17)

This completes the definition of the scattering matrix, and our
next problem is to provide a procedure to compute the scattering |

states, as required in eq 17. DY) = ﬂ) de [Ae) €"T + B(e) &7
We now use the idea of the spectral filter to obtain the " o E ok
scattering eigenstates from known (but to an extent, arbitrary) = ﬂ) de Ae) Kotk 4 o, deB(e) gKomKox 4
wave packets®+(@ and ®~), located in the appropriate o (K —Ko
asymptotic channels in the position space, as follows, fEO de B(e) e ™
+Ho)(E) — L ) @ B - ) —i(K—Ko)
2HE) = NE SE—-H) @ (18) = [, de AT(e) €+ [ de B(e) e (23)
—® 1 N () whereK, = v 2uelh andK is a function ofe andE. The last
x V(E)=— ; O(E'—H) @ (19) step in eq 23 is symbolic, where we have explicitly shown that
Ag (E") the stated (@ consists of components moving in the positive

(first term) and negative (second term) directions and, thus,
produces flux in both directions, toward as well as away from
the interaction region. But we know that the original function,
@), is rapidly decaying in the Fourier space, and this means
the coefficients A(€) and B(¢), must rapidly go to zero as we
increasec. Thus, the contribution from the second term in eq
23 can be made arbitrarily small if we choo&g to be
sufficiently large, which is in any case arbitrary. Thus, the above
construction effectively gives the following results.

where A;’(E) and A;(E') are, in general, nonzero complex
numbers, denoting the contribution of scattering eigenstates
2T @(E) and y~®)(E') to the wave packetd™(® and &~®),
respectively. In particular, eqs 18 and 19 easily lead to the
following definitions.

AL(E) =g E)eT™D

and
A EY) = 3 PE) 00 (20) O O(x) = [ de Al(e) € (24)
and Similarly,
IANE))? = @@ |8(E - A)| @0 O O(x) = [“de A; ()™ (25)
and

In this manner, we can ensure that the states filtered from the
packets ® (@ (x) and®~P)(x), satisfy the appropriate incident

—(EN2 — = "IN
1Ag E)N =W (ﬁ)w’(E — H)|® o (21) and scattered wave boundary conditions. For example, we can
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easily verify that the result of filtering in eq 18 in the reactant can easily be verified by examining the identity in eq 28 with
(a-arrangement) channel is indeed only the incoming wave, the use of any integral representation of the delta function,
wherein one notices that the direction of double integration

ot @y 1 fu e n resulting from two delta functions gets rotated as one goes from
O(E = H) @7 = £y /52 o de Aule) the left-hand side to the right-hand side. Additionally, with an
L Dy AiRX appropriate truncated series representation for each of the delta
[0(Ke +K) + 0(Ke — K]l & functions, eq 27 defines both the on-shell and the off-shell
— A;r(E) glKex (26) S-matrix elements, which information is lost in the factorization

process. Therefore, we shall not use this factorization in the
present work. Instead, we will make an additional, exact
algebraic manipulation with eq 27 to obtain a compact series
expression for the S-matrix elements. Our strategy is as follows.
We first select an appropriate truncated series representation
r the SDO (see Section Il). Because eq 27 contains a product
of two SDOs, we will have a corresponding finite double series.
It then turns out that a partial, analytically exact, resummation
of the resulting double series can be accomplished in certain
situations, resulting in a single series, which is advantageous
for the most efficient numerical implementation. Finally, we
substituteE = E' to obtain the expression for the elements of
on-shell S-matrix. Thus, the modulus square of the S-matrix
element is given as follows,

whereKg = v2uE/h andhik is the momentum operator. In eq
26, we have utilized the fact that the Hamiltonian in the reactant
channel is simply the kinetic energy operator. There is certainly
no denying the fact that there is always an error, controllably fo
small, in the above prescription of preparing wave packets. This
is because the second term in eq 23 is always finite, but it can
be made arbitrarily small. As we will later see from the
numerical evidence, this prescription is very accurate for
computing scattering probabilities, and they are independent of
Eo. Thus, the scattering boundary conditions will be fulfilled
from the nature of the initially prepared wave packets, which
are localized in the asymptotic reactant and product channels
and spatially separated. No additional device is, therefore,
needed to enforce the boundary conditions in the wave packet-

N A 2
based scattering calculations. B)_(ﬂ) Or(E—H) 6;(E—H) o+

Using egs 1719, the S-matrix can now be expressed as 5 0+(E—E)
follows: 1S5 .(B)I” = (30)

1A (E)*1A, (E)?
@ D5’ — A) 6(E — A)| @0

[A;(EN]* AL(E)

S$u(E) 0(E—E') = wheredr in eq 30 refers to an approximation to the spectral
27) density operator that would be obtained by truncating the series
afterN terms in eqs 7 and 9 for a finite and positi#eEquation
At this stage, we could, in principle, factorize the product of 30 iS & central object for which we obtain series representations
two delta functions in eq 27 as in the following sections. _ o _
We parenthetically note that eq 29 in conjunction with eq 7
O(E — |2|) O(E' — |2|) =0(E—E'") O(E — |3|) (28) or 9 for the spectral density operator will remain accurate in
situations when the associated time cross-correlation functions
and obtain the expression for the on-shell S-matrix as follows. decay sufficiently rapidly. If, however, there are long-lived
scattering resonances in the system and the time evolution of
@ D5(E — A)|@* @0 wave packets contains the feature of multiple revivals, the
[ A/}(E)]* AI(E) (29) associated time-correlation functions will have a practically

inaccessible long time tail, and therefore, the convergence of
Equation 29, which essentially defines the on-shell S-matrix

the scattering probabilities will be slow with eq 29.
elements as the Fourier transformation of an appropriate

Short-Time lterative Implementation. Here, we obtain a
correlation function, was obtained by Tannor and co-workers. compact expression for the elements of the on-shell S-matrix
In addition, an expression for the on-shell S-matrix, which is

as a sum involving a discrete series of short-time correlation
similar to eq 29 but involves a causal full Green’s function,

function. First of all, the spectral intensityA;’(E)F, as re-
G*(E), in place of the delta function, was independently obtained quired in eq 30 can be obtained using eqgs 9 and 21 as follows
by Kouri and co-workerd’—32 Notably, the presence of the

. , o . At N
anticausal Green’s functios—(E), in the numerator of eq 29 IAI(E)IZ _ % 20(1 — 8,/2)(1— 00/2) x
k=

So(E) =

does not contribute anything significant if the wave packet,
@), contains predominantly positive flux (vide supra). In this

ke (o) ke (o)
sense, the two formulations are essentially equivafeft!1’ {ZE)} T +{Z(E)y*}CE”]

In any event, we note that the above factorization of the product At N

of two delta functions mathematically holds only in the exact — — _ ke (ou0)

T Iwe & y e y : = 20(1 0 /2)(1 — O /2) RA{ Z(E)} 'C ]
limit. This means thaN — o and¢ — O, if one uses a series 7h (&

representation for the delta function, for example, as given by (31)

egs 7 and 9. In a practical calculatidwi(and alsc?) is always .

finite, and for a finiteN, this factorization introduces some WhereC® = [@+@|0*d+@is the short-time autocorre-
additional error, which diminishes only slowly akincreases.  lation function. In eq 31, we used the fact that the padket)
This is due to the fact that a truncated series gives a finite width iS initially localized in the asymptotic channel, and therefore,
to the delta function (which can, of course, be made as small the autocorrelation function in eq 31 will decay very rapidly
as one wishes by simply increasid), and this width is  and also satisfy the time reversal symme@y;™ = [C{*]*.
symmetrically distributed between the bra and ket in eq 27. This There will be a similar expression 1‘QA[§(E)|2 because the
symmetry is clearly lost when one goes to eq 29. This assertionabove analysis holds equally fdr—®).
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The expression fod+(E — E), on the other hand, can easily
be obtained by substituting = H in eq 10, which gives the
following result,

[ At \[sinh¢Ath) {1 — e 5™
E-B= (%)[ CoshEAUR) — 1

(32)

whereT = NAt is the total length of time propagation.
Now, using eq 9 for the SDO and results from Appendix A,
we obtain the following result

@ D)6+ (E - A) 6:(E— A)|@ =
2N
2 F@) Cil +F@I* 9 (39)
k=

where

F(2) =

e (-4

—X é
{—e_ R %ék“‘)*}]zk ©O=k=N) (34)

e -1

At \2 O
(ﬂ) [(2N—|<)+%zk (N+1<k<2N)

whereZ = @E+i0vh, x = 2zAt/h andC &P = [@~ @)Utk d @D

is the short-time cross-correlation function. An important point
to note here is that for a general scattering probldh{‘,"f)]*

= C® put in the expression for the correlation function,

Cc®” we notice that the wave packét(© is initially located

Vijay et al.
0E—H) 6, (E—H
H’(ﬁ) 7( ) O ( )‘cp*(“ﬂ:
o0r(E-E)
At ZN( %) k 1
— S ||l1——| - —+ = — o|ZC” (36
Zntho > N 8N( kan ~ O [Z°Ci (36)

In eq 36, we have dropped the term contain@;” for the
reason discussed above. Now, eq 36 can be further simplified
if the nature of the correlation functiog(*?, is such that it
remains finite only for a “short” time and then falls off rapidly,

at least at a rate faster thanNL/In such a situation, the
summation in eq 36 would be practically restricted to a finite
2N; hence, taking the limitN — o would not add anything
significant. MoreoverC(“? is expected to be 0 fok = 0 as

well as fork = N, whereN — . As a result, the end-point
corrections no longer matter here, and we can drop terms
containingdk o anddg oy from eq 36. Thus, eq 36 reduces to the
following simple form.

o

In the numerical implementation of eq 36 or 37, we can
explicitly take the limit¢ — 0 in the expression far without

any difficulty as we have already taken the limit—~ 0. That
meansZ would simply be &A™ and the implementation would
be free from the width parameter of the Lorentzian filter. We
emphasize that the nature of simplifications leading to eq 37 is
specific only for certain scattering situations. As we will see
later, such simplifications are not possible for filter diagonal-

O7(E = H) 0:(E — H)

At 2
ke (a,
‘cb““ﬂ: Z z'ch
27h k=

(37)

6T(E - B

in the asymptotic reactant arrangement channel and by construcization-based bound states studies.

tion produces predominantly positive quantum flux. Therefore,
the operatotU— will primarily move this packetaway from

the interaction region. Thus, the contribution from the backward
time propagationC%”, will be controllably small for the
scattering procesd’ In fact, this contribution can be made

How does the present implementation of the S-matrix differ
from those of earlier studie€’; 36 which utilized eq 29 as their
starting point? In fact, if we use eq 9 for the SDO in conjunction
with eq 29 and follow the arguments advanced above, we will
obtain eq 37 withz = dEHDAVR This is not surprising, but the

negligible in a practical calculation by using the form of the Presentanalysis clearly reveals the limiting procegs [2CAY
wave packet as discussed earlier and using various devices t¢) — 0, and hencef — 0] and clarifies the approximations
keep the wave packet narrow until it reaches the interaction that are made in the direct implementation of eq 29. Thus, if

region. We can therefore drop the term contairﬁh@f) from
eq 33 without significant numerical error. This is equivalent to
removing the contribution of the anticausal Green’s function
from eq 30.

We can now substitute eqs 384 in eq 30 to obtain the

desired scattering probabilities. Notably, eqs 31 and 33 remain
in the energy-separable form; hence, one needs to compute th

correlation functions only once and use them for different
energies.

We now discuss further simplifications of eq 33 that are
possible by taking some appropriate limits, valid under specific
situations. First of all, the factor = 2{At/h is expected to be
small; therefore, we can safely take the liit— 0. In this
limit, we substitute €= 1 + x, sinh) = x, and cosh{) = 1 +
X42. As a resultpr(E — E) in eq 32 reduces tdNAt/zh), and
eq 34 takes the following simple form:

6k,2N

F(2) = (%)2 [(2N —K) = Oy o(N — k+ 1/4) + . 7
(0=k=2N) (35)

Now, using eqgs 32, 33, and 35, it is straightforward to obtain
the following result.

the cross-correlation function decays sufficiently rapidly, at least
faster than I, the present implementation does not differ from
earlier studieg’—36 We advocate the use of eq 37 in that case.
This observation is important and provides a posteriori justifica-
tion for the use of the factorization of a product of two delta
functions (eq 28), which is numerically accurate only in certain
ituations, as discussed above. However, if the cross-correlation
unction does contain long time features, such as scattering
resonances, wave packet revivals, etc., one will practically have
access to only limited information o@*”. In such a situa-
tion, the use of eq 33 or 36 is expected to be more accurate.
It is now clear that the computation of the S-matrix requires
the input of short-time auto- and cross-correlation functions,
c&® andC*”, respectively. At this stage, we may choose to
ignore their quantum mechanical origin and compute them by
a semiclassicdf:101.103.11mjxed-quantum/classica?! 102114y
simply by a classical method. This opens a way to extend the
filter approach of quantum scattering to various approximate
dynamical regimes. This idea has been successfully utilized by
Tannor and co-worker¥.
Chebyshev Polynomial RepresentationHere, we obtain a

compact expression for the elements of the on-shell S-matrix
as a series involving the Chebyshev polynomials with a
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Hamiltonian operator as its argument. Using eq 7 for the SDO produces predominantly positive flux (vide supra). Moreover,
and results from Appendix B, we can easily obtain the following: we have not found a physically appropriate analytical limiting

@ P10,(E - A) 6;(E — A)| @@=

N

GCi + G (38)

(nAL)* E

where GP® = RgAD[ZE), DE); Z(E), DE)] +
AD®[ZE), DE); zxE), DXEN} and C
[@ )| Ti(Hs) | P The coefficientsA and A? have been
defined in Appendix B (see eqs B-8-10).

Using eqs 7 and 21, we can obtain the following expression
for |A;’(E)|2, as required in eq 30 for the S-matrix,

1 N
AL(E)? = (—ﬂ . l) 2 (2= 00R4DE) ZENce? (39)
k=

where C*® = [@*@)Ty(Hs)| @0 The expression for
|A; (E)|? will be the same as given in eq 39, but one has to
replaceC{*® with C? = [@~0|T(Fs)| @~ Finally, we
need to substituteE = H in eq 7, truncated tdl terms, to obtain
the volume factod1(E — E) to be used in eq 30. In a general
situation, the expression f@x(E — E) remains in the series
form. As a result, the division of eq 38 by(E — E) could not
be performed analytically, unlike the case of short-time iterative
implementation in Section Ill. A. Itis, however, anticipated that
such a division would be possible if we explicitly take the>
0 limit, which we have not attempted here. In any case, the
computation ob1(E — E) from the series in eq 7 does not incur
significant numerical effort. We can now substitute eqs 38 and
39 in eq 30 to obtain the desired scattering probabilities.

It is important to notice that eqs 38 and 39 are in the energy-
separable form. This means the coefficie@&® and C(*#,
which are computationally most expensive to obtain, have to

process which could transform the coefficie@®g’ andG @ in

eq 38 into what one would obtain from the direct use of eq 7
into eq 29. Hence, in this case, we do not know the exact
physical situation in which the use of the factorization of a
product of two delta functions (eq 28) will remain numerically
valid here, hence, giving a posteriori justification of the use of
eq 29 as suggested in earlier studiess

IV. Bound States

In this section, we present our implementation of the
Lorentzian function-based spectral filter method for computing
the eigenvalues and spectral intensities, corresponding to the
bound states of a molecular Hamiltonian, in an arbitrary energy
range. The central quantity in this procedure again is the spectral
density operator (SDO), for which we again consider both the
Lorentzian-function-based Chebyshev polynomial and discrete
time representations.

Spectral Intensities. Let us consider a finite dimensional
Hamiltonian,H, representing a bound molecular system, which
supports a set of eigenstatég,Jm= 1, N,

H ¢ 0= €l (40)
whereen, is them™ eigenvalue. As discussed in Section Il, an
arbitrary quantum statéy(which could be an experimentally
prepared wave packet) can be expressed as a linear combination
of the eigenstates df,

N
ly= ZI il @ (41)

where|lm|?2 = |dm|y[P is called the spectral intensity for the
mi eigenstate, and it defines the relative weight with which
each eigenstate contributes to form the initial wave pa¢iét,

be computed only once and stored, and they then can be usedt is an important quantity, since this is what is typically

to obtain the S-matrix elements for all scattering energies of
interest. We also note that if one choose®) and ®%) to be
the same, then one can computé €'s by performing only
N Chebyshev recursions by using a special property of Che-
byshev polynomials, BT = Tik+k) + T—k|, Not satisfied by

observed in various spectroscopic measurements.
Now, using the idea of the spectral filter, we can easily obtain
the following general expression fali,|2.

I(E)I? = @p|6(E — H)|yO (42)

other classical orthogonal polynomials. This is one of the reasons

why we choose Chebyshev polynomials for such filter applica-
tions.

Again, we consider how the present implementation of the
on-shell S-matrix is different from the direct use of eq 29 in
conjunction with eq 7 for the Chebyshev expansion of the SDO,
as is implicit in the previous studie®?36 First of all, the
expression for the Chebyshev correlation functioDS;“) and
C*P remains the same; so are the coefficies,(E)|2 and
|AL(E)I2. It is, however, clear that the coefficients,” and
G(kz), in eq 38 are different from what one would obtain from
the direct use of eq 7 into eq 29. In addition, we know that the
SDO is by definition a sum of anticausal and causal Green’s
functions, and therefore, the contribution of the former, which
leads to a backward time propagation of the wave packet, can

On substituting eq 7 for the SDO in eq 42, we obtain

1 N
(E))> = U Z(z - ) RED(E) ZXE)IC,  (43)
k=l

whereCy = | Ti(Hsq |y s the so-called Chebyshev correlation
function. Similarly, on substituting eq 9 for the SDO, we obtain

S
1(B)] ﬂhkzol .

1-— 7)RE{ZK(E) D] (44)
where, D = [|e HkAVh|yOis the short-time autocorrelation
function.

In egs 43 and 44, the correlation functiadbsandDy have to

be removed from eq 29 very easily. In the present formulation, be obtained only once, and they can then be used to compute
on the other hand, it is no longer possible to identify the the intensity for any arbitrary energy. We note that the plot of
anticausal Green’s function part in eq 38 in a simple manner, [I(E)|? as a function ofE will show, by definition, a set of
contrary to what we could accomplish in the discrete time Lorentzian profiles with peaks falling on the exact eigenvalue
iterative implementation (see Short-Time Iterative Implementa- locations. Therefore, the location of eigenvalues can be obtained,
tion). This is of no concern because we know that the initial in principle, by finding the zeroes of (d&lI(E). It should,
wave packet in the reactant channel is constructed such that ithowever, be kept in mind that in practical situations, less intense
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peaks may not be very easy to distinguish, and therefore, thisfor the purpose of the eigenvalue problem. Hpre 0 and 1
procedure will not always be practically convenient for such give the overlap and Hamiltonian matrices, respectively. In
states. In fact, the exact location of eigenvalue positions is easily practical studies, the overlap matr&,may be nearly singular,
obtained by theFD technique, which we discuss in the following. and therefore, eq 45 must be solved by employing the singular
In fact, it will also be possible in a practical study to combine value decomposition method which diagonalizes the overlap
the spectral intensity information with the FD method to make matrix and removes “small” eigenvalues, if any. This technique
the FD numerically more efficient, because the former faithfully is well-discussed in the literatuté® In any event, some of the
reveals the energy region where eigenvalues are located. computed energies will eventually converge to the eigenvalues,
Eigenvalues: Filter Diagonalization.Filter diagonalization em, Of the original Hamiltonian. In the FD method, it is also
methods have been extensively discussed in the literature, andossible to obtain an a priori error estimate for each eigenvalue

the underlying principle is now well-understo®c®-8¢ There- by computing, for example, the following quantft,

fore, we do not go into detail here, and in the following, we R

give the minimum necessary details for the purpose of explain- A(Em)2 = (E,— H)2|¢mEl]

ing the current implementation, which utilizes the Lorentzian

function-based spectral filter. A preliminary report of this = |(BH®B),,,,— EZ(B'SB,, | (48)
implementation involving Chebyshev polynomials has recently ' ’

been publishef! where B is the transpose oB andH®), = A? . This error

For a given Hamiltoniari, a FD method involves construc-  estimate is a useful guideline that mostly serves the purpose of
tion of a set of basis states by applying a spectral filter in a jgentifying the spurious eigenvalues. The formalism presented
preselected energy window, on an arbitrary wave paghe, here, however, is sufficiently general to allow other more
and using them as a basis to diagonalize the Hamiltonian. gjaporate treatments for the error estinft€rom the above
Conceptually, a filter operator corresponds to the SDO, which discussion, it is clear that the central quantity one needs to
in an ideal situation will select out the eigenstate itself. However, compute isASﬁ,)n, defined in eq 47, for which we discuss the

the operation with an approximate representation of the SDO cpepyshev polynomial and discrete time representations in the

(a finite sum in eqgs 7 and 9, for example) on an arbitrary wave ¢q)joing sections. Notably, we do not factorize the product of
packet will produce not an eigenstate, but it yields a SUperposi- v delta functions in eq 47 for the reasons explained earlier.

tion of eigenstates which are concentrated over a range of eigen Chebyshe Polynomial RepresentatiotJsing eq 7 for the
energies located near the filter enerdy, and a set of such  gpg i eq 47 and results from Appendix B, we can easily obtain

selected states (obtained by applyidE — H) to more than 0 tgll0wing expression for the overlaB, and Hamiltonian,
one packet or using the same packet but changing the value of,

; incA® =

E) may serve as a good basis for eventual diagonalization of H, matrix element usindk,, for p = 0 and 1,
the Hamiltonian. This is the basic principle of the FD method. = |0-(E., — H) 0-(E, — A)|yp=
We denote these filtered states lgy(}| = 1, L, whereL is the S = @10+ (En = H) Or (5, o W
number of energies in a given range at which the filteration (1)~ (0) ()~ (0)
has been carried out. We note that an actual implementation of (ALY kZO[Gk Ci + GChnl (49)
the FD method does not require us to constiggilexplicitly.
Instead, one just needs a prescription to compute the necessaryhere, C(P = (1/2)[C®, + C? _JandC® = | T(Fsd |y
matrix elements over the basis of a sef@fdirectly. This is The coefficientsG (1)‘ arF')lld G(25 ;‘re defined in Appendix B.
what we will elaborate on in the following discussion. There gz it'ig straikghtforwarkd t0 show that
are several choices for an approximate representation of the '
SDO, but as discussed in section II, the Lorentzian function H,., = @9 (E, — H)A o7 (E, — H)|y= AS,,+ AMA,,
representation currently seems to offer an optimum choice for ' (Sb)
a practical applicatiof! this is what we suggest to use here. In
the following, we give a brief description of the computational @ — 7,15 (E — A2 6(E. — D) |w=
tools required to perform the FD applications. mn = W101(E 2) (B = H)ly )

In FD applications, we first set up the following generalized [Ai (/—1)2]3“ +2IH. + Al 5@ (51)

LN mn m,n

eigenvalue problem, 2 2
HB = SBE (45) whereFm, andA ), are defined as follows:
where the matriXB is defined by the linear relation between AL N
the filtered statesjgi(land the eigenstategiml) as follows: Hon = " [cWc®+cPcl (52)
. (TAL)" =
P Zm Bnli (40) o1 () (A1) DE@ 4 @@
N H i = 2 Z[Gk Ci + G Ciin (53)
=

Here, H and S are the Hamiltonian and overlap matrices,
respectively, represented in the basis of filtered states, as showrwe can now use eqgs 4%1 in conjunction with eq 45 and

below, obtain eigenvalues of the Hamiltonian in an arbitrary energy
® « window.
A= [l (H) 1,0 (mn=1,1) Discrete Time Representatiom this section, we discuss a

. computational implementation of the FD algorithm, which is
= lo+(E, — H)(H)P o+(E,— H)wd  (47) based on the discrete-time auto-correlation function, character-
izing the dynamical behavior of the molecular system. In what
where|y (s an arbitrary “seed” state, which is chosen randomly follows, we describe two approaches, one which requires scaling
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the spectral range of the Hamiltonian (similar to that employed FD algorithm. Admittedly, other choices are also possitsfe,
in the Chebyshev polynomial-based FD method), and the otherwhich if one desires can be implemented without any difficulty
approach which allows the use of a spectrally unscaled Hamil- by following the derivation presented here. We now use eq 57

tonian operator. to obtain the following identity,
_ With the unscaled Hamiltonian, we first split the operator,
HP, in eq 47 symmetrically between the two delta functions and ~ 18 AU D2
then use the following identity, [f(H)]° = 0 Z) < [ie " P (59)
ps=
H)? 8(E — H) = (E)* 9(E — H 54 . .
(H)" ) =B ) 4 where Fs) is the binomial coefficient ant = e HAV js the
to Obta|n the fO||0WIng expression fOI’ the matriX element quantu propagator for a t|me Stéﬂ) We next Substitute eq

. . 59 in eq 47 to obtain
Arn = (VELED"101(E, — H)37(E, — H)lyO (55)

P
It is important to note that although eq 54 is formally an exact AP} = ! Z}(p)[ie'm] p2s
identity, it contains an error of the ordeE - H)P §(E — H), 2p &0 \S

which is small but finite, because we use an approximate delta @0+ (E,, — A)UP29,(E, — H)|y0(60)
function in practical applications. This is why we have sym-

metrically distributed the power of the Hamiltonian between we now use the results for the product of two SDOs from

the bra and the ket, thereby obtaining eq 55. Now, using results Appendix A in eq 60 to finally obtain the following expression
from Appendix A, we can easily express the matrix element as for the matrix element.

follows:
2N (O —— lie iZAty p—2s
A= EnE)™ S ReFUZnZ)CJ  (56) %”m;Q
= 2N
where C, = [@|UkyOis the discrete-time auto-correlation Z)[Fk(zm, Z)Cip2s T FilZiy Z)C yip-od (61)
function. To pass from eq 55 to 56, we have used theGagt k=

= Cy, which is valid for the auto-correlation function. Now,

eq 56 being in an energy-separable form can be used efficiently

to obtain the necessary matrix elements for FD applications.
We now consider a spectrally scaled Hamiltonian, an ap-

proach used in earlier studies on this subjé&e first explain V. Results and Discussion

the rationale behind such a choice, even though its use is not

mandatory. It is well-known that the time discretization enforces ~ Here, we present preliminary results of our benchmark studies

a basic limitation on the physical system; that is, from the time- on the performance of the present spectral filter implementation

energy uncertainty principle, a discretization of the time axis of the S-matrix. As a first step, we have made an extensive test

in terms ofAt suggests that the Hamiltonian can be represented of the short-time iterative algorithm as discussed in Section Ill,

faithfully at best in the spectral ranggyin < E < Amax Where- Short-Time lterative Implementation. Our model numerical

(Amax — Amin) = 2A4 = (7th/At). This meang\t is not completely study constitutes a one-dimensional scattering of a quantum

arbitrary. Thus, it makes sense to build this physically attainable particle through the Eckart’s barrier as defined below,

limit directly into the computational apparatus. To this end, we

propose to compute the eigenvalues of a function of the V(X) = Vo 62)

Hamiltonian operator in place of the original Hamiltoniddh, cost‘f(ax)

This is defined as follows,

whereC, = |04 yLis the autocorrelation function, and the
coefficientFy has been defined in Appendix A.

N where Vp and a are the maximum height and the thickness
sir{(—H — /1) Z] = sin(zﬂ) (57) parameter of the barrier and their numerical values used here
2 2 are 1.03644 eV and 2.0 A respectively. The analytical

= . . . expression for the transmission probability as a function of
whered = (1/2) Gmax+ Amin) is the offset parameter with units incident energyE, that is used for comparison is well-known
of energy, which helps to map the spectral range of thet bello

HamiltonianAmin < A < Amaxonto the range-1 < A < + 1

F(HY) = sin[(ﬂ R

and renders$d dimensionless so that the latter can be used as x/2,u_E
an argument of the sine function, and the eigenvalue$Hf cos)‘(zﬂ _) -
fall between—(z/2) and (z/2). It is then easy to verify that if P(E) = A (63)
we compute the eigenvalu¢n) of f(H) as defined in eq 57, o V2uE 8uV,
the eigenvaluesy, of the original HamiltonianiH can be obtained cos H a + coshx >, 1
by the following relation. ap
2A/1 whereu is the mass of the particle, which we have chosen to
m T At arcsinff ()] +4 ==~ arcsinf(¢,)] + 1 (58) be 1.0 amu. The scattering configuration of our numerical study

. is shown in Figure 1. The reactant channellies at the left of
The reason behind the above choice of the functiod &f that the barrier, and the product channg),is at the right side of
it allows keeping the algebraic structure of the theory completely the barrier. The simplicity of the present model and the scattering
in the time correlation function form, thereby leading to a configuration allow us to choose the reactant and product wave
compact expression for the matrix elements as required in thepackets to be of the same functional form. For this purpose, we
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transform method?® The time evolution has been accomplished
in steps ofAt = 0.2 fs by the standard Chebyshev polynomial-
based quantum propagaf8it®-108The maximum kinetic energy
represented on the grid with a spacing of 0.039 062 5 A used
|c1>* (ﬁ)‘z here is estimated to be (W(7h/AX))2 = 13 eV, and therefore,
both A1 and A parameters, which are required to rescale the
Hamiltonian so that it becomes suitable to be used as an
argument of the Chebyshev polynomial, are 6.997 eV. For
representing the wave function and its derivatives, we have used
a rather large grid (1024 points) and propagated the wave packet
Reactant Channel Product Channel for 50 fs. Because this is aimed solely at demonstrating the
validity of our approach, we have not attempted to optimize
X the method of function representation, time propagation, and
Figure 1. Scattering configuration of the present numerical study. ~ Other numerical issues involved here.
In Figures 2 and 3, we show the computed correlation
have taken a normalized Gaussian wave packet, which isfunctions C{** and C{*”) as a function of time, which we
multiplied with the eigenfunction of the momentum operator have used to compute the transmission probabilities at a number

o+ (a)|2

V(x)

with a large momentum eigenvalue, as shown below of energies. As expected, the autocorrelation func@&i;‘“ =
) B c P falls off very rapidly, and as a result, we need very few
@ (a)(x) = (ﬁ)(X) = terms in eq 31 to compute the normalization factg#g,(E)|?
—_ . . +
1 [ (@) x — x20P\2 and|A; (E)|2. We note that the 'normqllzatlon fact0||'7&tu(!5)|2
EZ € XN~ \">%, (64) and |A; (E)|? may also be obtained directly by projecting the

initial wave packet, eq 64, on the channel eigenstates (in the

whereo is the width parameter of the wave packet, which has present situgtion, they are just 'ghe planewaves), in which case,
been taken to be 0.2 A. In eq 68 is an essentially arbitrary one has to include the appropriate channel momentum factor,
but large energy, and its value is taken to be 0.836 04 eV. The vV 2E/u, as follows,

factor é(E)™Mx jn eq 64 helps to enforce appropriate

2
boundary conditions in the calculation as, discussed earlier a*(g)?? = \/ZE‘ s j‘°° dx @ (@B 2Ih)x d)“‘l)(x)‘
(Short-Time Iterative Implementation). Initially, one wave u 2EJ e

packet is centered at = xg in the o channel (left of the 1 Ax A2

barrier) and the other at = xg in the 8 channel (right of the = _7\/% exp{—S(f) WE+E,—2 E}]
barrier), as shown in Figure 1. To compute the time correlation e (65)
functionsC(*® and C(*” to be used in eqs 3137, we have

represented the wave packets on an uniformly spacgdd where we have used eq 64 for @(x). Equation 65 is certainly

with Ax = 0.039 062 5 A and evaluated the kinetic energy the exact expression for the normalization factor here. However,
operator part of the Hamiltonian by the standard fast Fourier if one computes the normalization factor using the autocorre-

1 T T T T T
08 - real part 1
06 _
= " “.—p imaginary part
X o4 _
T@ | .
= 021 -
($ ol
_v
~
ONE >3 -
+
L e} ]
08 - .
0.8 - -
-1 1 I 1 1 1
0 0.2 0.4 06 0.8 1 1.2

time x 10" *sec

Figure 2. Computed autocorrelation functio@,*®, of the reactant wave packet. The solid line refers to the real part, and the dotted line refers
to the imaginary part of the function. The autocorrelation function becomes negligibly small before the wave packet reaches the interaction region.
The product wave packet has the identical features in the present study.
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0.2 T T T T T
015 k W real part ]
01 Al .
~ ~—— imaginary part
S
Jre 0.05
=
RS
(E [V}
[
N
~—
& .005
[
=
0.1
-0.15
_02 1 1 L L 1
10 12 14 18 18 20

. -14
time x 107" sec
Figure 3. The cross-correlation function between the reactant and the product wave pﬁfR@EThe solid line refers to the real part, and the

dotted line refers to the imaginary part of the function. In the present study, the cross-correlation function is negligibly small outside thgetime ra
shown in the figure.

TABLE 1: A Comparison of the Computed Scattering Probabilities as a Function of Energy with Their Exact Values

1S5.4(E)I?
energy (eV) A2 = A2 [~ P|(0(E — H) 5(E — A)O(E — E))| dHOP calcd exact
0.1244 0.292 16% 10 0.112 804x 10728 0.132 152x 1071¢ 0.148 945x 1071°
0.1347 0.517 25% 10°* 0.115579x 10727 0.431 982x 10719 0.400 666x 10719
0.1555 0.146 456 1073 0.554 173x 10726 0.258 385x 10718 0.260 199x 10718
0.1658 0.235 76& 1073 0.352 793x 10725 0.634 716x 10718 0.632 721x 10718
0.1762 0.369 82% 1073 0.204 436x 10724 0.149 473x 1077 0.149 705x 10717
0.1969 0.849 166 1073 0.561 788x 10723 0.779 101x 1077 0.779 172x 1077
0.2073 0.124 73% 1072 0.267 737x 10722 0.172 069x 10716 0.172 058x 10716
0.2280 0.254 83 1072 0.514 482x 1072 0.792 263x 10716 0.792 248x 10716
0.2384 0.355 25% 1072 0.209 038x 10720 0.165 628x 10715 0.165 630x 10715
0.2695 0.881 754 1072 0.107 397x 10718 0.138 133x 10744 0.138 133x 10714
0.2902 0.151 484 107! 0.121 854x 10717 0.531 016x 10714 0.531 015x 10744
0.3213 0.31358& 107! 0.360 725x 10716 0.366 823x 10713 0.366 823x 10713
0.3420 0.48456% 107! 0.296 702x 10715 0.126 361x 10712 0.126 361x 10712
0.4042 0.145 906 1070 0.891 661x 10712 0.418 846x 1071 0.418 846x 10711
0.4457 0.263 41% 10" 0.258 591x 1071t 0.372 669x 10710 0.372 669x 10710
0.4975 0.481 66% 100 0.115 686x 107° 0.498 650x 107° 0.498 650x 107°
0.5286 0.649 52 10 0.935 003x 107° 0.221 628x 1078 0.221 628x 1078
0.5804 0.974 764 10 0.230227x 1077 0.242 302x 1077 0.242 302x 1077
0.6219 0.125 20% 10** 0.238548x 1078 0.152 180x 1078 0.152 180x 1078
0.6530 0.145 25% 10 0.122 408x 1075 0.580 141x 1078 0.580 141x 1078
0.6944 0.168 82& 10*! 0.937 920x 10°5 0.329 091x 1075 0.329 091x 1075
0.7151 0.178 55% 10** 0.245 074x 1074 0.768 713x 1075 0.768 713x 105
0.7462 0.189 91% 10 0.967 579x 1074 0.268 263x 1074 0.268 263x 1074
0.7773 0.196 94& 10*! 0.353 840x 1073 0.912 308x 1074 0.912 308x 1074
0.8084 0.199 406 10** 0.120387x 1072 0.302 781x 1073 0.302 781x 1073
0.8395 0.197 396 10** 0.382503x 1072 0.981 712x 1073 0.981 712x 1078
0.8706 0.191 28& 10*! 0.113 806x 107t 0.311 048x 1072 0.311 048x 1072
0.9017 0.181 65X 10** 0.317 214x 107t 0.961 328x 1072 0.961 328x 1072
0.9328 0.169 234 10** 0.823 806x 1071 0.287 641x 1071 0.287 641x 1071
0.9639 0.154 816 10** 0.195 298x 10+00 0.814 823x 107t 0.814 823x 107t
0.9742 0.149 704 10 0.253 209x 10+00 0.112 983x 10+ 0.112 983x 10+
0.9846 0.144 486 10*! 0.322 246x 10+0 0.154 360x 10+ 0.154 360x 10+
0.9950 0.139 18% 10'? 0.401 112x 10+00 0.207 039x 10+ 0.207 039x 10+
1.0572 0.107 134 1070t 0.783 705x 10+00 0.682 805x 10+ 0.682 805x 10+
1.1504 0.646 775 10" 0.409 324x 10+00 0.978 499x 10+ 0.978 499x 10+
1.2541 0.320 765 1070 0.102 802x 10+00 0.999 147x 10+ 0.999 147x 10+

1.5028

0.359 31« 10!

0.129 110x 102

0.999 999x 10+

0.999 999x 10+
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lation function in eq 31, the channel momentum factors are Appendix A. Product of Spectral Density Operators
automatically included, but it will agree with the result of eq Expressed as a Discrete-Time Finite Series
65, provided one has used a complete autocorrelation function
and not a truncated one. In the present test calculation, both
methods give the identical result. This is particularly reassuring
because '.t gives a clear indication that the contribution from the application in the filter eiagonalization algorithm, we will
the negative flux component of the wave packet (cf. eq 23) is obtain a general expression for the quantiy(Em — H)(U)?
vanishingly small, if not completely zero; that is, the scattering 01(En — H), whereU = e-HA% andp is an arbitn:ary integer
t_)oundary conditions are correctly implemented in the calcula- Thusn, usinég eq 9 for a truncated series representation oi‘ the
tion. spectral density operator, we can easily obtain

In Table 1, we present the computed results |f(§v('1F(E)|2
(= |A (B)I2 in the present example) using eq 80, ®)|(6+(E T(E — ﬂ)(e—iHA‘/ﬁ)P O (E, — A) =
- H) 6T(E — A)IO1(E — E))|®@H@O(egs 6 and 37), and the N 5 5 5 5
tunneling probabilities|Ss «(E)|? ( eq 30) at select energies and B ﬁ) _ kN 1- k.0 1- KN o
compare with the analytical values obtained using eq 63. It is Zo kzb 2 2 2

gratifying to note that the present method is able to reproduce k+k+p —(k+K—p)
the exact result to machine accuracy for all energies considered [(Zm) (Zn) 0 + (er) (Zn) 0 +

Here, we present a derivation of the product of spectral
density operators (chosen to be a prelimit Lorentzian function)
as a degenerate kernel, discrete-time finite series. Anticipating

here. This test example gives us confidence that the present Z@HFORKP 4+ (z5z ) O~ (A1)
approach will be useful for more complicated scattering
problems we will be studying in the future. where Znm = €EmntiOAR Now, the double summation

involving k andk indices, in eq A-1 can be partially summed
by utilizing a Cauchy-type expansid? In this procedure, we
first collect all the terms for whichk + k'| and|k — K'| have

Ithe same value and then perform the summation of the resulting

foundation of the spectral filter approach to quantum molecular geometrical series analytically. This summation technique has
frequently been used in the filter diagonalization litera-

dynamics, involving scattering and bound states. The philosophy _ =", <7¢q
underlying the present approach has been to mathematicallyt re. Let us first consider a part of the series in e¢ 2
which we can expand as follows.

advance the formally exact treatment of the theory as far as
possible before one makes practical approximations, such asy (1 5k0)( ékN)( Ox. O)( Ox. N)
- - - X

VI. Concluding Remarks

In this paper, we have presented a detailed operationa

semiclassical or mixed quantum/classical mechanics. In fact, it Zj ZO

finally turns out that the formal theoretical structure and the 2 2 2

protocol to compute observable quantities are the same for S
molecular bound states and scattering problems, and the only (Zm)k(z )k'O K+K+p _ Uk+p(z )k 1— _ko %
difference lies in the way one implements the appropriate " kZO " ,ZO 2

2 \z,

(A-2)

boundary conditions while computing various correlation func- 5 S S S5 AV
tions. We find that the boundary conditions can be built Kikl[,  “KO7kN 1- KN kN [ =m
accurately while preparing the initial wave packets, and no extra 2 2 ) z
device, such as complex absorbing potential is essentially N_K p) 7 \k
warranted. As a matter of fact, we have also been able to literally { Uk+p(zm)k N(Z ) (1 B _)( _ k’,2N—k)( m) }
take the limit§ — 0 (damping function in eq 5 being unity) in ; n ZO
the final expression for the S-matrix which involves a discrete
set of short-time correlation function (cf. eqs 36 and 37) without
any numerical error. However, complex absorbing potentials gjmjjarly,
have other useful applications, and if one so desires, the present
formulation can easily be extended. We will come back to this N N ( (Sko)( Oy N)( Oy O)( Oy, N)
framework in our future studies. Zj ZO 1-——|1- — X

In the discrete time implementation, the central quantity that k= 2 2 2
enters various expressions for the S-matrix and the filter . K0 R R
diagonalization method is the time correlation function in various )z ) O = Z 1-— K @Z)OP+(Z)0 P x
forms. Consistent with suggestions of earlier autib,33-36:48 k= 2

we argue that the quantum mechanical origin of these correlation [ N‘k( Oy 0)( 6k’,Nk)( O 5k,o)
1- - X

functions may be ignored and obtained by other approximate ;O 1-—

dynamical schemes for large molecular systems. In this manner, = 2 2 2

the present approach offers a completely unified framework for Ok N—k Ok

studying molecular dynamics encompassing large as well as 1-—|Z.2)} (A-3)
small systems. Moreover, the time correlation functions could

also be taken as experimentally derived quantities (e.g., NMR The summations over the indé&kin eqs A-2 and A-3 involve
signal§%12) and the present method will be useful for analyzing a geometric series, which we perform analytically and finally
the underlying spectra. Further numerical studies with the substitute the results in eq A-1). The final result is

present method will be performed in our future applications. A .

Extension of the present approach toward the computation of 1(Ey, — H)(U)? 8+(E, — H) =

averaged quantities, such as thermal reaction rates and molecular 2N R .
conductance, is envisioned here, and that will be the subject of ZDFK(Z’“’ Z) kP + FiZwZ) U~ " (A-4)
future studies. =
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where

_ At \2 ' * 1= %
Fk(zm’ Zn) - (%) {ak(zm’ Zn) + ﬂk(zm’ Zn) + ﬁk (Z m Zn)}

(A5)
* — At 2 * * I * " *
FiZmZ) = (o) (@i Z0) + BT Z) + B2 Z0)

(~6)
0‘k(Zml n)
Z,+Z,
2[zm ~Zn—2Zy+

5{5k,0 - 6k,N(Zﬁ1 + Zﬁ)}]

1_ N Znt+Z,
22,2, [—Zm 5

(0O=<k=Nandz,=2Z)

p
@a -z + "22N] (N+1< k< 2Nandz, = Z,)

ZEI[(N— N — K|) +

1
72 0ko ™ 20 F O] (O=k=2Nandz,=7)

(A7)
ﬂF'(Z  Zn) =

0
(1 “’ [zwzn H@Z) -+

Ok :
777{(zmzn)“ + 1}]

6k0 6k0 6kN _
(1—7)( k—7+7)ztﬂ (Z2,Z,=1)
‘o (k= N+1)

= 1) (A-8)

B (2w 2) =
6k0 N—k
(-2 [zwzn @z -1+

kN

0
—*—{(Zmzn) + 1}]

B do O
(1—%’)( k—§’+%)zmk 2Z.Z,=1)

0 (k= N+1)

@Zn= 1) (A-9)

Equation A4 is the main result for an arbitrary integer,

Appendix B. Product of Spectral Density Operators
Expressed as a Finite Series Involving Chebyshev
Polynomials of the First Kind

Here, we present a derivation of the product of two spectral

J. Phys. Chem. A, Vol. 108, No. 41, 2002001

Where(E is the binomial coefficient and other symbols have
been explained in the main text. We now substitute eq 7 for a
truncated series representation of the spectral density operator
in eq B-1) to obtain
01 (E,, — H)AP 01 (E, — H) =

4 (" r (

7 (AL)? k

)(1 - —)RG[D(Em) ZE ] x

ReD(E,) Z (En)][ ( )( )Tk(Hsc)[Tl(Hsc)] TK(HSC)}
(B-2)
whereE,, = (En, — 1)/AA. Next, we use the (unique) property

of Chebyshev polynomials, T2(X)Th(X) = Trsn(X) + Tm=n(X),
to obtain the following identity.

Tk(|:|st)[-|—1(|:|sc)]t Tk’ (Hsc) =
1 t

t N A
;L (r )[Tk+k’+t—2r(Hsc) + Tk—k’+t—2r(Hsc)] (B'S)
=

On substituting eq B-3 into B-2, we obtain
01 (Ey— F)AP 04(E, — A) =
(PR
(nAL)* &

tot

2 sk)z s

R D(E,) D(E) ZXE,) 2 (E) +
D(E,) D*(E)) ZNE) {Z*(E)H Y x
[Tk+l<+t72r(|:|sc) + kak'ther(l:'sc)] (B'4)

pA/l

K,0
__)X
2

As explained in Appendix A, we can perform a partial
resummation of the double series in eq B-4 by utilizing a
Cauchy-type expansidi? Let us first consider a part of the
series in eq B-4, which we can expand, and then perform the
necessary summation as follows,

S Nl—% 1—%DI~E D(E) ZYE.) Z¥(E
kZOKZO 5 5 (En) D(E) Z'(Ey) Z7(E,) x

[Tk+k'+t—2r(|:| c) + Tk—k’+t—2r(l:|sc)] =

Oeo Z(Em)

density operators (chosen to be a prelimit Lorentzian function), N—
expressed as a degenerate kernel finite series, using Chebyshev (7 (Em) +7 (En)} ;L{ Z(E,) Z(En)}k Tereo(Hy) +
polynomials with the renormalized Hamiltonian as the argument. =

Anticipating the application in the filter diagonalization algo-

rithm, we will obtain a general expression for the quanity; D(E ) D(E Z(E) N Zk A P E T 0
(Em — H)HP 6+(E, — H), wherep is an arbitrary positive integer. (Er) D( n) ; (En) kzb k+t*2f( sd
First, by using the definition of the renormalized Hamiltonian,

AAHsc = H — A, we can easily obtain the following identity, Dy 5 B 5 R
o . = EOAk [Z(E,), D(E,); Z(E), DEN Tesiar(Flsd +
6T(Em - H) HP 6T(En - H) = k=

P AZIZ(E,), D(E,); Z(E,), DEN] Teonsoa(Hs) (B-5)

where the coefficients are defined as follows

Pp\A . .
(Ai)z ; t 7 6T(Em - Hsc) (Hsc) 6T(En - HS(‘) (B-1)



9002 J. Phys. Chem. A, Vol. 108, No. 41, 2004

AYJZ(E,), D(E,); Z(E,), D(E)] =

6k,o) - | ZHE) - ZNE)
(1 -7 ) PEJIDE) Z(E,) — Z(E,)
Z(E,) Z(E,)

1- Z(Em) Z(En)

{ZE,) + ZE)} x

(L—{Z(E) ZEN" [Z(E,) = Z(E)]

58
2/1-74E,)
(k _ 1) Zk+2(Em) _ 222N7k+2(|~£m)]

[(k+ 1) ZE,) —

[Z(Ey) = Z(E)]

(8-6)
A&Z;[Z(Eno, D(E,); Z(E,), D(E)] =

., DE)DE) e

Z'(Ew) Z7HED) [2(E,) = Z(E)]

(1 — (N —k+ 1) DE,) Z“NE,)

Z(E,) = Z(E)]
! (B-7)

Vijay et al.
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where

G =R APIZ(E,), D(E,); Z(E,), D(E)] +
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and
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Equation B-8) is the main result, which can be used to obtain

the special cases for any positive integer,
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