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A continuous-time, discrete-state stochastic approach was used to study a simple, chiral autocatalytic model
that was composed of the following three reactions:—A0.5Bz + 0.5Bs (v1 = KJ[A]), A + Br — 2Bgr (v2

= kJA][BRr]), A + Bs— 2Bs (v3s = kJA][B g]). It is shown that the final distribution of enantiomerg &nd

Bs is described by the one-parameter probability functivd(1 — x)°, wherex is the molar fraction of B,

0 = 0.5/ — 1 (whereo. = kJ/(ksNaV), Na is Avogadro’s constant, and is the volume of the sample), and

C =T'(1/0){T(0.5/0)}? (whereT is the gamma function). Comparison with two published examples shows
that the probability function introduced here gives a reasonable interpretation of the experimental results.

Introduction Results and Discussion

Chiral autocatalysis is usually defined as an enantioselective
chemical reaction in which the chiral product acts as an
asymmetric catalyst for its own production. It is known that
chiral autocatalysis can lead to the random formation o
measurable enantiomeric excesses in certain reactions withou
asymmetric reagents3 Although chiral autocatalysis is most . .
oft)én associateg with crystall?zation, homogengous examples A —B(0.5B;+0.58y (for this reactiony, =k [A])
are also known and are probably among the most interesting. (1)
The implications of spontaneous generation of optically active
material have considerable importance for the ongoing researchThe enantiomers of B areggand Bs. Each enantiomer opens a
aimed at understanding the origins of biological homochirality. new, overall second-order, autocatalytic pathway for its own

This paper presents a detailed and mathematically rigorousformation:
stochastic kinetic description of a very simple chiral autocatalytic
system. Only the results will be given in the text of the paper; A+ Bgr—2B;  (for this reactionp, = kJA][BR]) (2)

the mathematical proofs are deposited in the Supporting . .
Information. A+ Bg—2Bg (for thisreactiony; =k JA][B 4) (3)

The Model. One of the simplest possible kinetic models for
chiral autocatalysis involves three steps. In the first, a chiral
f product B is generated from a nonchiral reactant A in a
%(inetically first-order process:

* Author to whom correspondence should be addressed. E-mail ad- SIMPIe considerations about symmetry suggest that the second-
dress: lenteg@delfin.unideb.hu. order rate constants in eqs 2 and 3 are equal. The usual
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deterministic approach in chemical kinetics is based on solving state’? The equations have the following forms in the model
the differential rate equation(s). The model given in eg8 1s used here:

so simple that an analytical solution can be found without much

difficulty, using the deterministic approach. The time-dependent dP(r,s;t)

concentrations of A, B and Bs are given as (initial concentra- G - Wted TS —r—9P(rsh +

tions [A] = [A]o, [Br] = [Bs] = 0) follows: {0.5¢, + k(r =1} (n—r — s+ 1)P(r — 1st) +

_ . {05, tk(s— L} (n—r—s+1)P(rs— 1t
[A] = [A]o exp{ —(k, Tk ATt Xku+ " forr = 0 ands -~ 0) (6
0

ky + KAl o exp{ — (kK [A] o)t}

4
(4) M = — (k, + k)N —r)P(r,0) +

dt

[Brl = [Bd = 3IA] 0(1 — expl — (K HkJAL ) 105+ iclr = Dhn =+ DR(r = 109

2 (fors=0) (7)

ku t kAl dP(0;st)
KA oA (AT O g = (k9= PO +
{0.5¢, + k(s— 1)} (n—s+ 1)P(0;s— 1)

Because [B] = [Bg] at any time (assuming that the initial (forr = 0) (8)
concentrations [Blo = [Bs]o = 0), this deterministic approach
predicts no formation of enantiomeric excess. Even if there is dP(0,01)
a small difference between the initial concentrations gRd T = —«,nP(0,0%) (forr=s=0) 9

Bsthat is due to external fluctuations, this does not get amplified

under the deterministic dynamiésHowever, it is easy 10  The initial state (0,0) is certain at= 0; therefore P(0,0,0)=
enyi_sion an extreme case in which the autocaf[alysis i§ SO 1, andP(r,s,0) = 0 holds for every other state. Equations%
efficient that the very first molecule of B formed will result in  5stitute a system of homogeneous linear first-order ODES with
a ratev, or v3 (depending on whether the first molecule of Bis - ¢onstant coefficients, which can be solved analytically for any
Br or Bg) that is much higher thami. In this extreme case,  yajyes of the parameters. Furthermore, the relationship between

only one of the two possible enantiomers will be formed by the deterministic parameteks, k. and stochastic parameters
the end of the process, and not a mixture of the two. Since the . . is given a@

usual deterministic approach of chemical kinetics assumes that

matter is infinitely divisible, it cannot handle this case. At this K, =k,

point, it should be noted that the chemical model considered

here is similar to that first proposed by Frénk 1953 to ke (10)
Ke =17

interpret chiral autocatalysis and spontaneous asymmetric
synthesis. Mathematical analyses of fluctuations in simple
autocatalytic processeand irreproducibility in chain reactiofis whereN, is Avogadro’s constant and is the total volume of
using stochastic approaches were also published in earliery,q sample.

literature. These early theoretical contributivhslearly showed
that it is possible to interpret seemingly irreproducible kinetic
phenomena by rigorous statistical analysis. However, no suc-
cessful attempts have been made to predict the statistical

dlsttrlbutlon of enantiomeric products in a chiral autocatalytic the distribution of & and Bs molecules in the final state is much
system. ) ] more important. A state is final if + s= n, because no more
The Stochastic Approach Because of the problems outlined A molecules remain. It will be shown that the distribution of

in the previous paragraph, a stochastic approach to chemicakhe final state can be calculated without making efforts to handle
kinetics seems to be advantageous when the autocatalysis ighe time dependence numerically.

highly efficignt in the model given in eqsB. The mathemgtics _ LetQ(r,s) denote the probability that the system goes through
of stochastic approaches has already been developed |n7deta|I.state (.9 at any time during the proces§(0,0) = 1 holds
In this work, the continuous-time, discrete-state stochastic po.,ise (0,0) is the certain initial state. It can be shownQhat

approach will be usett is related toP through the following equation:
In this approach, one state is identified by counting the

different molecules present. Initially (at tinhe= 0), the number  )(r,s) = lim P(r,st) +
of A molecules present is and the number of Band Bs tre
molecules present is zero. Note that the conservation of mass jgn (k, T kS + xS —r —9P(r,st) dt (11)
ensures that giving only the number ot Bnd Bs sufficient to
identify any possible state of the system unambiguous|s) (
will denote a state where the number gf Bolecules is exactly
r, the number of B molecules is exactlg, and, consequently,
the number of A molecules is exactly— r — s. Let P(r,st)
denote the probability that stated) occurs at a certain time

instantt. In the full stochastic description of the system, an a=-*= ke
ordinary differential equation (ODE) can be written for each K, K NNV

The Final Distribution. Although it is possible to solve eqs
6—9 analytically, the procedure is computationally very de-
manding for large values of. In addition, the actual time
dependence of the entire process is only of marginal interest as

It can also be shown that the values@fare dependent only
on the ratio ofk. andx,, which will be referenced as in the
following discussion:

(12)
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The following equations can be shown to hold fr,s):

o, 05+ar—1)
Qe =Qr =197 ofr +s—1)
0.5+ a(s—1)

Qrs— 17 ofr +s— 1)

0.5+ ofr — 1)

Q(I’,O) = Q(r - 1,0)m

0.5+ a(s—1)

QO =QOs ™ o

(forr > 0 ands > 0) (13)
(fors=0) (14)
(forr =0) (15)

Based on the recursive definition in eqs-11%, forr > 0 and
s > 0, it can be proved that

r—1 s—1
(0.5+ aj)| |(0.5+ qj)
r+ s\JI:! II:‘l
/

Q(I’,S) - ( r r+s—1 (16)
|_J 1+ qj)
L
and, forr = 0 ors = 0,
k-1
0.5+ aj)
kO =QON=""— (7

!:!(1+aj)

The final distribution of B and Bs molecules can be obtained
by calculatingQ(r,s) for states (,n—r), wherer =0, 1, ....,n.
The final distribution reduces to a simple binomial distribution
if oo = 0. Wherenis large enough to be chemically meaningful
(~10?9, calculation of theQ values using eq 16 is not feasible.
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Figure 1. Probability function of the distribution of enantiomers,
according to eq 19, shown for five values @f
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Figure 2. Cumulative distribution function of the distribution of
enantiomers in two experimental examples. Markers: measured points,
solid lines: curves fitted based on eq 19. Triangles: exampletE=,
0.0060; diamonds: example E2,= 1.16. (See text for the identifica-
tion of exampleg

mixed valence [Co(kD){ (OH),Co(en}},]*" with NH4Br in
aqueous solution (20 individual rurfsThe second example (E2)
is the generation of a pyrimidyl alkanol in the reaction between
pyrimidine-5-carbaldehyde and diisopropylzinc (37 individual

However, it can be proved that the distribution converges to a runs)?°

continuous probability functionfl as the value of increases.
It is convenient to introduckas a function of the molar fraction
of Brin the final mixture k = r/n). First,f is defined for finite
values ofn:

f(ﬁ,n) =nQ(r,n—r) (18)

Assuminga > 0, it can be shown that

I'(1/o)

V) -17q _ WLI(20)—-1
Marwea Y

(19)

09 = lim f(xk) =

whererl is the gamma functiohThe probability function given
in eq 19 is normalized. Figure 1 shows the probability
distribution for five different values oé. For o = 0.5, the
distribution is flat, i.e., every final state is equally probable.
Foro < 0.5, the distribution has a maximumxat 0.5 (racemic
mixture). Fora. > 0.5, the distribution has a minimum at=
0.5.

Comparison with Experimental Data. To compare the

There is no advantageous way to compare experimental data
with the probability functiorf. Although histograms are often
used for this purpose, they are dependent on the selection of
base intervals and are very arbitrary when the number of
experiments is relatively small. A better way to compare results
and theoretical predictions is possible using the cumulative
distribution functionF(r) (Figure 2). In this casdr(z) is the
probability that the molar fractiox is smaller thant. The
cumulative distribution function is associated with the prob-
ability function as follows:

F(r) = [,(x) dx

In Figure 2, the experimental results are shown as markers. The
solid lines were numerically calculated based on eqs 19 and 20
with o values that gave the best fit to the experimental points
(a0 = 0.0060 for example E1, and = 1.16 for example E2).
Concluding Remarks.Based on the results, it is possible to
find the limiting conditions at which the stochastic effects
become important and the deterministic approach is not ap-
plicable anymore. Atc = 2 x 1074, the probability of obtaining

(20)

predictions of eq 19 with experimental results, two published an enantiomeric excess ®fL% is very close to 50%; this gives
example%10 will be used where spontaneous generation of a somewhat arbitrary lower limiting value. It should also be
optically active material was observed and the stochastic natureconsidered that the highest possible value for a second-order
of the process was also demonstrated by several repetitions. Theate constant is the diffusion-controlled limit{0° M~1 s71

first example (E1) is the preparation of a chiral cobalt(lll)
complex cis[CoBr(NHz)(en)]?", from the reaction of trinuclear

at 25°C in water)!! Usingo. = 2 x 1074 and 100uL as the
smallest workable volume, eq 12 shows that the largest possible
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value ofk, is 8 x 1077 s™1. This corresponds to an “uncatalytic”
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The helpful suggestions of two anonymous reviewers are also

half-life of at least 10 days; however, the autocatalytic reaction gratefully acknowledged.

itself reaches practical completion within /s under these
conditions.

Interestingly, the final distribution is dependent on the volume
of the sample but not on the initial concentration of A. This
might only reflect the simplicity of the model used and is

probably not valid for more-complex systems. Another important

point is that a purely stochastic model that contains only first-

order autocatalysis predicts the random formation of consider-
able enantiomeric excess under certain conditions. This may
be unexpected as mathematical analysis of possible perturbationgg
using the deterministic approach showed that amplification of
initial enantiomeric excess cannot occur if the autocatalysis is

first-order kinetically3

Supporting Information Available: Mathematical proofs
for equations appearing in the paper (PDF). This material is
available free of charge via the Internet at http://pubs.acs.org.
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