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Optimal dynamic discrimination (ODD) was recently introduced as a technique for maximally drawing out
and detecting the differences between similar quantum systems by exploiting their controllable dynamical
properties. As a simulation of ODD, optimal fields were found that successfully discriminated among similar
species, but the underlying mechanisms of the process remained obscure. Hamiltonian encoding (HE) has
been introduced as a technique for identifying the mechanisms of controlled quantum dynamics. The results
of a HE based simulation analysis of ODD are presented in this paper. Different types and degrees of
constructive and destructive interference are shown to underly the controlled discrimination processes. In
general, it is found that successful discrimination relies on more complex interfering pathways for increasingly
similar systems or increasing numbers of similar quantum systems.

I. Introduction attempts at ODD in the laboratory. Hamiltonian encoding
(HE)'®17 was introduced as a general method for extracting
mechanistic information about controlled quantum dynamics.
This work will utilize HE to reveal the mechanisms of
discrimination under various physical conditions. Mechanistic
insights in this paper will be gained from ODD simulations,
but similar HE techniques could be directly applied to the
laboratory.

The remainder of the paper is organized as follows. Sections
Il 'and 11l are brief overviews of the ODD and HE concepts.
d Section IV illustrates the effect of system similarities on the
" discrimination mechanisms. Sections V and VI explore the
effects of increasing numbers of systems to be discriminated
and increasing numbers of system levels upon the discrimination
mechanisms. Some brief conclusions are presented in section
VII.

Similar quantum systems are those with closely related
Hamiltonians (e.g., systems sharing common structural or
spectral features, etc.) and hence similar properties. A number
of applications are concerned with clearly identifying one system
in the presence of other similar ones. Distinguishing one system
from another very similar one by traditiorsthticmethods (i.e.,
spectroscopic or chromatographic analysis) can be very difficult.
However, even small differences in the system Hamiltonians
can lead to vastly differerttynamicalbehavior when the mixture
of quantum systems is exposed to the same control fiel
Quantum optimal dynamic discrimination (ODD) has been
proposed to take advantage of this behavior as a tool for
distinguishing between systems with similar Hamiltonians.
Optimal control theory has been used with success for manipu-
lating quantum systems both in theoretical simulatiohand
in the laboratory 13 The ODD technique utilizes optimal
control theory (OCT) to generate a field which maximally
enhances a particular signal from one system while suppressing This section presents a short summary of the ODD concept;
signals from the other similar systems. By optimally exploiting a more thorough description can be found in ref 1. Given that
all accessible features of the Hamiltonian, ODD has a potential the N systems are similar but noninteracting quantum systems
advantage over traditional discrimination techniques. In the denoted by § ..., 8, the goal of ODD is to identify a control
laboratory, an optimal discrimination control field would be field, (t), which can generate a large value for a chosen
generated in a closed loop experimiént guided by a genetic  observable value for one system (sdyBhile suppressing the
algorithm (GA) or some other suitable learning algorithm. An gnalogous observable value for all other systems. Here, an
optimal control field can have a rather complex structure, and observation will be taken at a specific trial timig, although
this may be especially true when attempting to discriminate by time series discriminating observations over the interval ©
drawing on subtle differences between two or more similar < T could also be considered. A wave function formulation
Hamiltonians. will be used for illustration of the concept, but a more

Initial simulations on model systems showed that ODD could comprehensive density matrix presentation could also be treated
be quite effectivé, but a very limited understanding of the in a similar fashion. Given th&l systems in the initial states
discrimination mechanisms was attained. The goal of this study |1(0)(] ..., |N(0)Jand a positive definite observable operator,
is to attain a physical understanding of the mechanisms leading®, we seek to determine a control fiele(t), which simulta-
to successful ODD. Such knowledge could guide subsequentneously drives the systems to the final statg§T)L..., |yN(T)O
such that the observable signals

[I. Optimal Dynamic Discrimination
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are maximized fori = 1 and minimized fori = 1. The
discrimination control field generally can be written as

€)= AD Y &, sin,t + ¢,) )

where A(t) is the overall amplitude and the frequencies
correspond to all or some of the allowed transitions in the
collection of systems being distinguished. The paramé@sis
and{ ¢} are the control variables that the optimization routine
needs to determine. Like most optimal control problems, the
discrimination goal admits great flexibility in the choice of the
optimizing fitness function. In ref 1, the difference between the
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Figure 1. Schematic of how optimal dynamic discrimination (ODD)
operated. The arrows denote the complex vectdyg(t)Ofor three

observable signals was used as the fitness criteria. If the goalsimilar systems at times= 0 andt = T in the system state spaces.

was to optimize the signal in syster) 8ptimization was done
with a fitness function.

F=0- S O

i=TT=

®)

However, in this paper, we use the alternative fitness function.
o .

—, O>0
i=T=j

=0, O=<o (4)

The ratio between the two signals is maximized, provided that

Initially, all of the state vectors are nearly coincident, corresponding
to identical initial conditions. There is a particular direction in the system
state spaces, shown by the dark arrow, corresponding to the projection
associated with making the detection measurement. Initially, each
system has essentially the same projection along the measurement
direction. Through ODD, one vector, denoted by an asterisk, is rotated
to be maximally aligned with the measurement direction, while the
others are rotated to be perpendicular to it. The Hamiltonian encoding
(HE) technique reveals the mechanisms by which such discrimination
is achieved.

expected to carry over to more complex situations as well. The
ultimate intent of application to real molecules calls for closed
loop laboratory implementation of ODD, and an encoding/
decoding algorithm for revealing the mechanism working
directly in the laboratory can be built from the present
concepts?8

Unless otherwise stated, all of the model systems studied in

the Signal in the SyStem Singled out for maximization is in excess this paper have four |evelsl with the initial popu|ation in the

of a threshold valuey, which is set ab = 0.1 here. Each fithess

ground state, and the observable one is the population in the

function has its own advantages and disadvantages. To apprecihighest state. The discrimination mechanisms operating in ODD

ate the point, simply consider two systems for discrimination
where the goal is to create a strong signal in systénmoS
distinguish it from system % Using eq 3 would imply, for
example, that getting a signal 6 = 0.9 in system Sand0?

= 0.4 in system Bwith F* = 0.5 is better than gettin@! =

0.3 in system SandO? ~ 0 in system Swith F1 = 0.3, yet it

are expected to be subtle, as the same control acts on similar
systems and is able to separate their dynamics. From the prior
work with ODD/ a general view of the controlled dynamics
was attained, as indicated in Figure 1, but the discrimination
mechanisms were left obscure. With the HE technique presented
below, these operating mechanisms will be revealed.

can be argued that the second case, with a near complete absence

of a signal in system35is actually better for discrimination.
Using eq 4 means that the optimizing routine will try to
minimize the signal in system?Svhile keeping the signal in
system & above the threshold. However, once the signal in
system Sis above the threshold, there is a stronger incentive
to maximize the signal ratio by driving the signal in systefn S
closer to zero than to increase the signal in systémT8is

behavior can be seen from the variations of the fithess function

with respect to the following two arguments.

=0

3
sl = 00" _ 00
(0%’

02

For 02 < O, the fitness~! should be improved much further
by reducing the signal in systen? ian increasing it in system
Sl This behavior is consistent with what is found in the
simulations later in the paper.

The goal of this work is to reveal the general trends in
mechanistic behavior of ODD with respect to various factors
such as the degree of system similarity. This behavior will be

I1l. Control Mechanism Identification with Hamiltonian
Encoding

This section outlines the relevant aspects of the HE concept
as introduced in ref 16. The goal of HE is to reveal control
mechanisms by identifying the amplitudes of the dominant
pathways contributing to the dynamics, where the notion of
pathways is defined below. Consider the evolution of a quantum
system in the interaction representation, where the system
dynamics are restricted to @&dimensional state space. The
system Hamiltonian is

H = Ho — ue(t) (5)
with Hp being the field free Hamiltonian ane(t) being the
control field coupled into the system through the dipole operator
u. One may write the time dependent Safirger equation in
the interaction representation

du(t)

ih 0t

= () €(t) U(1) (6)
where u () = exp(iHot/h)u exp(Hot/h) and U is the time
evolution operator. To find the mechanism by which amplitude

illustrated with simple model systems, and the basic mechanisticis transferred from an initial stat¢al] to state|bCat time T,

trends with regard to discrimination revealed in this study are

consider the relevant matrix element denoted Up(T) =
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(B)U(T)|all The Dyson series expansion fdg(T), with z(t) e(t)
= Vi(t), is
_l T —| 2
U,(T) = bja+ 0 [ IV, (t,)|ardt, ik
d
-
Z Jo IV (t) 1TV (ty) [kt dty + .. (7)

To simplify the equations, we defing,, = (—i/h)0|V,(t)|mLC]
where|lOand|mCare typically chosen as eigenstatesdof and
introduce the notatidfi

Ugglsz---Jn—l) —
T oty
Jo f3 ub, v () o d,_,dt

®)

v olty) clty ..

so that the Dyson series (eq 7) becomes

Z Z Un(|1|z =) (9)
=1 lyla,. Jna=1

Mitra and Rabitz

with

MpG2nd(g) =y (9) x M (8) x ... x M y(9) (12)

n 1n 2
The task now reduces to extracting the desired pathway
amplitudesUpi+2--) for Un,(s) by finding the components

of Upa(S) associated with each basis functidvipo:'>-=2(s),

The criteria for choosing the encoding functigms;(s)} is that
they produce a unique signature functidox'z-'»2(s), for
each amplitudeUB(all'Iz""J”’l), in eq 12. There is considerable
freedom in the choice ofm;(s)}, and here, they are taken to
be of the formmy;(s) = exp(y;s). By an appropriate choice of
the dimensionless real frequenc{es}, it is possible to ensure
that each distinct pathway oscillates at a unique frequency,
yg{‘l)ylzy_ujnfl), assis scanned. Each function in eq 12 becomes

Mggl,lz,...,lnfl)(s) = exp[iSyb,nil} X eXp[iSVIn,lln,z} X X
exp{isy, o}

= explisy{’,. . o} (13)

An evolution pathway is defined as the sequence of transitions  The extraction of the desired pathway amplitudes requires

starting from|aland ending inbll Each pathway corresponds

to one of the individual integrals in the expansionlgfy(T),
with the amplitude of the pathwap (11 ... — I,—1 — b) being
Uggl"z"”’"*l). The order of a pathwayn, is the number of
transitions made linking statebJand |al] The control mech-
anism is identified by theetof pathways&d — 11 ...~ I-1 —
b) connecting statesaland [bOwhich have amplitudes of
significant magnitudejUpi+'2-»-9| An understanding of the

solving forUp4(s) over a sufficient number afpoints to permit
performing a Fourier transform (FFT) &fya(s). The resultant
amplitude of the spectral line at the frequendy), , , may

be quantitatively identified aslb (ulzdn-d) This procedure uses
the fact that calculatinglp4(S) is relatively easy, even for a large
number ofsvalues. In some cases (i.e., for high intensity fields),
the total number of pathways connecting the initial and final
states can become very large, and the number of solutions of

mechanism involves an analysis of the constructive/destructive Schralinger’'s equation for extracting the amplitude of each
interferences among the significant complex amplitudes individual pathway quickly grows. However, by a suitable
{Upsladn-ay choice of the frequencie$y;}, it is possible to combine
An understanding of the control mechanism in any application pathways into well defined physical pathway classes and find
must be made in reference to a particular representation of thethe net contribution of each pathway class rather than the
system Hamiltonian. The choice of a basis is not a matter of contribution of each individual pathway. For example, the choice
right or wrong but rather an issue of convenience guided by y; = y Ui,j collects all pathways of the same order together
the goal of attaining a physically acceptable picture of the control independent of what particular intermediate transitions actually
mechanism. In some cases, special insights into the physics oftake place. This gives an estimate of the number of photons
the problem can be used to identify suitable representatfons. involved in the transfer and the relative importance of the
In most OCT applications, the a priori choice of representation various order processes. Another way in which pathways are
will have much freedom. The choice §fii(] as eigenstates of  grouped is to form composite pathways. Each composite
Ho to form a representation is a reasonable natural basispathway is a collection ofiettransitions. In this case, suitable
employed in many applications. modulation is introduced such that an— j transition will
The integrals in eq 7 are computationally difficult to evaluate “cancel out” aj — i transition when contributing to the net
directly. The HE technique bypasses this problem by evaluatingamplitude. For example, the pathways+12), (1—2—1—
these integrals through a number of solutions of Sdimger’'s 2), and (1— 2 — 3 — 2) all fall into the same composite
equation. The basic operation in HE is the introduction of a pathway class denoted as{12)*, as that is the net transition
new dimensionless timelike variable, which is used to occurring in all three pathways. The net transition amplitude
modulate (encode) individual elements of the Hamiltonian with of the composite pathway would be the sum of the amplitudes
suitable function§m;(s)} of s, such that in the pathway class. This kind of classification is achieved by
constraining the modulation to obgy = —y;. For the analysis
Ulq(t) -

purposes of this paper, pathways grouped into composite classes
Integrating the new encoded equation, of the same form as eq

are sufficient for revealing the mechanisms of ODD.
6, givesUpy(T,5) as a function ofs, denoted adJpa(s) where IV. ODD Mechanisms in Relation to the Degree of
theT is now omitted for notational simplicity. From the structure  System Similarity
of egs 6-10, it can be show that

1) X M9 (10)

This section considers ODD under different circumstances
and uses HE mechanistic analysis to understand how the optimal
discrimination fields distinguish between pairs of systems. The
variation of the mechanism with system similarity is studied in

3 d
Uba(s) = Z Z Ugglsz---Jn—l) Mggh'zy---y'n—l)(s) (11)
n=1 lIyla,...Jn-1=
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order to understand the various processes being exploited toTABLE 1: Results of Optimal Dynamic Discrimination

achieve discrimination.

For all of the examples, the system Hamiltonian has the
structure of eq 5. Considering system similarity, each Hamil-
tonian has two distinct features, described Hy and u.
Differences inHp and differences inu have fundamentally
different effects upon discrimination. DifferencesHp change
the frequency spectrum, whereas differencesaiter the degree
of sensitivity to a given spectral component. It was found that
high quality discrimination between systems with the same
but differentHy (referred to as spectrally distinct systems) is
often easier to attain (i.e., the control field has a smaller fluence)
than in the case of systems with the sakhebut differentu
(referred to as spectrally identical systems). The results also
show that fundamentally different mechanisms are used in
discriminating spectrally identical systems compared to spec-
trally distinct ones. In practice, system differences will simul-
taneously occur inHy and 4. However, to understand the
underlying principles, their effects on discrimination revealed
by the mechanistic analysis will be separately explored. In all
the cases below, increasing fluence was found to be a good
indicator of the need for more complex mechanisms to attain
comparable degrees of discrimination. Fluence as an indicator
is legitimate, as the fithess function in eq 4 puts no penalty on
the fluence. The fluence is expressed in arbitrary units in the
calculations, and it is the relative value from case to case that
is significant.

A. Spectrally Distinct Systems. This section considers
discrimination between pairs of four level systems with identical
dipole moments but different field free Hamiltonians. The effect
of system similarity on the mechanism is analyzed. The energy
levels for all the systems are similar, and the transitions are
nondegenerate; the energy levels for any particular system A
may be ordered in the sequenfgs, E, ..., Ei}, where the
label a refers to system A. We define a difference factaw,
between systems C and D as follows

E-E
A

c _
WOy, =

(14)
with

c d
|Wjm — @l

ow

(15)
|,mI=m |a)ﬁn|

The smaller the value ddw, the more similar are systems C
and D. While this scalar difference factor will not capture all
of the subtle dynamical differences between the systems, it

between System A and the Increasingly Similar Systems E,
D, C, and B, Respectively

sample oA FA ow fluence
Aand E 0.195 5.% 10 0.094 4.4

Aand D 0.101 105 0.047 7.3
AandC 0.106 24 0.023 15.1
Aand B 0.114 9 0.016 39.3

aIn each case the goal is to enhance the signal for system A and
diminish it for the other system in the samp@* is the signal in system
A, andF* is the ratio between the signal in system A and the signal in
the other system. These systems have identical dipole matrices but
different field free Hamiltonians. The difference coefficientfrom
eq 15 is a measure of the distinction between the field free Hamiltonians,
with smaller values of® implying that the systems are more similar.

TABLE 2: Comparison of the Number of Significant
Composite Pathways and the Nature of Constructive and
Destructive Interference (@ Is Defined in Eq 16) as System
Similarity Increases in the Sample When Going from
Systems E to B (See Table &)

no. of
sample system pathways i order
Aand E A 6 0.83 6
E 2 0.01 4
Aand D A 7 0.40 6
D 7 0.05 6
AandC A 9 0.29 8
C 10 0.06 8
AandB A 5 0.60 14
B 6 0.18 14

aIncreasing system similarity makes it more difficult to get construc-
tive interference in system A while keeping destructive interference in
the other system. While the maximum order of the processes increases
with system similarity, the number of significant composite pathways
does not increase for the last case of systems A and B, as explained in
the text. A significant composite pathway is defined as one with a
magnitude>0.01.

system in a sample subjected to discrimination will have its
own value, as the control field induces pathways with different
amplitudes in each system.

Table 1 shows the results of ODD simulations for four
different discrimination problems, each involving two systems.
The goal in each case is to generate a control field which will
discriminate system A from (the increasingly similar) systems
E, D, C, and B, respectively. As can be seen, the greater the
difference factodw, the smaller the fluence of the discriminat-
ing field. Naturally, systems that are more similar may also be
more difficult to discriminate, as reflected in the value of the
fitness functiorFA, although good results were found in all the
present cases. Even in the worst case of systems A and B, the

provides a useful quantitative measure of the degree of spectrafignal in system A is 9 times as large as the signal in system B.

distinction between the systems. Another factgrpreviously

introduced in ref 16, serves as a measure of the degree of

constructive/destructive interference of the pathways defined by
the expression
13 Und
n

77 =
> 1Usd
n

where the various significant pathway class amplitudes are
numbered here by a simple index,for notational simplicity.
If the pathways are perfectly aligned in the complex plane, then
17 =1, while, for complete destructive interferenges 0. Each

(16)

Thus, despite the increasing similarity of the systems, compa-
rable discrimination quality was achieved by “working harder”,
as reflected by the increasing fluence.

Table 2 shows the results of HE mechanistic analysis for the
cases in Table 1. The number of composite pathways of
significant amplitude (i.e., with magnitudes0.01) are listed
along with the maximum order of the processes. The systems
show distinct regimes of discrimination mechanistic behavior.
For system E, the control field sets up large amplitude pathways
in system A, while little amplitude is excited in system E, and
even these low amplitude pathways interfere destructively. In
this case, the composite pathways to the target state for system
A add up nearly completely constructively, while those for
system E add up destructively. This is close to the ideal
discrimination limit. The number of significant pathways is far
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TABLE 3: List of the Different Amplitudes Introduced for
the Seven Composite Major Pathways in the Discrimination
between Systems A and D (See Table?3)
amplitude in amplitude in
pathway system A system B
(1—4)* -0.2— 0.2 —0.07+ 0.16
(1—3—4)* 0.06+0.15 —0.05—-10.12
(1—2—3—4)* —0.12+ 0.01i 0.07+ 0.06
1—2—3—1—4) —0.06+ 0.03 0.05
(1—3—2—1—4) —0.03+ 0.06 0.04— 0.04
System A System E (1—4—3—1—4)* 0.05+0.04  —0.03-0.03
Figure 2. Comparison of the significant composite pathways induced (1 —~4—~3—2—1—4)* 0.19 0.01-0.01
by the optimal control field in discriminating systems A and E in Tables  sum of amplitudes —0.3+0.2d 0.02+ 0.02

1 and 2. Table 2 lists six significant composite pathways for system . . .
A, but here, only the two largest are shown for graphical clarity. The The sum of the amplitudes shows that the pathways interfere

scale for system E is magnified by a factor of 10 for visual clarity, as destructiv_ely in_ system D, while the corresponding pathways interfere
the composite pathways induced are of much lower amplitude. As can constructively in system A.

be seen, the interference in system E is nearly completely destructive, "
>

and for system A, the interference is constructive. This discrimination A A A A A Al A ATA ATA ATA
mechanism is possible because systems A and E are sufficiently distinct v v B>
from each other. A A A A AlA A|A AlA
\4 \4 \ 4 S
A A A A
\4 \ 4 \ 4 \ 4 \ 4 \ 4 \ AN

1 23 4 5 6 7 8 9 10

Figure 4. Ten main contributing composite pathways induced in
systems A and C by an optimal discriminating field. The same pathways
are introduced in systems A and C, but they have different amplitudes
and phases. The large number of composite pathways indicates that
the discrimination mechanism is highly complex.

System A SystemE

. . o . . interference in system A diminishes, while the degree of
Figure 3. Comparison of the significant composite pathways induced constructive interference in the other system increases. This is
by the optimal control field in systems A and D of Table 2. The ;0 second regime, where discrimination occurs by setting up a

composite pathways induced are of the same order of magnitude. Ther . . .
is near complete destructive interference for system D. In (:ontralst,eﬁarge number of comp osite pathways, which add up ConStrUCtIV.ely/
although the interference for system A is not fully constructive, it gives destructively to achieve the required result as best as possible.

a comparatively large net population in the target state. The mechanismIhe number of composite pathways used in discriminating
is more complex for this case of discrimination as compared to that between systems A and C is very large and highly nontrivial in
shown in Figure 2 because systems A and D are more similar. structure. Figure 4 shows the significant composite pathways
induced in both systems A and C by the discrimination field.
more for system A (6) than for system E (2). Also, the highest While the same pathways are induced in both systems, they
relevant order of pathways excited for system E (4) is lower are induced with different phases and amplitudes, thereby
than for system A (6). This is the first discrimination regime, allowing for destructive interference in one case and constructive
where the systems are sufficiently differedt( = 0.094) to interference in the other.
allow for distinct yet relatively simple dynamics. Figure 2 shows  The trend of using more composite pathways with increasing
the amplitudes of the most significant composite pathways system similarity seen in Table 2 is broken in the most similar
induced by the control field in systems A and E plotted in the system B, which introduced fewer composite pathways than
complex plane. The spectra of systems A and E are sufficiently system C while creating much higher order processes. This
different to allow the excitation of high amplitude pathways in  behavior arises because the discrimination mechanism relies on
system A without setting up very high amplitude pathways in “rattlings”,'® or pathways that belong to the same composite
system E. However, the ODD algorithm further improves class but which have additional pairs of canceling transitions.
performance by ensuring constructive interference between theThe discrimination mechanism here is similar to that in
pathways in system A and destructive interference between thespectrally indistinguishable systems seen in the next subsection.
pathways in system E. This is the third regime of discrimination.

For the more similar systems A and D, the control field now  The results of the mechanistic analysis for discrimination
sets up the same number (7) of composite pathways and thebetween pairs of spectrally distinguishable systems show that,
same order (6) of processes for both systems. The mainfor increasingly similar systems, it is necessary to excite more
composite pathways are shown in Figure 3. The pathways showcomplex dynamics in order to successfully distinguish between
nearly complete destructive interference in system D wyith the systems.

0.05 and a fair degree of constructive interference in system A B. Spectrally Identical Systems.This section explores the
with 7 = 0.4 to ensure that there is a signal in system A and mechanisms for ODD between spectrally identical systems,
essentially none in system D. The major pathways and their defined to be systems with the sardg but different dipole
amplitudes are listed in Table 3. For the even more similar coupling matricesy’s. Such systems will have spectral peaks
systems A and C, the story is the same except more compositen the same location but with different intensities, given the
pathways and higher order processes are needed in order t@dded condition that the same transitions are allowed in both
successfully discriminate between the systems. Also, as thesystems. Three cases are explored, involving the discrimination
systems become more similar, the degree of constructiveof A from the increasingly similar systems H, G, and F,



Optimal Dynamic Discrimination of Quantum Systems J. Phys. Chem. A, Vol. 108, No. 21, 2004783

TABLE 4: Results of Optimal Dynamic Discrimination 14>
between Three Increasingly Similar, Spectrally Identical 4 A#‘ 4 A A* A
13>

System$ A A

sample or FA ou fluence .

A

Aand H 0.102 3.5¢ 1P 1.81 9.58 T

Aand G 0.100 25010 0.90 30.76 A 4 v A4 Viviv >

AandF 0.100 20.3 0.045 64.65 moom P P P

aQOA is the enhanced signal for system A, aifl is the fitness Figure 5. Mechanism of discrimination for the spectrally identical

function (i.e., the ratio of the signal in A to the signal in the other systems A and F. While there are only two major composite pathways
system). These systems have different dipole matrices and identicalinduced in both systems (shown agamd m in the left portion of the

field free Hamiltonians. The difference coefficiedt defined in eq figure), that observation is misleading. The presence of processes of
17 is a measure of dipole matrix distinctness, with smaller values the order of 20 and higher in Table 5 means that each composite
implying more similar dipole matrices. pathway class has within it many high order contributing pathways.
P, P, and R are examples of three pathways that contribute
TABLE 5: Comparison of the Number of Significant significantly. The first two, Pand B, belong to the pathway class;m
Composite Pathways and the Nature of Constructive and = (1 — 4)* and the third to the classs= (1 — 4 — 3 — 1 — 4)*.
Destructive Interference, s, as the System Similarity
Increases (See Table 4) for Spectrally Identical Systerhs pathways that contribute to the two main composite pathway
no. of classes used in the discrimination. The presence of field induced
sample system pathways n order processes of the order of more than 20 in systems A and F
Aand H A 7 052 10 implies that detailed pathways such as those shown in Figure 5
H 6 0.01 8 contribute significantly. The control field attempts to use these
Aand G A 9 0.73 18 processes to create interference as a delicate means for
G 8 0.03 16 discrimination. The reason for this behavior can be understood
Aand F FA 57 8'383 22g through the following analysis. Consider the expression for the
' pathway (not a composite pathway) {13 — 4)
a@The number of composite pathways does not grow with system
similarity in contrast to the case of the spectrally distinguishable systems T rt
in Tabley2. Rather, rattling cancellatidﬁsﬁthin ea{:h patr? are exploityed, U‘Zl(ls) - J:) o '43(t1) H '31(t2) e(t) e(ty di, ot (18)
which can be inferred from the presence of high order processes induced
by the discriminating fields. wherey,,, is the (time dependentinth element ofe, which is
explicitly

respectively. The results are shown in Table 4. If the dipole
matrix elements of system A ada}, then the difference W = U XPlt) (19)
coefficientou between systems A and F is defined as "

a f Then, eq 18 reduces to
|zulm - ﬂlm|
ou = — 1) =

Lm0 Ui T
ﬂ43“31J; ﬁ) explw,gty) explosyty) €(ty) €(ty) dt, dt, (20)
to quantify the degree of distinction between the systems. Note

that the added condition of identical allowed transitions means For spectrally identical systems, each transition frequengy,
if ui, =0, thenﬂﬁn =0. is the same for both systems, and therefore, the integral in eq
As can be seen in Table 4, the electric field fluences are much20 will be the same for both systems. The difference in the
larger than those seen in the case of spectrally distinguishableamplitude of a pathway will come from the difference in the
systems in Table 1. It was found that discrimination became dipole moments alone. This is true for all pathways, not just
much more difficult (i.e., higher intensity fields had to be used) the one chosen for illustration. If the dipole elements are real
for decreasin@u values, just as was found for decreasing (as is the case for all systems considered here), then every
values in the previous section. However, the results of the pathway excited in one system will have the same phase as the
mechanistic analysis for the spectrally identical systems in Table corresponding pathway in the other system. Even for complex
5 show trends different from the case of spectrally distinct dipole elements, the phase difference between the two corre-
systems. The degrees of constructive and destructive interferencesponding pathways will be fixed by the dipole elements and
do not vary monotonically with increasing system difference; cannot be manipulated by the optimizing algorithm. Thus, the
however, the ratio betweenfor system A and; for the other only way to excite significantly different dynamics is to exploit
system does increase monotonically, implying that sometimesthe small differences in the dipole moment magnitudes.
the control field will accept a lower degree of constructive However, as the dipole moments are very similar in magnitude,
interference in system A if that means a greater degree ofto create pathways with different amplitudes, high order
destructive interference in the other system. Another key point processes need to be introduced; this is done by rattling (i.e.,
is that there is no trend of using more composite pathways asan a — b transition is subsequently followed by la— a
the systems become more similar. However, there is a cleartransition, etdf. Such pathways are highly nonlinear in the
trend of using much higher order processes. Systems A and Fdipole moment matrix elements to amplify their system-to-
are almost identical, and the optimal field distinguishing between system small differences and create significantly different
them is of high fluence. The number obmpositepathways pathway amplitudes. This behavior results in a complex
used was very few, and there was essentially a single dominantdiscrimination mechanism.
composite pathway, the direct (+ 4)* transition. However, Given this behavior found with spectrally identical systems,
the small number of composite pathways does not imply a it is useful to compare it with what was found in section IV.A
simple discrimination mechanism. Figure 5 shows some of the for spectrally distinct systems. In the latter case, the phases of
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TABLE 6: Results of Discrimination with Samples Having TABLE 7: Results of the Mechanistic Analysis for a Series
an Increasing Number of System3 of Multisystem Discrimination Problems?
sample o 0? o3 ot FA  fluence no. of
A A, 0.107 0001 105 73 sample system  pathways n order
A, A As 0.108 0.011 0.003 21.2 20.8 A, Az A 7 0.40 6
A, Az Az, Ay 0.123 0.017 0.0003 0.004 5.8 76.8 A, 7 0.05 6
aThe goal of the control field is to maximize the signal in system A Az As ﬁz ﬁ 8%; g
A while minimizing the signal in all the other systems in the sample. As 1 0.06 9
FA is the ratio of the signal in system A to the sum of the signals in all A, Ay As Ay A 23 0.37 24
the other systems. A, 23 0.13 24
As 23 0.006 24
each composite pathway could be manipulated by drawing on As 22 0.06 24

the slightly (;iifferent values obim for.(.each SyStem; even small aBoth a large number of composite pathways and very high order
differences inwim can become amplified by the time dependent processes are introduced.

integrals (e.g., eq 18) when the control pulse goes through many . S

oscillation periods. Therefore, discrimination in spectrally TABLE 8: Results of Optimal Dynamic Discrimination for

distinct cases is achieved by introducing many composite TWO Spectrally Distinct Systems (A and D) Modeled with
o . . Different Numbers of Levelst

pathways with different phases, which then add up constructively/

destructively as dictated by the desired objective. As spectrally _No-oflevels  signal A F o0 fluence
distinct systems become increasingly similar, the values of the 6 0.107 3.4x 10° 0.094 10.0
various transition frequencies, will become increasingly 5 0.109 16 0.075 8.3
similar. In that case, low order pathways will tend to have similar 4 0.101 105 0.047 7.3

phases as well. In this situation, it will become difficult to aAs the number of levels increases, there is additional dynamic
generate an electric field capable of creating significantly distinct freedom to exploit, and thus, better discrimination is achieved without
phases for the same low order pathways in the two systems.2 Significant change in fluence.

Henqe, as S_pectra_lly d_|st_|nct_ systems become extremely S'm"ar’TABLE 9: Results of the Mechanistic Analysis for the

seeking optimal dlscrlmln_atlon forces th(_a mtroductl_on of high Discrimination Problems of Table &

order pathways to magnify the small differencescim and

thereby ensure .significantly different amplitudes and phases for sample system p:t?].\l\(l)etys 0 order
the corresponding pathways in the two systems. This explains
the nature of the mechanism of discrimination found for the é lé 8'(3)88* g
weakly spectrally distinct systems A and B in Table 2. 5 A 11 0.38 6

We can infer from the results of sections IV.A and IV.B that D 8 0.004 6
arbitrary systems with scattered small differences in the matrix 4 A 7 0.40 6
elementsH, andu will draw on every possible means afforded D 7 0.05 6
by €(t) to achieve ODD. aThe values of; show that greater destructive interference occurs

in system D as the number of levels increases. The valyedehoted

V. Mechanistic Behavior for Distinguishing Increasing by an asterisk is likely less than 0.008; numerical issues make it difficult

Numbers of Systems to obtain accurately.

In this section, HE is used to analyze the nature of the ) ) ] )
discrimination mechanisms operating with samples containing Where either mechanism sufficed. The multisystem cases
increasing numbers of systems. The systems are spectrally‘"ustrate the general pr|nC|p!e that the con'FroI field will t_ake
distinct with identical dipole matrices and are labeled A, A ©ptimal advantage, as required, of all available dynamics to
Az, and A, The spectral difference coefficienfgy between achieve successful discrimination.

Az, Az, and Ajand A are 0.047, 0.056, and 0.092, respectively.
The goal is to maximize the observable signal in A and minimize
the signals in all the other systems. A sequence of discrimination

VI. Discrimination Mechanisms with an Increasing
Number of System Levels

problems will be examined, where system A is to be discrimi-  This section explores how the number of system levels affects
nated from only A, from Az and As, and finally from Ay, As, the quality of the discrimination and the associated mechanisms.
and Ay. The results are presented in Table 6. A series of discrimination problems will be considered, where

While successful discrimination of A was achieved even as the goal is discrimination of system A from system D by the
the number of additional systems increased, the discrimination population transfer|10— |4[] Both systems are modeled
mechanism became more complex, drawing on subtle dynamicalsuccessively as having six, five, and four levels, where the five
differences between the systems. This behavior is qualitatively and four level systems are simply truncations of the six level
evident from the increasing fluence of the electric fields, and system. Each pair of systems is spectrally distinct. The results
the quantitative mechanistic analysis is shown in Table 7. As of the discrimination are shown in Table 8 (the case of four
the number of systems to be discriminated among increases/evels with system D is the same as that in Table 1). Having
the number of composite pathways increases to achieve amore energy levels means that there is greater dynamic freedom
comparable degree of discrimination. The order of the control to exploit for achieving discrimination. This extra freedom is
processes also increases as more systems are added. Foeflected in the increasing value of the difference paramiter
multisystem discrimination, a combination of many composite in Table 8. The results of the mechanistic analysis are shown
pathways along with high order rattling processes is required in Table 9, where the decreasing valueydior system D with
to achieve successful discrimination. This behavior is in contrast an increasing number of levels shows that the extra freedom
with the two system discrimination problems in section IV, allows for better destructive interference.
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It was also observed that the optimal discrimination field for optimal control in any context achieves its goals. The different
the four level system also worked extremely well when applied mechanistic behaviors identified in the cases of spectrally
to the five and six level systems. In this case, the mechanisticidentical and distinct systems show the utility of the HE
analysis shows that the composite pathways induced in the fivetechnique. The system discrimination problem also clearly
level systems A and D are very similar to the corresponding demonstrates that an examination of the control field in any
composite pathways in the four level systems. Therefore, form (e.g., temporal structure, power spectrum, frequeticye
undermodeling the system did not have a significant effect. plots, etc.) alone generally cannot reveal a mechanism, as the
However, the optimal fields determined for the five and six level same field subtly directs the dynamics of similar systems in
systems did not produce satisfactory discrimination upon very different ways. Only a full unraveling of the contributing
application to the four level case. This outcome is reasonable pathways can truly reveal the operating mechanisms. It is
because the control field naturally exploits levéi&land |60 anticipated that systematic application of HE to wide classes
when they are available for ODD. of quantum control problems should provide a broad perspective

on how the control is achieved.
VIIl. Conclusions
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