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On the Convergence of Parallel Tempering Monte Carlo Simulations of Lds
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The convergence of parallel tempering Monte Carlo simulations of the 38-atom Lennard-Jones cluster starting
from the Oy, global minimum and from th€s, second-lowest-energy minimum is investigated. It is found

that achieving convergence is appreciably more difficult, particularly at temperatures in the vicinity@ the

— Cs, transformation when starting from thgs, structure. A strategy combining the Tsallis generalized
ensemble and the parallel tempering algorithm is implemented and used to improve the convergence of the
simulations in the vicinity of the®, — Cs, transformation.

I. Introduction than from the global minimum. This led us to reexamine the
convergence of traditional PTMC simulations ofsAstarting

. ith ano trv ECO-like structure foll q from both the FCC global minimum and tkg, local minimum.
minimum with anty, Ssymmetry -like structure Tollowe In addition, we present results obtained using a parallel

by aCs, symmetry icosahedral isomer lying only slightly higher tempering Monte Carlo algorithm based on Tsallis statistié$
in energy’2 These two minima are separated by a complicated (PTTS)

rearrangement pathway with a high overall barti&he funnel
leading to theCs, potential energy minimum is much broader
than that leading to the FCC minimuhand as a result, it is
difficult to locate the global minimum starting from an arbitrary ~ A. PTMC Simulations. The PTMC simulations carried out
structure and to achieve equilibrium in low-temperature Monte in the present study used the same 32 temperatures employed
Carlo simulations. For these reasons, thgstllister has proven Py Neirotti et al. Every 38th move an exchange of configurations
to be a valuable system for testing global optimization and from replicas at adjacent temperatureg @nd Ti+1) was

The 38-atom Lennard Jones ) cluster has a global

II. Methodology

Monte Carlo simulation algorithris5 attempted, withT; also being selected at random. This gave an
The L3 cluster, with parameters appropriate for Ar and attempted exchange rate of once every-381 moves, which
referred to here as Ag has been employed by Neirotti et &l., IS approximately three times less frequent than that used in the

Calvo et al4 and Frant?to demonstrate the utility of the parallel ~ Study of Neirotti et al. The remaining moves involved attempted
tempering Monte Carlo (PTMC) procedéire*? for achieving displacements of individual atoms, selected at random and with
equilibrium in systems prone to quasiergodic behavior. The heat@cceptance/rejection being based on the Metropolis procedure.
capacity curve of Ags as treated classically has a pronounced N carrying out PTMC simulations on cluster systems, it is
peak neafl = 20 K due to cluster melting and a weak shoulder _essentlal to exclude evaporative events. This was aqcomphshed
nearT = 12 K due to the ECC— icosahedral transition. N the present study by using a constraint sphere with a radius
Traditional Monte Carlo simulations with Metropolis samplihg ~ ©f 8:5 A The maximum step sizes for the production runs were
are unable to characterize thesAcluster properly at temper- determlned from .prel|m|nary ETMC simulations in which the
atures in the vicinity of the latter transition. Neirotti et al. were Maximum step sizes were adjusted so that about 50% of the
able to overcome this problem by use the PTMC procedure in Moves were accepted in each replica. _
which Monte Carlo simulations are carried out for a range of _ 10 monitor convergence, the simulations were carried out
temperatures and exchanges of configurations between differenfor different length equilibration periods, followed by production
temperature simulations (replicas) are permitted. The PTMC "uns composed of Panove blocks. The equilibration periods
simulations of Neirotti et al. employed 32 temperatures (from anged from 0.4< 10°to 6.4 x 10° moves. The heat capacity
0.5 to 30 K), an equilibration period of 2.85 108 moves, and o €ach simulation was calculated using
production cycles of 1.3« 10' moves at each temperature.
Most moves for each replica were carried out using the C,= 1 (E°O- [ED)
Metropolis algorithm. An exchange of configurations between KT?
replicas at adjacent temperatures was attempted every 380
moves. PTMC simulations starting from the global minimum  For each replica, every millionth configuration was saved for
and from a randomly generated structure were found to give subsequent analysis.
similar heat capacityQ,) versusT curves. B. PTTS Simulations. In the Tsallis generalized ensembiel#

In testing a generalized ensemble PTMC algorithm, described the entropy is defined as
below, we found that the equilibration of &ris much harder
to achieve when starting the simulation from g minimum

f dr'[L = Preaidr™)* 1 Preadr")
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with the constraints

f dr' preandr™) = 1
J AL = progur™?E(r™) = constant

and

whereq is a parameter greater than 1.
The generalized probability is defined as

1

1—(1— E(rMYa-a
Zq[ (1B E(r)]

staIIis(rN) =
where

Zy= [d[L— @ - gpECIE

Whenqg — 1, the Tsallis distribution becomes the Boltzman
distribution.

The PTTS procedure carries out parallel tempering simula-
tions with Tsallis weight functions. The implementation of the
algorithm is similar to that of PTMC. The configurations are
sampled with the distributionpfsaigr'™)]% using the effective
energy

—-_ 9
pa—1)
whereE, is chosen so as to lie below the energy of the global

minimum.
Hansmann et & recommended choosing= 1 + Yy, where

In[1 — (1 — Q)B(E — By

Eeff

N is the number of degrees of freedom in the system of interest.

In the case of Agg, this would giveq = 1.009. However, we
were unable to achieve well-converged results for our PTTS
simulations of Ags with a g value this large, and we adopted
insteadg = 1.001.

The probability of the acceptance of moves within individual
replicas in the PTTS algorithm is given by the usual Metropolis
criterion

Piﬂj — min(l, e—ﬁ(Eeff,j - Eeff,i))

and that for exchanges of configurations between replmas
andn is given by

P.,=min(l, e
where

A= IBm(E?ff,j - Eemff,i) - ﬁn(ngf,j - ngf,i)

In our application of the PTTS algorithm, we used the same
temperature grid as employed for the PTMC simulations.
Evaporative events were again excluded by using a 8.5 A
constraint sphere. After the completion of the simulation, the
energies were reweighted by using the histogram mééttod
transform back to the canonical ensemble.

I1l. Results

A. PTMC Simulations. Parts a and b of Figure 1 report the
heat capacity curves obtained from the PTMC simulations
initiated from theO, andCs, minima, respectively. The various
curves were obtained from simulations with production periods
of 1 x 1° moves and with equilibration periods ranging from
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Figure 1. Heat capacity vsT of Arss from PTMC simulations (a)
starting from the global minimum isomer and (b) starting from second-
lowest-energy minimum isomer. All production runs were carried out
for 1 billion moves. Equilibrium periods ranged from 0x410° to 6.4
x 10° moves.

length of the equilibration period being for temperatures near
12 K (i.e., in the vicinity of theO, — icosahedral transforma-
tion). The agreement in this case is even better if we consider
only the simulations with equilibration periods of 3410° or
more moves. The remaining small spread in the heat capacity
curves neall = 12 K reflects the need to use longer production
runs.

From a comparison of Figure 1a and b, it is seen that the
agreement between the heat capacity curves from the various
simulations starting from th€s, minimum are much poorer
than found between the heat capacity curves from the various
simulations starting from th®, minimum. In particular, when
starting from theCs, minimum, the simulations employing
equilibration periods of 0.4 10°, 1.4 x 1(° and 2.4x 10°
moves display a spurious peak at temperatures below that
anticipated for the, — icosahedral transformation. This peak
is especially pronounced in the simulation with an equilibration
period of only 0.4x 10° moves, where it appears near 3 K.
The spurious peak moves up in temperature and decreases in
height as the equilibration period is increased, approaching the
physically meaningful shoulder ne@r= 12 K for equilibration
periods of 3.4x 1(° or more moves. However, even when using
these longer equilibration periods, the heat capacity curves from
the various simulations show more scatter, especially in the
region of theO, — icosahedral transformation when starting
from the Cs, rather than from th&®, minimum. This indicates
that the need for a longer production period is more acute when
starting the simulation from th€s, minimum.

Figure 2 displays heat capacity curves obtained from PTMC

0.4 x 10°to 6.4 x 10° moves. The curves from the simulations  simulations starting from the global minimum and from @
starting from the global minimum (Figure 1) are in fairly good minimum, with equilibration periods of 3.4 10° moves and
agreement with one another, with the greatest sensitivity to the averaging over four consecutive blocks 0&110° production
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The equilibrium periods were 3.4 10° moves, and the production
runs were carried out for 4 10° moves.
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moves. The two heat capacity curves are in close agreement 0.4 billion y j""
with one another as well as with that published previously by -42 _ nmmEn f.‘)\' .
Neirotti et al. even in the region of the shoulder due to@he ~  40f % e 202 %0
— icosahedral transformation. However, the agreement is 2 _ 42] S
deceptive as is revealed by comparing with the results obtained g 40 5 10 15 20 25 30
from still longer simulations with averages calculated using the = ] zapiion p, pawmeet
configurations sampled in the moves between ¥.40° and S -42 pRanal ""1'%""1'7;' "2':0 % 30
11.4 x 10° and between 11.4& 10° and 17.4x 10°. For the g '401 34bilion  u nememme
case in which the simulations were started from the global en 42 % " nana™tua R T ;
minimum, the resulting heat capacity curves are nearly identical g 409 S . 14°b‘”‘ 1520 .&2,5& 30
to that obtained by averaging over the configurations sampled a8 _42] o 'orl,_ "/ ol
over 3.4x 10° to 7.4 x 10° moves, as shown in Figure 2. 400 5 10 15 20 25 30
However, in the case in which the simulations were started from ] 5.4 billion Al
the second-lowest-energy minimum, the heat capacity curve R A 1";' 2 25 30
obtained by averaging over configurations sampled in the 7.4 Replica number

x 10°to 11.4x 10° range of moves is much more pronounced Figyre 3. Inherent structures at the end of various-length equilibration
than that reported in Figure 2, whereas that obtained by periods for PTMC simulations of A¢ (a) starting from the global
averaging over moves in the 11:410° to 17.4x 10° range is minimum and (b) starting from the second-lowest-energy minimum.
similar to that reported in Figure 2. These results show that The number of moves in each equilibration period is specified.

very long production runs are required to achieve convergence

of PTMC simulations in the vicinity of th©y, — icosahedral number of low-temperature replicas associated with the global

transformation when starting from ti@, minimum. minimum at the end of the run increases. The spurious low-
Additional insight into the origin of the difficulty in converg- ~ temperature peak in the heat capacity curve in the simulations
ing the PTMC simulations of lsd when starting from theéCs, starting from the second-lowest-energy minimum structure and

minimum can be gained by determining the inherent structures with equilibration periods of less than 3:4 10° moves is a
associated with the configurations present at the end of eachconsequence of the global minimum structure not being
equilibration period. The inherent structures were obtained by adequately sampled in the equilibration runs in the low-
optimizing the structures with the eigenmode-following algo- temperatures replicas. In these cases, during the course of the
rithm17-18 as implemented in the Orient progrdfhFigure 3a production runs, there is a shift in the population in the low-
reports for the simulations starting from the global minimum temperature replicas from minima in the icosahedral funnel to
the energies of the resulting inherent structure at the end ofthe On funnel. This shift in population is responsible for the
various equilibration periods. The resulting inherent structure spurious low-temperature peak @. Although this problem
distributions are similar for various-length equilibration periods, could be overcome by the use of very long production cycles,
with the first 10 replicas (i.e., those for the 10 lowest this is less computationally efficient than using equilibration
temperatures) giving the global minimum and at most 3 of the runs of adequate length.

17-lowest-temperature replicas giving an inherent structure other We next examine the distributions of inherent structures
than the global minimum. Similar results are found for the obtained from the production runs associated with PTMC
inherent structures populated at the end of the production runssimulations starting from both the global minimum structure
for the simulations starting from th@s, local minimum for the as well as from theCs, minimum. Figure 4 shows the
cases of equilibration periods of 34 10° or more moves distributions obtained for the simulations starting from @ig
(Figure 3b). However, in the simulations with equilibration local minima using production runs of & 10° moves and
periods of 2.4x 10° or fewer moves, fewer low-temperature employing various-length equilibration periods. For each simu-
replicas have inherent structure associated with the globallation, every millionth configuration was saved and optimized
minimum at the end of the equilibration runs. In fact, with an to its inherent structure. It is clear from the results reported in
equilibration period of only 0.4< 13° moves only the lowest-  this Figure that the simulations using equilibration periods of
temperature replica is associated with the global minimum only 1.4 x 10° and 2.4x 10° moves are far from converged.
inherent structure at the end of the equilibration. As the  Figure 5 reports the distributions of inherent structures from
production runs increase fromx4 10° to 3.4 x 10° moves, the simulation starting from th®, andCs, minima and carried out
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Figure 4. Inherent structure distributions from PTMC simulations of
Argg starting from the second-lowest-energy minimum. The simulations
were carried out with a production period 0f110° moves and differ

in the length of the equilibrium period. The inherent structures are
labeled as follows:H, E = —41.821,;@®, —41.659;A, —41.630;v,
—41.588; ®, —41.569; and+, >—41.569 kcal/mol. The inherent
structures with energies 0f41.821 and—41.659 kcal/mol are the
global minimum and the second-lowest-energy minimum, respectively.
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Figure 5. Inherent structure distributions from PTMC simulations of
Arsg starting from (@) the global minimum and (b) the second-lowest-
energy minimum. The simulations were carried out with an equilibration
period of 3.4x 10° moves and production runs ofs4¢ 10°® moves. The
inherent structures are labeled as followl, E = —41.821; @,
—41.659;A, —41.630;v, —41.588; @, —41.569; and+, >—41.569
kcal/mol.

for equilibration periods of 3.4« 10° moves and production
periods of 4x 10° moves. The inherent structure distributions
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Figure 6. Heat capacity v§ of Arsg from PTTS simulations starting
from the second-lowest-energy minimum. Equilibration periods ranged
from 0.4 x 10° to 2.6 x 10° moves, and production periods werex1
1 moves for the case of an equilibration period of &4.0° moves
and 0.6x 10° moves in the other four cases.

and reaches a maximum around 18 K. Interestingly, both the
third- and fifth-lowest-energy isomers of Aracquire consider-
ably more population than does the second-lowest-en€igy (
isomer. AtT = 18.5 K, 65% of the total population is associated
with the four-lowest-energy inherent structures associated with
the icosahedral funnel.

B. PTTS Simulations. Figure 6 shows the heat capacity
curves obtained from the PTTS simulations of;Ainitiated
from the second-lowest-energy minimum. The equilibration
periods ranged from 0.4 10° to 3.2 x 10° moves and the
production cycles were either 1,0 10° or 0.6 x 10° moves.
PTTS simulations with an equilibration period as short as 2.0
x 10° moves and a production period as short as 9.60°
moves give a nearly converged, versusT curve, with the
exception being that the shoulder near 12 K is slightly more
pronounced than found from the PTMC simulations starting
from the global minimum. Upon adoption of an equilibration
period of 3.2x 10° moves, while retaining a production period
of only 0.6 x 10° moves, the low-temperature shoulder is
attenuated, bringing it more in line with the results from the
PTMC simulations starting from the global minimum structure.
The more rapid convergence of the PTTS simulations compared
to that of the PTMC simulations may be a consequence of the
broader potential energy distributions associated with the former.

IV. Conclusions

The present study demonstrates that it is much more difficult
to achieve equilibrium in PTMC simulations on thesécluster
when starting from the second-lowest-energy minima than when
starting from the global minimum. Although not discussed in
the text, we have also found that simulations starting from the
third-lowest-energy minimum, which, as with the second-lowest-
energy isomer, is associated with the icosahedral funnel, also
require long production and equilibration periods to achieve
convergence. We anticipate that this is also the case for other
low-energy minima associated with the icosahedral funnel. It
is known from the work of Wales and Dofghat when starting
from an arbitrary structure it is easier to locate @ minimum
than theO, minimum of L%s. On the basis of the results of the
present study, we conclude that it is more difficult to escape
from the Cs, minimum than from theOp minimum. This is

from these two simulations are nearly identical, although, as consistent with the finding of Waled,who, using information

pointed out above, simulations starting from the second-lowest-

energy minimum are not actually converged. The population

on the minima and transition states ok, Xalculated rates for
escaping from these two minima, and is a consequence of the

of low-energy structures associated with the icosahedral funnel O, minimum being associated with a narrow funnel and the
grows rapidly as the temperature increases from about 10 KCs, minimum being associated with a broad funnel on the
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potential energy surface. Thus thesg dluster with the initial (6) Frantz, D. D.J. Chem. Phys2001, 115 6136. o
configuration chosen to be a minimum in the icosahedral funnel _ (7) Tesi, M. C.; vanRensburg, E. J. J.; Orlandini, E.; Whittington, S.

G. J. Stat. Phys1996 82, 155.
should serve as a valuable test case for new Monte Carlo (8) Marinari, E.: Parisi, GEurophys. Lett1992 19, 451,

simulation algorithms. (9) Geyer, C. J.; Thompson, E. A. Am. Stat. Assod995 90, 909.
(10) Pillardy, J.; Piela, LJ. Phys. Chem. A995 99, 11805.
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