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We investigate time-delay effects in the formation of HD products when H projectiles collide with D2 targets
with a collision energy of 1.64 eV in the center-of-mass frame using the electron-nuclear dynamics (END)
approach. Trajectories having target orientations within a 60° cone measured about the D-D bond are those
that lead to the production of HD. In the impact-parameter regions that correspond to the formation of HD,
we note a large change in the scattering angle of the HD product within a localized narrow region as a
function of impact parameter. Calculated classical and semiclassical differential reaction cross sections are
presented and compared to available experimental data. Finally, a coherent-state study of the vibrational
modes for the product HD is presented.

1. Introduction

Scattering resonances in chemical reactions were the topic
of discussion in the theory of molecular reaction dynamics in
the 1970s1-3 for collinear H + H2 collisions. The H+ H2

reaction was later studied in three dimensions.4 Experimental
results showing resonant behavior in the integral cross section
of the hydrogen exchange reaction were reported around 19905,6

but were in contradiction with theoretical7,8 and other experi-
mental9 work. This latter work showed that, although resonances
were not observed in the integral cross section, it was suggested
at the time that they should be detectable in the energy
dependence of the state-resolved differential cross sections10,11

for the H+ H2 and D+ H2 reactions. Experimental work and
theoretical quantum mechanical calculations on a ground-state
potential surface for the H+ HD f D + H2 reaction12 show a
slowing of the intermediate in the forward scattering, which is
interpreted as a “quantized bottleneck state” at the top of the
barrier.

Over the past several years, fully state-resolved differential
cross sections for the H+ D2 reaction have been measured.13-19

Attempts to find signatures of resonances for this system for
collision energies around 1.25 eV in the center-of-mass frame
by experiment and theory have failed.20,21

In a very interesting communication23 reporting time-of-flight
measurements and quasi-classical trajectory (QCT) calculations
using the BKMP2 potential energy surface,24 evidence was
presented for a time-delay behavior between backward- and
forward-scattered products in the H+ D2 f HD + D reaction
at 1.64 ( 0.05 eV. The most prominent evidence for the
existence of resonance in this reaction is the observation of a
time delay, estimated to be about 25 fs between the backward-
and forward-scattered product HD molecules. The delay between
the formation of the products in the backward and forward
directions is discussed in a time-dependent quantum mechanical
study using the same potential surface in a recent letter to
Nature.25 The time delay is estimated to be about 25 fs.
Comparisons to time-of-flight measurements made on the
nanosocond time scale are attempted.

In this paper we revisit this canonical exchange problem using
electron nuclear dynamics (END)26,27to study the details of the
time evolution of the reaction H+ D2 f HD + D at 1.64 eV
(in the center-of-mass frame). In the next section, we give a
brief account of minimal END theory, which is a time-
dependent, direct, and nonadibatic approach to molecular
reaction dynamics. This is followed by sections presenting and
discussing the calculations and results.

It is fitting to contribute this paper to this memorial issue of
J. Phys. Chem. Afor Gert Due Billing. During the development
of END, one of us (Y.O¨ .) visited H. C. Ørsted Institute on a
number of occasions and remembers Gert’s challenge to apply
the minimal END theory to neutral reactants at lower energies.
In his memory, we apply his suggestion in this contribution.

2. Theory

Electron nuclear dynamics27 is a time-dependent theory of
molecular processes that can be characterized as a direct,
nonadiabatic approach. Starting from a given form of the wave
function for all electrons and atomic nuclei of the system, the
quantum mechanical action is formed and made stationary,
producing an approximation to the time-dependent Schro¨dinger
equation for the total reacting system. This approximation takes
the form of a set of coupled first-order differential equations in
the time variable. The wave-function parameters, which carry
the time dependence, can be complex and are the dynamical
variables of the system. Their time evolution is governed by
the END equations.26,27

The choice of system wave function, including the basis in
which it is expressed, defines the level of approximation to the
END equations. The minimal implementation of END consist
of classical nuclei, or nuclei in the narrow-width Gaussian wave-
packet limit, with average positionsR and momentaP and of
electrons described by a spin-unrestricted single determinant28

of spin orbitals

expressed in terms of a basis of atomic functions,ui1
K, centered
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on the average nuclear positions and moving with the nuclei.
The dynamics takes place in a Cartesian laboratory system.
Thus, the dynamical variables in minimal END are the Cartesian
components of nuclear positions and momenta, and the complex
molecular orbital coefficientszph. The nonadiabatic couplings
are treated explicitly, and the overall translational and rotational
degrees of freedom are not separated from the internal dynamics.
However, because the fundamental conservation laws for total
linear and angular momentum hold, transformation to internal
or center-of-mass coordinates is possible at any stage of the
dynamics.

The treatment of the dynamics of all electrons and nuclei
simultaneously means that the END equations contain two
different time scales. Integration of the equations must be able
to handle both of them, as well as the demanding molecular
integral computations at each time step. The ENDyne code29 is
able to do that in an efficient manner. This code, which
implements minimal END, has been applied to a number of
reactive collisions involving ions, atoms, and molecules. Dif-
ferential and integral cross sections and other details of the
reaction dynamics are found to be in agreement with the best
experiments, in particular for collision energies well above
thermal energy.30-37 The success of minimal END in predicting
reliable cross sections for reactive processes at energies from a
few electronvolts to tens of kiloelectronvolts makes it interesting
to push this level of theory to lower energies and to consider
problems which have been studied in great detail by both
experiment and theory. With this in mind, we apply minimal
END to the reaction H+ D2 f HD + D. The results are
discussed in the next section.

3. Calculations and Results

3.1. Initial Conditions. The time-dependent analysis of the
collision within the END approach requires the specification
of initial conditions of the system under consideration. Figure
1 shows a schematic representation of the Hf D2 arrangement.
In the case of atomic projectiles, as in this case, we need to
consider the initial orientations only of the target. The target
center of mass is initially placed at the origin of a Cartesian
laboratory coordinate system, and its orientation is specified
by the anglesR and â. For this system, we consider an
orientation grid with steps of 20° in the anglesR andâ. This
generates a grid of 164 orientations of which 50 are independent,
i.e., are not related via symmetry.

The molecular target, D2, is initially in its 1Σg
+ electronic

ground state for the equilibrium geometry as computed in the
computational basis at the SCF level. The basis functions used
for the atomic orbital expansion are derived from those
optimized by Dunning.38,39The atomic bases consist of a 5s2p/
5s2p set with the addition of an even-tempered diffuse s and p
orbitals for a better description of the long-range interaction.

We perform the rotational average of a target property,g, as
described in ref 40. That is

whereg(R,â) is the property of interest. The trapezoidal rule
with h ) 2π/n is used for theR integrations, such that

The average overâ is approximated by applying the
trapezoidal rule to the functionf(â) leaving the weight function
sin â to be integrated explicitly. Thus

with

After integration using this numerical grid, one obtains

The projectile is set initially at a distance of 20.0 au from
the target along thez axis and with an impact parameter ofb,
as shown in Figure 1. The initial projectile velocity is set parallel
to the z axis and directed toward the stationary target. The
trajectory evolves until the projectile is 20 au past the target or
until there are no longer changes in the energy, velocity, or
charge of the projectile. We consider values of the impact
parameter from 0.0 to 15.0 au, which we separate into three
regions. For close collisions, from 0.0 to 6.0 au, we use steps
of 0.1 au. For the intermediate region, from 6.0 to 10.0 au, we
use steps of 0.5 au, and forb > 10.0, we use steps of 1.0. This
give us 74 fully dynamical trajectories for each target orientation
and projectile energy. Once we have identified the impact-
parameter region where the reaction occurs, we refine the
numerical impact-parameter grid until we obtain a smooth
deflection function (vide infra). Thus, at the end of each
trajectory, one obtains the total wave function and the nuclear
positions and momenta. Therefore, one is able to calculate the
deflection function,Θ(b), and electronic properties, e.g., charge
transfer and energy loss, as well as the rovibrational properties
of the molecular products of interest.

4. Potential Energy Surface

The projectile experiences a head-on collision with one of
the D atoms for impact-parameter values in the range of 0< b
< D/2, where D is the D2 bond distance, the exact value

Figure 1. Schematic representation of the initial conditions of the
projectile-target system as required by the END formalism. Projectile
moving in the negativez direction.
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depending on the initial target orientation. Animation of such
trajectories that lead to reaction shows that the D2 bond stretches
as theH atom approaches and the three particles spend some
brief time together before the HD bond is fully formed and the
products separate.

Using a fixed D2 bond length corresponding to the outer
classical turning point for the first vibrational state, calculating
the electronic energy of H+ D2, and subtracting the ground-
state electronic energy of the separated H atom and D2 molecule,
we can construct a potential energy surface as a function of the
position, (Hx, Hy), of the H atom. A graph of this function is
shown in Figure 2. We note that the incoming hydrogen atom
encounters a small potential energy well in a narrow region
forming a cone about the D-D bond with an angle of 45° from
the D-D axis. When a trajectory is such that the incoming
hydrogen arrives inside this cone, we observe the exchange of
one of the D atoms with the incoming hydrogen to produce
HD. However, this explanation is based on potential surface
analysis with the D-D fixed bond distance. From the fully
dynamical trajectories, we observe that the reaction occurs up
to orientational angles of 60°, or within a conical angle of 120°.
The expansion of the D2 bond is responsible for the exchange
with the incoming hydrogen atom. The question then arises
whether this small potential well is strong enough to hold the
three particles together long enough to form a HD2 “complex”.
This we address next.

4.1. Deflection Function.From the set of trajectories that
result in the product HD, we calculate the scattering angle in
the center-of-mass frame with respect to the incoming direction
of the hydrogen atom. Thus, products that move with a scattering
angle of less than 90° are moving forward. The scattering angle
as a function of the impact parameter determines the deflection
function for the collision. The deflection function is the critical
ingredient in computations of the classical and semiclassical
differential cross sections. Because of the complexity of this
system, the deflection functions require some analysis before
we can move to the differential cross section.

In Figure 3, we show the deflection function, in the center-
of-mass frame, of the collision for the target orientationsâ )
0° and â ) 180° and R ) 0°, 20°, 40°, 60° as a function of
impact parameterb. The orientations forâ ) 180° are shown
on the negativeb-axis. It is interesting to note that the reaction
occurs in general for a finite range of impact parameters with
a very sharp cut off on both ends of the range. Most of the
ranges show a predominance of backscattering and a relatively
small range of impact parameters with forward scattering. The

graphs forâ ) 20°, 40°, and 60° are qualitatively similar. There
is no reaction forR > 60°.

The classical cross sections exhibit singularities when the
deflection function has a zero derivative, which causes rainbow
scattering, and when the deflection function goes through zero,
which causes glory scattering. In Figure 3, we note that the
deflection function for eachR value has two or three extrema
points with zero derivative. The deflection function forR ) 0°
has extrema forb ) 0.1 and(0.05 (rainbow) and has zeroes
for b ) (0.3 (glory) and forb ) 0. WhenR increases, the two
glory values turn into rainbow angles. As a result, there is a
continuous family of multiple rainbow angles, which means that
the differential cross section averaged over orientation has a
continuous sequence of singularities fromθ ) 180° to θ )
115°.

4.2. Reaction Differential Cross Section.From the deflec-
tion function for the HD product channel, we obtain the reaction
differential cross section. In previous works, we have imple-
mented the Schiff approximation41 for the analysis of differential
cross sections for collisions in the medium- to high-energy
regions.32-36 We now apply the Schiff approximation at lower
energy to obtain a semiclassical correction to the classical
differential cross section for the HD product channel. The Schiff
approximation is valid forkR > 1, wherek is the wave vector
of the projectile andR is the potential range. Becausek ≈ 15.0
au and we have a long-range interaction, we are within the
applicability range of the Schiff approximation.

In Figure 4, we show the orientationally averaged differential
cross section for the formation of HD as a function of the
scattering angle in the center-of-mass frame. In the same figure,
we compare our results to the experimental data of refs 42 and
43 for a collision energy of 1.29 eV in the center-of-mass frame.
Even though there is, for each orientation, a minimal impact
parameter for which there is a reaction, the average differential
cross section is nonzero for allθ up to 180°. The classical DCS
is not shown above 150° because that region is a continuum of
singularities. The Schiff approximation is applied to the classical
differential cross section for each orientation, and the resulting
DCS is averaged. From these results, we observe that the Schiff
approximation follows the classical results closely and corrects
for the rainbow and backward peak character of the scattering.

Figure 2. Potential energy surface for a rigid D2 molecule with a bond
length corresponding to the outer classical turning point and with the
hydrogen atom placed at (Hx, Hy). The displayed local minimum at
(3.0, 0) in a 60° cone (diagonal lines in thexy plane to guide the eye)
about the D2 bond length is the region that corresponds to the formation
of HD.

Figure 3. Deflection function for the target orientations (â ) 0; R )
0, 20, 40, 60°) for formation of HD in the collision H+ D2 f HD +
D as a function of the impact parameter fromb ) -2 to b ) 2, which
is the same asâ ) 0° andâ ) 180°. This figure shows the structure
of the glory and rainbow angles.
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It transforms the classical DCS with its continuum of infinite
values into a finite DCS.

There is rather good agreement of both classical and quantum
treatments with the experimental work of Kitsopoulos et al.42

for the angular scattering region of 120-0°. The large discrep-
ancy for backward scattering between the Schiff approximation
and the experimental results is the result of the fact that the
Schiff approximation provides semiclassical corrections only
within the scattering process for each orientation and then the
results are averaged. Quantum interference between trajectories
from different orientations is responsible for the difference
between the theoretical DCS shown in Figure 4 and the
experimental values. We are not aware of a semiclassical method
that will treat all trajectories scattering off multiple orientations
of a nonspherical target.

4.3. Time Delay.In the study of the H+ D2 reaction, two
notions of time delay are relevant. Unfortunatley, not all authors
make a clear distinction between the two. In this section, we
discuss the notion of time delay as defined in the formal theory
of scattering. It is the delay that could be observed in principle
between the products that scatter directly and those that go
through a long-lived state. The second notion of time delay
sometimes used in H+ D2 studies is a reflection of the fact
that some products leave the reaction with a higher velocity.
That notion will be discussed in the next section.

Fernández-Alonso and Zare16 discussed the time delay
obtained from a quasi-classical trajectory calculation. In Figures
5 and 6, we show two trajectories that illustrate the time that
the forward-scattered HD is delayed with respect to the
backward-scattered HD. The forward-scatteredback trajectory
lingers about 15 fs as a three-particle complex before the D
and HD separate. The backward-scattered trajectory shows that
the HD leaves immediately. Also note that the departing velocity
of the backward-scattered HD is slightly higher, has a steeper
slope in Figure 5, than the velocity of the forward-scattered
HD in Figure 6.

Kliner and collaborators25 show the result of a quantum wave
packet calculation where the forward-scattered fraction of the
wave packet is delayed by about 25 fs in relation to the
backward-scattered part of the wave packet. This can be verifyed

within the END results from Figures 5 and 6. In Figure 5, the
HD product leaves a perimeter ofR ) 3.0 au at a timet ≈
2400 au for the backward scattering; meanwhile,t ≈ 3400 au
for the forward scattering (Figure 6). This gives a delay of
∼1000 au or∼24.0 fs.

4.4. Velocity Distribution. In addition to the products
lingering a different amount of time in the interaction region
and some of them forming a short-lived three-particle complex,
the H + D2 f DH + D reaction shows a significant angular
dependence of asymptotic velocity. From the differential cross
section, we note that the majority of the particles are scattered
backward. However, a small portion of the incident beam is
scattered forward. Time-of-flight experiments25 show a time
delay of 25 fs between the forward- and backward-scattered
products; the majority are backward-scattered and arrive at the
detector first. To quantify the difference in velocity, we compute
the orientational average as a function of scattering angle. In
line with previous authors, we present that data as a timeτ )
3/V. The distance of 3 au is chosen to follow previous theoretical
analysis.25

Figure 4. Differential cross section for the formation of HD in the
collision H + D2 f HD + D as a function of the scattering angle in
the center-of-mass frame. The solid line is the semiclassical result using
the Schiff approximation (see text). The dashed line is the classical
differential cross section; it is not shown for angles larger than 150°
because that region is a continuum of singularities. The experimental
work at 1.29 eV is from (×) ref 42 and (+) ref 43.

Figure 5. Backward scattering: Interparticle distances for target
orientationR ) 40° and â ) 0° and impact parameterb ) 0. This
trajectory illustrates a quick bounce back to produce backward
scattering.

Figure 6. Forward scattering: Interparticle distances for target
orientationR ) 40° and â ) 0° and impact parameterb ) 1.6304.
This trajectory illustrates a more involved process where the projectile
and target spend a slightly longer time together, enough for the H to
rotate around so that the DH leaves in the forward direction.
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Because, for each target orientation, we obtain a differential
reaction cross section that is proportional to the number of
particles scattered within a solid angle dΩ(θ,æ), we average
over all target orientations. We construct a differential-cross-
section-weighted average for a propertyh(θ) via

In Figure 7, we show the time required for a particle to travel
the distanceR ) 3.0 au in the center-of-mass frame. First, we
observe that particles scattered in the forward direction (0° <
θ < 90°) take longer to travel than those that travel backward
(90° < θ < 180°). The average difference is the time delay
caused by the velocity inhomogeneity. Thus, for example, the
slowest trajectories aroundθcm ≈ 60° when compared toθcm

≈ 140° have a delay of 15 fs. However, if we take the slowest
and fastest particles produced by the dynamics, without weight-
ing with the differential cross section, we calculate a time delay
of 23.0 fs, in agreement with previoulys reported time delays
determined by quantum scattering calculations on a ground-
state surface.25

Because of the large value of the theoretical differential cross
section for backward scattering (see Figure 4), trajectories with
no time delay dominate the average near 180°. As a result, the
time delay in Figure 7 becomes too small near 180°.

4.5. Vibrational and Rotational Analysis. The velocity
distribution allows one to understand the correlation between
the vibrational excitation of the products and the angle of
scattering (forward or backward). To perform a vibrational study
of the HD products at the end of each trajectory, we separate
the rotational and vibrational energies.

In Figure 8, we show the results for the rovibrational,
rotational, and vibrational energies of the product HD as a
function of the scattering in the center-of-mass frame of the
collision, obtained by the same procedure as the time delay,
i.e., by averaging over the target orientations. First, it is
interesting to note that the slow, forward-scattered products are
the ones with the highest rovibrational energy. This is in
accordance with conservation of energy, as in this case, the
translational energy has been converted into rotations and/or
vibrations. The translational energyEt ∼ V2 ∼ (1/t)2, from the

results in Figure 7, is low for 20° < θcm < 100°, corresponding
to the forward scattering. Furthermore, the HD products
scattered perpendicular to the incoming projectile direction have
the highest vibrational energy.

To decompose the vibrational state of the HD product, we
make use of the vibrational coherent-state representation.44 Each
product is described by the evolving state

in terms of the harmonic oscillator eigenstates|n〉 for the normal
modes. Here,λ is a time-dependent complex parameter. The
energy of the evolving state in eq 8 ispω(|λ|2 + 1/2), so we
find that |λ|2 ) Evib/pω, whereEvib is the vibrational excitation
energy in that particular mode. The probability of the fragment
occupying an eigenstate|n〉 is

In Figure 9, we show the results for the vibrational probability
up ton ) 5 as a function of the center-of-mass scattering angle,
averaged over all target orientations. The slowest trajectories
contain the higher vibrational states, whereas the faster ones
are mostly in the vibrational ground state in accordance with
our previous discussion.

5. Conclusion

The simple END approach can qualitatively account for the
observed time delay, both in the sense of lifetime of a short-
lived three-particle complex and in the sense of velocity
distribution. The differential cross section appears to be in good
agreement with experiment and with full quantum calculations
based on a single potential surface. There are still some questions
about the results for the backward scattering, where the
semclassical Schiff approximation does not introduce all of the
needed quantum interference effects. The prediction of the
different vibrational signatures of the forward- and backward-
scattered products makes sense and should at least be qualita-
tively correct. The production of HD only for trajectories within
an acceptance cone of 60° from the D-D bond axis is another
interesting result. Differential cross sections are a rather severe

Figure 7. Time required for HD to traverse a distance ofR ) 3.0 au
with asymptotic velocity in the collision H+ D2 f HD + D as a
function of the center-of-mass scattering angle.

hh(θ) )
∫h(θ,R,â)

dσ(θ,R,â)
dΩ

sin â dâ dR

∫ dσ(θ,R,â)
dΩ

sin â dâ dR
(7)

Figure 8. Rovibrational, Erv; vibrational, Evib; and rotational,Er,
energies for the product HD in the collision H+ D2 f HD + D as a
function of the scattering angle in the center-of-mass frame.
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test of theory and more applications of minimal END in this
range of collision energies are needed. From past experience,45

we know that integral cross sections with minimal END can be
predicted with some confidence down to energies of the order
of those considered here.

To bring this approach to applicability for lower energies and
for neutral-on-neutral systems, one would argue that a better-
correlated representation of the electrons is needed, and for
hydrogenic systems, a quantum treatment of the nuclei would
be necessary. Here, we have shown that, even in its minimal
implementation, the END approach supports results obtained
with full quantum treatments.
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Figure 9. Probability (Pn) for HD to be found in various vibrational
states (n) as a function of center-of-mass scattering angle in the collision
H + D2 f HD + D.
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