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The results of classical and quantum simulations of liquid water over a wide range of temperatures are compared
to probe the impact of quantization on the properties of liquid water. We show that, when treated quantum
mechanically, water molecules have an enhanced probability of accessing nontetrahedral coordination in the
local three-dimensional structure. We discuss how this enhanced probability, also called “effective tunneling”,
is related to the dynamics of the hydrogen-bond breaking and molecular diffusion in the liquid. We explore
in detail how local molecular environments affect the manifestation of quantum effects and identify a previously
unreported and apparently unique behavior of the quantum mechanical uncertainty of the water molecule as
a function of temperature. The nonmonotonic behavior of the quantum mechanical uncertainty with temperature
is shown to be due to the notable strength of the water-water interaction in the condensed phase and becomes
further evidence of the importance of the water structure in the properties of this ubiquitous liquid.

I. Introduction

The unique properties of liquid water remain the subject of
considerable experimental and theoretical attention, including
the relevance of quantum effects. One experimental manifesta-
tion of quantum effects in liquid water is the dependence upon
isotopic substitution as exemplified1 by liquid D2O freezing at
4 °C. According to classical statistical mechanics, H2O and D2O
should have the same equation of state, and therefore classical
simulations with any simple model potential for water will
predict identical structural and thermodynamic properties for
H2O and D2O, in clear contradiction with the experimental
evidence. Furthermore, classical simulations are unable to
reproduce isotopic effects in the dynamical properties.2 Ac-
cording to quantum statistical mechanics, however, the uncer-
tainty principle “blurs” the positions of the hydrogens in H2O
more so than for the deuteriums in D2O and causes the
intermolecular interactions in liquid H2O to be slightly smaller
than in (the more classical) D2O. Quantum mechanics also
dictates that there be an uncertainty associated with determining
the orientation of any water molecule, henceforth referred to as
the quantum mechanical or orientational uncertainty. In this
context (i.e., due to the quantum nature of its protons), water is
a structurally less ordered liquid when studied quantum
mechanically3-8 than the one predicted by classical simulations.
In addition, several authors7,9,10 have reported an increase of
more than 50% in the self-diffusion coefficient in liquid water
at 25°C when quantization is taken into account. In fact, this
large increase of the self-diffusion coefficient, sometimes
referred to as (or to be due to an) “effective tunneling”,10 has
been shown to be even higher at lower temperatures.11

Since structure plays a key role in the properties of water, a
number of simulation studies3-7,10 have tried to address the
question of local structure in quantum liquid water. These
studies, however, have focused only on the limited information

provided by differences between the orientationally averaged
(or spatially folded) radial distribution functions (e.g.,gOO(r))
obtained classically and quantum mechanically. Thus, despite
clear evidence that quantization affects the properties of liquid
water,1-11 this previous work has not provided a specific
explanation for “effective tunneling”, and a full account of this
behavior has remained illusive. A much more complete under-
standing of the changes that take place in liquid water structure
due to quantization can be obtained by examining the oxygen-
oxygen spatial distribution functions (SDFs),gOO(r ). SDFs
incorporate both the radial and angular components of the
interatomic separation vector,r , and hence provide spatial maps
that fully characterize the local three-dimensional structure in
the liquid.12,13

In this paper, we examine simulation results for classical and
quantum liquid water over a wide range of temperatures and
carry out an explicit structural characterization of the “effective
tunneling” in liquid H2O and D2O. We establish the connection
between the changes that take place in the spatial structure of
quantum liquid water and the breaking of hydrogen bonds and
molecular diffusion of the water molecules in liquid phase. In
addition, we perform a detailed analysis of the behavior of the
quantum orientational uncertainty with temperature and uncover
its relationship with the local molecular environment.

This paper is organized as follows. Section II outlines the
details of the simulation methodology we have employed, and
our results are presented and discussed in section III. Finally,
the conclusions are given in section IV.

II. Computational Methodology

The classical simulations were carried out with a standard
molecular dynamics code, and our quantum simulations
were based on the centroid molecular dynamics method14

(CMD) adopted within the rigid body approximation.10,16 A
brief overview of this rigid body-CMD technique is given
below.
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The canonical partition function of a rigid quantum object
(with a large total mass,m, and small inertia moments,Ix,Iy,Iz)
can be written in discretized form as3,5,10

whereP is the discretization parameter

and ΩP+1 ) Ω1. In these equations,I ) x3
IxIyIz, â ) 1/kT,

Γ(Ωk,Ωk+1) is the rotation angle between the orientationsΩk

andΩk+1, U(R,Ωk) is the classical interaction potential acting
on a water molecule, and only the dominant term from the
rotational propagator has been retained. Equation 1 can be recast
in centroid form as10,14,16

where

is the centroid density,Ω0, the average bead orientation (see
refs 10 and 16), satisfies

and Φ is given by eq 2. The CMD method14 is based on the
classical time evolution of the centroid variable on a potential
surface which in this case becomes10,16

Hence, the centroid (classical) equations of motion are integrated
via molecular dynamics with the use of the centroid force and
centroid torque given by

or

and

respectively. The numerical integration of the centroid con-

strained orientational averages in eqs 8 and 9 has been described
in refs 10 and 16.

It is important to emphasize that the CMD method14 generates
the exact thermodynamic averages of the equilibrium properties
(provided that the system is ergodic) as well as very accurate
dynamical information for systems where quantum coherence
effects are negligible. Therefore, results from CMD allow us
to draw the connections between structure and dynamics in a
direct manner. This is to be contrasted with the use of
equilibrium path integral methods (path integral Monte Carlo,
PIMC, or path integral molecular dynamics, PIMD) where no
real time dynamical information is available. Furthermore, as
will be seen in section III below, one can take advantage of the
concept of centroid to analyze the behavior of the quantum
mechanical uncertainty.

The present simulations utilize the rigid TIP4P water poten-
tial.17 This model was selected since it is very well characterized
and has been demonstrated12 to reproduce well the local
environment in liquid water; it was also chosen because of its
computational efficiency. We also remark that in the quantum
simulations presented here the TIP4P interaction potential is
effectively modified by the inclusion of the orientational
uncertainty (see eq 6), and hence its properties (for example its
density maximum) are shifted somewhat relative to those
obtained from classical simulations.18 The classical and quantum
molecular dynamics simulations were performed with systems
of 256 water molecules at constant density. It is important to
note that convergence with respect toP, the discretization
parameter, has been demonstrated. Moreover, the reliability of
the present model and methodology has been confirmed10

through their ability to reproduce the known isotropic ratios of
various properties for liquid water.

III. Results and Discussion

A. The Spatial Structure of Quantum Liquid Water. As
has been discussed above, an unambiguous identification of the
changes that take place in the local structure of liquid water
due to quantization can be carried out with the use of oxygen-
oxygen spatial distribution functions (SDFs),gOO(r ij). The
analysis of SDFs has been used previously in liquid water12

and its solutions13 and has led to a better understanding of the
local structure. Kusalik and co-workers12,13 have clarified a
number of structural questions in liquid water by examining in
detail the oxygen-oxygen and oxygen-hydrogen SDFs at
several temperatures. They have verified the strong tendency
for tetrahedral coordination of the nearest neighbors and
compared their results with the approximate reconstruction of
the pair distribution function from scattering experiments carried
out by Soper.19 Kusalik and co-workers12,13have also identified
an interstitial feature responsible for the additional coordination
in liquid water. Since this interstitial feature joins (bridges) the
second and first coordination shells, it can be considered to be
the consequence of the continually forming and collapsing local
hydrogen bond network and therefore coupled to the mobility
in the liquid.12,13

Figure 1 shows the oxygen-oxygen spatial distribution
function of classical liquid water at 25°C represented at the
isosurfacegOO(r ij) ) 1.4. The figure indicates the first and
second neighbors features as well as the region associated with
interstitial water. It is important to note that due to the existence
of two symmetry planes (the molecular plane and a plane
perpendicular to the molecule that contains the C2 molecular
axis) each feature is only labeled once in Figure 1. A central
water molecule has been included to help in the visualization
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of the local frame. The relationship between the interstitial
coordination and the dynamics in liquid water has been directly
tested within the context of classical MD simulations.13 By
artificially restricting the movement from a hydrogen donor to
an interstitial position the self-diffusion coefficient was reduced
roughly by a factor of 2, providing further evidence of the
important role of interstitial water in water dynamics.

In Figure 2A we compare local oxygen density maps of
quantum and classical liquid H2O obtained at 25°C. We observe
that the first “hydrogen (H) bonded” neighbors, apparent as two
caps over the hydrogens and a single cupped feature below the
oxygen of the central molecule, are shifted slightly to larger
separations in the quantum system but otherwise appear
relatively unaffected. More importantly, in the quantum H2O
result the nontetrahedral (interstitial) feature extends downward
and essentially bridges to the H-bond coordination from below
the central molecule. The existence of this specific region of
higher oxygen density in the quantum system is a direct result
of effective barrier lowering11 due to the orientational uncertainty
of the water molecule. This behavior can also be identified as
“effective tunneling” and is responsible for the enhanced
dynamics observed for quantum H2O in comparison with the
classical liquid.10,11Thus, although quantization appears to have
less influence on the well-known tetrahedral coordination of
liquid water, it does significantly lower the barrier between a

H-bonded neighbor and the nontetrahedral coordination of a
molecule. Consequently, water molecules in the quantum liquid
exhibit a greater propensity to make and break hydrogen bonds.
This result also underlines the importance of nontetrahedral
coordination in the structure and dynamics of water.12,13,15,20,21

In Figure 2B the superposition of local oxygen density maps
for quantum and classical liquid D2O at 25°C are shown. We
note that the classical SDFs in Figure 2A,B are identical as
expected. The penetration of the oxygen density into the low-
probability classical region is less pronounced in quantum D2O
than in quantum H2O (cf. Figure 2A). This result is naturally
in agreement with the smaller quantum mechanical uncertainty
of D2O, in comparison with H2O, as well as the smaller impact
of quantization on the dynamical behavior of liquid D2O.10

As mentioned above, it has already been shown that the
impact of quantization in liquid water increases as the temper-
ature is decreased, especially in the dynamical properties.9,11

For example, the diffusion constant obtained for quantum H2O
at -20 °C is more than 300% larger than the value of the
corresponding classical liquid.11 (Clearly, this result draws into
question the use of classical simulations to study at least some
aspects of the dynamics in low-temperature water.22-24) It is
therefore instructive to explore structural impacts. Focusing on
liquid H2O at -20 °C, Figure 3 compares a selected slice of
the classical and quantum local oxygen density maps. We
observe that the effects are analogous to those seen at higher
temperatures with the nearest neighbor features in the quantum
system displaced slightly toward larger separations. The effective
tunneling in the quantum result is clearly captured in Figure 3
as a distinct bridging region in front of and behind the plane of
the molecule.

It should be noted that whereas the “model” experiments
carried out in this study, where quantum and classical systems
characterized by the same interaction potential are compared,
have no direct experimental analogue, they are nonetheless
extremely useful comparisons since they directly probe the effect
of interest, as illustrated in Figures 2 and 3.

B. The Quantum Mechanical Uncertainty. Let us now
consider the question: “how does the quantum mechanical
uncertainty in liquid water change with temperature?”. A typical
reference on the subject (e.g., ref 25) will state that the quantum
mechanical uncertainty in a particle’s coordinates is expected
to grow as temperature decreases (although this conjecture is
strictly valid only for free or otherwise weakly interacting
particles). Furthermore, it is known that the effects of quantiza-
tion on the properties of liquid water grow as temperature
decreases.11

In liquid water it is the small inertia moments of the molecule
that give rise to the quantum mechanical uncertainty associated
with the orientation of the molecule.3,5,16 The simulation

Figure 1. Oxygen-oxygen spatial distribution function of classical
liquid water at 25°C. The isosurfaces correspond to a threshold of
1.4, that is the enclosed regions have average oxygen densities at least
1.4 times that of the bulk. The central molecule defining the local frame
has been included.

Figure 2. (A) Superposition of the oxygen-oxygen spatial distribution
functions of classical water (red) and quantum liquid H2O (semitrans-
parent blue) at 25°C. (B) Superposition of the oxygen-oxygen spatial
distribution functions of classical water (red) and quantum liquid D2O
(semitransparent green) at 25°C. All isosurfaces correspond to a
threshold of 1.4, that is the enclosed regions have average oxygen
densities at least 1.4 times that of the bulk. The central molecule
defining the local frame has been included.

Figure 3. Superposition of the oxygen-oxygen spatial distribution
functions of classical (red) and quantum (semitransparent blue) liquid
H2O at -20 °C with an isosurface threshold of 1.13. Only the slice
perpendicular to the plane of the central molecule is shown.
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technique utilized in this study10,16 effectively samples the
orientational uncertainty for each molecule at each time step in
the calculation. In such a simulation it is the orientational
centroid (the orientation that corresponds to the average over
the instantaneous quantum probability distribution of the mo-
lecular orientation) that is evolved in real time.10,16As a measure
of the orientational uncertainty we have recorded the average
quantum probability distribution function for molecular orienta-
tions about their centroids, which is given by

except for an irrelevant constant factor. Figure 4 shows examples
of two such functions (where, due to the homogeneity of the
system, an average over all molecules has also been carried out).
It should be noted that the expected Gaussian form of this
quantum mechanical uncertainty is obtained10,16by taking into
account the differential volume element of the rotation angle,
sin2(Γ/2).

According to eq 10, the two probability distributions given
in Figure 4 represent the average quantum dispersion, or
orientational blurring, for an H2O molecule in ice Ih and liquid
water. Clearly, the orientational uncertainty for an H2O molecule
is smaller in ice Ih than it is for liquid water at essentially the
same temperature, suggesting a significant influence from the
local environment on this molecular property. It should also be
noted that (from integration of these quantum probability
distribution functions) the orientational subspace necessary to
account for 95% of the quantum probability is given by an arc
length,Γ, approaching 12°. Alternatively, this value implies that
any vector (such as the dipole or the OH bond) in the molecule
is essentially distributed over a solid angle of about 0.13 rs (i.e.
spans almost 10% of the surface of one octant of a sphere).

We have found that the shape of the quantum probability
distribution functions for the molecular orientation in liquid H2O
systems is essentially unchanged over the temperature range
-35 to 100°C. It is convenient then to use simply the mean
values of these distributions as a comparative measure of the
orientational uncertainty,10 i.e.,〈Γ〉 ) ∫Γp(Γ)dΓ. Figure 5 reports
such average values for the H2O molecule as a function of

temperature. We observe the expected increase in the quantum
mechanical uncertainty in going from 100°C to about 0°C.
However, at this point the temperature dependence inverts and
the uncertainty begins to decrease on further lowering of the
temperature (i.e., in the range 0 to-35 °C). In view of our
earlier discussion, this behavior is unexpected; furthermore, it
may be described as a previously uncharacterized anomalous
property of water. Since no attempt has been made in this study
to reparametrize the TIP4P model for quantum simulations, it
can be expected that the behavior recorded here will be shifted
to somewhat lower temperatures relative to real water.

The behavior observed in Figure 5 appears to resemble the
dependence of liquid water density with temperature. Since these
data have been obtained from simulations11 using experimental
densities, one might suspect that the density is at least partially
responsible for the observed curvature of the orientational
uncertainty. However, Figure 6 demonstrates that the orienta-
tional uncertainty is not significantly affected by changes in
density (at least over the range considered). The potential energy,
on the other hand, does exhibit a shallow minimum at about
1.0 g/cm3, consistent with previously observed behavior in
classical simulations of liquid water.18

It might be suspected that water’s unique structure plays at
least some role in the unusual behavior observed in the

Figure 4. Quantum probability distribution functions for the molecular
orientation of H2O in ice Ih at-38 °C (dotted line) and liquid water
at -35 °C (solid line). These normalized distributions are expressed
in terms of the arc length (rotational angle about an arbitrary axis)Γ.

Figure 5. The average orientational uncertainty of the H2O molecule
in quantum liquid water as a function of temperature (dots). The values
represent averages taken over the appropriate probability distribution
function (as given in Figure 4). Included is a value obtained for ice Ih
at -38 °C (square).

Figure 6. Dependence of the average orientational uncertainty (dots)
and the average potential energy (squares) as a function of the density
of liquid H2O at -35 °C.

p(Γ) )

∫dR∫dΩcFc(R,Ωc)〈δ(Γ -
1

P
∑
s)1

P

Γ(Ωs,Ω0))〉
{Ωk},δ(Ωc-Ω0)

(10)

Quantization on the Properties of Liquid Water J. Phys. Chem. A, Vol. 109, No. 32, 20057239



orientational uncertainty. The impact of the local molecular
environment on the quantum mechanical uncertainty can be
directly probed with a local tetrahedral order parameter. A
convenient choice is the function26 denotedSg, where this order
parameter, 0e Sg e 1, is small for molecules with tetrahedral
(or icelike) arrangements of their four nearest neighbors.
Utilizing this measure within a quantum simulation, the orien-
tational uncertainty can be determined for molecules with the
same (instantaneous) molecular environment according to

where for a system ofN molecules

with Sg(i) being theSg value for moleculei. We have evaluated
this function for liquid water at several temperatures, and the
results at-35 °C are shown in Figure 7. The histogram utilized
for this figure is obtained for molecules with similar environ-
ments, i.e.

From the results shown in Figure 7, it is clear that molecules
in more icelike environments have a smaller orientational
uncertainty than molecules in more disordered (or less tetrahe-
dral) surroundings. This observation was also confirmed with
the results of〈Γ(Sg)〉 versusSg obtained at higher temperatures
that were very similar to the ones shown in Figure 7. Thus, the
diminishing quantum mechanical uncertainty observed for liquid
water with decreased temperatures (Figure 5) is due to the
increasing influence of the molecular interaction potential that
more than offsets the direct effect of lower temperature. In this
case the local molecular structure in liquid water would play a

key role in this behavior, as it does in other anomalous properties
such as the density maximum exhibited by water.12,27,28Clearly,
the results in Figure 7 also explain why the uncertainty of H2O
in ice Ih is smaller than in the liquid at the same temperature
(see Figures 4 and 5).

IV. Conclusions

In this paper we probe the impact of quantization on the
structure and dynamics of liquid water by comparing results of
classical and quantum simulations of liquid water over a wide
range of temperatures. An analysis based on the spatial
distribution functions of classical and quantum liquid water has
allowed us to describe explicitly the “effective tunneling”
behavior in liquid H2O and D2O. We have shown that, when
treated quantum mechanically, water molecules have an en-
hanced probability of accessing nontetrahedral coordination in
the local three-dimensional structure. The relationship between
“effective tunneling”, hydrogen-bond breaking, and molecular
diffusion has also been clarified.

Since quantum mechanics dictates that there is an uncertainty
associated with determining the orientation of any water
molecule, we have explored the behavior of this orientational
“blurring” with temperature. We have shown that the local
molecular environment affects the quantum mechanical uncer-
tainty of the water molecules and leads to a nonmonotonic
behavior. The results presented here are further evidence of the
notable strength of the water-water interaction in condensed
phase and the importance of water structure.

We have provided a clear demonstration of the significant
role quantization of molecular motion can play in the physical
properties of liquid water. Indeed, very recent observations29

of extremely fast loss in the frequency correlation or memory
of structural variations in the hydrogen bond network of pure
H2O, as opposed to much longer correlations in D2O, supports
our prediction of quantum effects enhancing the rotational
motion of H2O molecules. Work is now under way30 to see if
the temperature dependence reported here can be detected in
these experiments.

Finally, we note that results from quantum simulations of
liquid water and ice comparing several water models will appear
elsewhere;31 it is important to point out that the observations
made there confirm the conclusions in this work. Moreover, a
more extensive study of quantum effects on TIP4P ice will also
be described elsewhere.32
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