
New Method for Direct Linear-Scaling Calculation of Electron Density of Proteins

Ye Mei,† Da W. Zhang,‡ and J. Z. H. Zhang*,†,‡

Institute of Theoretical and Computational Chemistry, Nanjing UniVersity, Nanjing 210093, China, and
Department of Chemistry, New York UniVersity, New York, New York 10003

ReceiVed: October 27, 2004; In Final Form: NoVember 24, 2004

A new scheme for direct linear-scaling quantum mechanical calculation of electron density of protein systems
is developed. The new scheme gives much improved accuracy of electron density for proteins than the original
MFCC (molecular fractionation with conjugate caps) approach in efficient linear-scaling calculation for protein
systems. In this new approach, the error associated with each cut in the MFCC approach is estimated by
computing the two neighboring amino acids in both cut and uncut calculations and is corrected. Numerical
tests are performed on six oligopeptide taken from PDB (protein data bank), and the results show that the
new scheme is efficient and accurate.

Recently, a highly efficient approach for full quantum
mechanical computation of electronic properties of polymers
such as proteins has been developed.1-3 In this molecular
fractionation with conjugate caps (MFCC) approach, a protein,
for example, is decomposed into amino acid-based fragments
and pairs of conjugate caps (concap) are inserted at the cuts to
properly cap the fragments. By employing the MFCC approach,
one can compute electronic properties of protein systems such
as protein-ligand interaction energy through an efficient linear
scaling scheme using a variety of methods such as HF, DFT,
MP2, etc.4-7

The MFCC approach has recently been further developed for
efficient linear scaling computation of total electron density of
proteins.8 Accurate determination of electron density and
electrostatic potential of molecular systems is of both funda-
mental importance and practical utility. For example, the spatial
distribution of density or electrostatic potential is often used to
understand chemical structure, reaction, binding, catalysis, and
solvation.9-16 The electrostatic potential is of particular interest
in rational drug design for optimization of lead drug candidates
and pharmacophore search.17,18It is also widely useful in areas
such as force field parametrization19-23 and quantitative structure-
activity relationship (QSAR).24,25 Furthermore, accurate deter-
mination of total electron density of proteins provides the basis
for accurate quantum mechanical calculation of total energy of
protein.

A number of methods that divide protein into smaller
fragments for full quantum mechanical computation of electron
density have been proposed before.26-28 These methods have
various degrees of success as well as problems. In compar-
ison, the MFCC approach is numerically efficient and straight-
forward to apply to large protein systems. In this Letter, we
develop a new scheme to provide improved accuracy of the

computed electronic properties such as density, etc. from the
MFCC calculation. The current correction scheme, which is
named the MFCC II method, can be easily applied within the
MFCC approach with modest amount of computational cost.
In particular, the MFCC II correction method provides an easy
means to estimate the error associated with each cut of the
covalent bond along the protein backbone. Numerical cal-
culations are carried out to test the current MFCC II scheme
on several oligopeptide taken from the protein data bank
(PDB).

To simplify discussion without loss of generality, we first
take on a binary system composed of A and B components. By
applying the MFCC approach,1 this system is cut into A and B
fragments that are capped with two conjugate caps (concap).
Now the original system AB is replaced by three new
subsystems or fragments, A-C, C*-B, and the concap C*-
C. By employing a MFCC ansatz for total electron density, we
can obtain, to a good approximation, the total electron density
of the original AB systemF by the following relation8

where FA and FB are, respectively, electron densities of the
capped A (A-C) and B (C*-B) fragments andFcc is the
electron density of the concap (C*-C) fragment. Equation 1
shows that by calculating electron density of individual protein
fragment separately and independently, we can directly obtain
total electron density of the whole system through eq 1. The
above MFCC method is obviously linear scaling and is therefore
applicable to calculations of large protein systems. In fact, the
method can be easily paralleled in a highly efficient manner. It
is important to note that eq 1 would give the exact electron
density, if one of the conjugate caps C (or C*) includes the
entire B (or A). In practical application, the trick is to employ
smaller molecular caps that can faithfully simulate the original
local environment of the said fragment.
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Equation 1 can be easily generalized to a polymer such as
protein composed of many components. For a protein molecule
with N fragments, eq 1 is easily generalized to

whereFk is the density of thekth protein fragment,Fk
cc is the

density of thekth concap, andFk
d is the density of thekth

disulfide concap.3 Thus the total electron density of a protein
can be obtained through simple combination of individual
densities of amino acid fragments and concap species that can
be calculated independently. It is useful to point out that the
computational cost for concap species is minimal compared to
that for larger capped protein fragments. Exactly the same
relation holds for electrostatic potential

and the total dipole moment

where electrostatic potentials and dipole moments of the
fragments are obtained from individual fragment calculations.

Because the MFCC approach is an approximate method, there
are errors associated with the cutting of covalent bonds and the
capping of fragments in the computed electronic properties such
as electron density. It is therefore desirable to introduce a
correction scheme to improve the accuracy of the numerically
computed MFCC results including electron density, dipole
moment, interaction energy, etc. The improved accuracy in
electron density is of particular interest because it is directly
related to the accuracy of the total protein energy obtained
through DFT calculation. Here we present a correction scheme
named MFCC II method for that purpose. To simplify discussion
of the MFCC II method (correction scheme), we take as an
example a tripeptide composed of A, B, and C amino acids as
shown in Figure 1. Applying the MFCC approach, we can cut
this peptide at peptide linkages between A-B and between
B-C, and conjugate caps are inserted to cap the fragments as
shown in Figure 1. Using the MFCC method (MFCC I in Figure
1), the electron density is calculated by the following equation:8

where Fcc1 and Fcc2 are the densities of the concap inserted
between A-B and B-C, as shown in Figure 1.

Here a correction scheme is introduced to estimate the error
arising from the cut between A and B. By treating A-B as one
group (without cut), we can apply the MFCC approach to
A-B-C system by cutting the system only once (between B
and C). By doing this, the electron density of A-B-C system
can be evaluated as

whereFAB is the density of the AB fragment with capped ends.
The difference betweenF′ andF0 is the approximate error from
the cut between A and B and is given by

Similarly, the error associated with the cut between B and C
can be evaluated by the difference

If we add these error corrections toF0, we then obtain an error-
corrected electron density of the A-B-C system given by

Equation 9 is the result of the MFCC II scheme for direct linear-
scaling calculation of electron density for a three component
system ABC.

For a protein or polypeptide containingN amino acids, it is
not difficult to prove that the corrected electron density is given
by

whereFi,i+1 is the density of the connectedi, i + 1 fragment
and Fi is the density of the singleith fragment. We can also
obtain the dipole moment in the same manner

and similar equation holds for the electrostatic potential

In this study, the concap is chosen to be R1CH2CO-NHCH2R2,
where R1 and R2 are two side chains of the neighboring amino
acids (cf. Figure 1). To balance the efficiency with accuracy,
we perform calculations at the HF/6-31G* level using the
Gaussian03 package. To measure the deviation of the computed
electron density, we generate computed density within a cubic
box with the center of the box located at the center of each
peptide molecule, The box contains 50× 50 × 50 grids with
the step-size of 0.2 Å in each dimension. The results from the
corresponding full system HF/6-31G* calculations are taken as
the standard for comparison.

We first compare dipole moments computed using both
MFCC I and II methods with results from the corresponding
full system calculation. Table 1 lists these calculated dipole
moments for all six peptides. The result in Table 1 shows the
following: (1) The MFCC I method already gives quite accurate

Figure 1. Illustration of the MFCC I and MFCC II schemes.
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dipole moment as compared to the standard full system
calculation. The errors are generally within just a few percent.
(2) The MFCC II method clearly improves the accuracy of the
computed dipole moment for all six peptides. Taking 1AB9 (a
10 amino acid peptide) as an example, the dipole from MFCC
I calculation is larger than the standard result by 0.53 D (4.9%
deviation). Using the MFCC II correction scheme, however,
the error is reduced to 0.3 D (2.8% deviation). As seen from
Table 1, the improvement in accuracy is uniform and across all
six peptides, with even better accuracy for other peptides,
especially 1P7V.

It is useful to point out that although the MFCC II method
can correct errors associated with every cut along the protein
backbone, it still does not give an exact result. This is because
the current correction scheme can only correct errors of short
range nature. However, the MFCC II scheme does provide a
very useful measure of errors associated with individual cut and
gives an overall improvement in numerical accuracy of the
MFCC approach.

We next examine the electron density by comparing the rmsd
(root-mean-square deviation) of the computed density relative
to the standard full system result. The rmsd is defined by

where ∆Fk is the deviation of the MFCC calculated density
relative to the full system result and the summation is over all
the grid pointsk within a box. We choose a 10× 10× 10 (Å3)
cubic box with evenly spaced grids to calculate rmsd. Table 2
lists the rmsd of the computed electron density relative for all
six peptides. We can see from Table 2 that rmsd from both
MFCC results are quite small, indicating that the computed
density from the MFCC method is quite accurate. Furthermore,
the MFCC II method gives an overall improved density as
measured by the rmsd shown in Table 2. Except for 1MHC
and 1R0T, for which the MFCC II method does not show
obvious improvement, there are significant improvements in
density for the other four peptides.

To see more globally the effect of MFCC II correction on
electron density, we show the absolute deviation between MFCC
computed density and the density from the standard full system

calculation on 50× 50 × 50 individual grid points. Figure 2
shows the absolute deviation of electron from both MFCC I
and MFCC II calculations for peptide 1AB9. We can see from
Figure 2 that the MFCC II scheme shows clear improvement
in the accuracy of the computed electron density. In the original
MFCC I approach, the absolute deviation of density from the
standard result is between-0.004 to+0.003. By employing
MFCC II, the deviation is reduced to between-0.002 to
+0.0015, which is just about half as much as shown in Figure
2.

Besides absolute deviation of density, we also show relative
deviation of density defined as

It should be noted, however, that the relative deviation of density
is generally larger if the value of density is small. Figure 3
compares the results from MFCC I and from MFCC II. In the
MFCC I calculation, the relative errors are-0.2% to+0.2%,
-2% to +2%, and-2% to +5%, respectively, for|F| < 1.0,
0.1 < |F| < 1.0, and 0.01< |F| < 0.1, which are about 3-10
times those from MFCC II approach. The MFCC II approach
gives smaller relative density deviation especially forF in the
range of 0.01 to 1.0.

TABLE 1: Comparison of Dipole Moments from MFCC I,
MFCC II, and Full System Calculations for Six Peptides at
Crystal Structures from PDB

PDB ID MFCC I MFCC II full system

1AB9 11.31 11.08 10.78
1QVO 9.26 9.45 9.56
1MHC 9.23 8.85 8.68
1R0T 10.44 10.78 10.80
1P7V 4.68 4.48 4.48
1BXX 4.87 4.64 4.55

TABLE 2: Comparison of rmsd of the Computed Densities
Using MFCC I and MFCC II Method Relative to the
Standard Full System Calculation

PDB ID MFCC I MFCC II

1AB9 0.111× 10-3 0.463× 10-4

1QVO 0.125× 10-3 0.260× 10-4

1MHC 0.252× 10-3 0.254× 10-3

1R0T 0.378× 10-3 0.361× 10-3

1P7V 0.687× 10-4 0.215× 10-4

1BXX 0.605× 10-4 0.184× 10-5

rmsd) x∑
k)1

N

(∆Fk)
2

N
(13)

Figure 2. Absolute deviation of electron density of 1AB9 from MFCC
I and MFCC II calculations relative to the standard full system result
at numerical grids.

Figure 3. Relative (%) deviation of electron density of 1AB9 from
MFCC I and MFCC II computations relative to the standard full system
result at numerical grids.
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In this Letter, we presented a new scheme called the MFCC
II method that gives improved accuracy of electron density and
related quantities for direct linear-scaling computation of protein
systems in the MFCC approach. The MFCC II method provides
a simple means to correct numerical errors in the standard
MFCC approach with modest amount of computational cost.
Numerical tests carried out on six peptides from PDB show
systematic improvement of electron density and dipole moment
over the results from the standard MFCC calculation. This
should be very useful in a variety of applications, in particular,
accurate computation of total protein energy using density
functional theory (DFT) in future study.

For real protein systems, one needs to include more interac-
tions in the MFCC approach. For example, in protein with helix
or â structures, the effect of the hydrogen bonding network
should be considered. It turns out that simple modification can
be introduced to treat these hydrogen bondings in the MFCC
approach, and work in this direction is already in progress with
very encouraging results. The solvent effect could be handled
by using implicit solvent models with the MFCC approach and
work in this direction will commence shortly.
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