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GTI—simplex is a new methodology that combines the generalized topological indices and the down hill
simplex optimization procedure to search for optimized quantitative strucfuoperty relationship models
(Chem. Phys. Let2005 410, 343). In this study, the fundamental role of the graph topological distance
inducing a local shell structure on vertexes and a detailed derivation of the GTI-decomposition in terms of
the so-called “geodesic-brackets” , i.e., functions that mix the local shell structure for different vertexes are
presented. Applications of the GFsimplex to a set of physicochemical properties covering those depending
on intramolecular and/or intermolecular interactions are included —Gimplex has showed to be a very
effective methodology for the description of different properties from a unified point of view. No ad hoc
definition for topological index is required to each property as in the traditional use of topological indices or
other molecular descriptors to QSAR/QSPR studies.

1. Introduction The introduction of topological indices for the study of each
o ) ) particular property remains as a heuristic way and each property
The central role that grapttheoretical invariants play in the requires an ad hoc graph-invariant definition.
study of q_uantitative structureproperty rel_ationships (.QSPR) We have developed a general methodology for obtaining
g OPUMZEd opolagical ncce hat combines el
considered as a numerical curiosity only, topological indices optimization methoéf ** and f[he s_o-cqlled ger_\erahzed topo-
have become nowadays a vigorous brar,mh of computationalloglcal !ndex'(C?TI)?S.The.mam objective of this approach is
chemistry? However, the myriad of descriptors and the apparent to obtain optlmlzed Invariants for eac h property u_nder study.
disconnection amohg them make a claim for an underlying T_he great merit c_)f this methodo_lc_)gy 'S that It permits to_s_tudy
: . different properties from a unified point of view deriving
general theory. Previously, serious efforts have been devomdmolecular descriptors, which are optimal to describe the studied

to construct new topological indices. One of these strategies : . 8 .
has been the emplioricalg and semiempirical modificationgof properties and not _by using an aql hoc series of des_crlptors that
could not be optimized for describing such properties.

topological indices, such as the molecular connectivity indices, In thi ) renort the theoretical ts about the GTI
to account for more structural informatién® On the other hand, IS paper, we report the theore |ca“ aspects abou e" )
decomposition in terms of the so-called “geodesic-brackets” and

an approach that allows the optimization of topological indices ) - . -
to improve their performance in QSAR/QSPR studies has also the fundamental role of the graph topolog_lcal distance inducing
been develope®:14 A generalized approach that unifies many a local shell structure on vertexes. This local structure on
of the “classical” topological indices into one theoretical vertexes is the responsible for coding into any GTI the specific
features of the molecular topology present in the molecules.

framework permitting the development of optimal QSPR and Finally, we discuss the application of the simplex method to

S(aseﬁligggi;s}ri?gdi?gg%understandmg of their meaning haSthe optimization of GTIs, permitting us to model four physi-

. . hemical pr ies with a v racy. The properti

Any QSPRIGSAR based on grapheoretical descriptors_ *0ohe1% Peperes it a ey god aucuracy.The roperes
assumes the existence of a correlation between a (molecu_lar OFtramolecular and/or intermolecular forces.
molar) property/activity and the molecular structure described
at a topological level. Although a formal demonstration does
not exist for the above assumption, regression process had show
during decades the validity of it through building analytical  |n this section, the theoretical aspects concerning with the
models, where the linear model is the simplest representdife.  generalized topological indices (GTI) introduced in previous

Basically, within graph-based QSPR/QSAR studies, the works'>~1821 are discussed. Le5(V,E) be a molecular-graph
essential information contained in the molecular-graphs must with |V| = n vertexes andE| = m edges. LeD = (d;j)nxn be
be coded using numerical invariants. Of course, the adequatethe topological distance matrix of the gra@ifV,E). Using the
definition of these invariants is a critical point of the method. kth order geodesic (shortest path) matrix of the gr@pvhose

entries are defined as follows

Ig. Generalized Topological Index (GTI)
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the generalized topological index (GTI) associated with the
graphG(V,E) can be written as follows:

S| _
W/c

n n diam@)

%ZZ kz G el (2)
I=1=1 k=

1

GTI[G] = 2(po P P,

Xo X1 X

where
Cy= ClXoPo) = kpoXOPO(kﬂ) ©)
and each geodesic-brackétlilj(g is defined by
. 1
Wjd = E(Ui Y+ vily) (4)

where

diam@G)
U(Gixy, W) = [W[G] + 8,[G] + Z k' 'NYIGIP, (5)
k=

diam@G)

v(Gi%p,9) = [S[G] + 0,[G] + 22 ke 'N®[G]I™ (6)
k=

and

N¥[G] = n AYIG] (7)
JZ! j

The scalars, X1, X2, Po, P1, P2 W = (W1, Wa, ..., W), ands =
(s1, & - S, form a (X + 6)-dimension real space of
parameters. The first six paramet&gsxi, X2, Po, P1, andp; are
free parameters whereas the paramekeasds are predefined
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Figure 1. Molecular graph labeling for the 2,4-dimethylhexane.

example, by simple inspection of Figure 1, t¥ for the 2,4-
dimethylhexane molecule are

|
W= 0,20+ 2,3+ 2,4+ @,5H 5,60+ B, 70H 7,80

7@ =0,30+ 0,41 2,5 B4 3,60+ @, 7+ [5,80H 6,7
7® = 01,50+ 2,60+ 2,70+ 3,50+ @,83+ 6,8

7™ = 0,60+ 0,7+ 2,80+ [3,60H [3,70)

n®=0,80+ (3,8

ab

The diameter of the graph is a global descriptor and its
presence in definition (10) reveals the dependence of any GTI
on the “size” of the molecular-graph. On the other hand, the
molecular-connectivity relationship among atoms in the mol-
ecule defines the “shape” of the molecular graph. This “shape”
is coded by the so-callegeodesic-bracket&see egs 5 and 6).
The functionsu and v are the generalization of the “classic”
vertex degree notion. Through these functiorsnd v and by
settling thex andp parameters, a pair of weights is assigned to
each vertex in the graph. On each vertex these weights code
the topological environment around it. From the previous
analysis, it is clear that the codification of the topological
complexity of any molecular-graph relies on ti¢®[G]
quantities, defined by eq 7. The currerdandp real parameters
are responsible for the connection of this topological graph-
complexity with the physicochemical property. From any
distance matrix, it is very easy to obtain theX[G]. For

quantities that could permit one to introduce a priori nonequiva- example, the process for the 2,4-dimethylhexane molecule (see
lency of the atoms in the molecule (i.e., the presence of Figure 1) reads as follows:

heteroatoms in the molecule). The quandifyG] is the classic
degree of théth vertex in the graplt, whereas the quantity
NiM[G] is the number of vertexes at distankdrom the ith
vertex. For simplicity, whenv = (0, O, ..., 0)= 0 ands = (0O,

0, ..., 0)= 0, the following compact symbol
0

) :(po Py pz)
0/c Yo X1 %6
is used in order to abbreviate the notation. Now, by the
introduction of the following definition

(po P P, ®)

Xo X1 X

1 n n )
1UIG1 =23 3 B IC] ©)
1=1)=
eq 2 can be written in the following compact form:
diam@)
(10)

GTI[G] = cr¥G
[G] k; 1[G

Equation 10 shows that any GTI can be separated in terms of

the contributions of pair of vertexes at the same topological
distance in the graph. Eaef) term defines the contribution to
GTI of all those interactions due to the pairs of vertexes
separated at distandein the graph. These contributions are
scaled by two real parameters through @ecoefficients. For

d[12345678 .
1

101223445 .

N
2010112334 112345678
321023445 = 1 (13123121
421201223 2 121242221
5032310112 Kk 3 |12112212
6143421023 4 121200221
7143421201 5110100002
854532310

Within the GTI method, thé\¥[G] quantities are the basic
units of information describing the graph-topology associated
with molecules. So, the distance matrix has a central role in
the present theoretical approach. For a given distante set
of all N\¥W[G] defines ak-shell structure centered on tlih
vertex. For example, thieshell structure on the vertex 4 of the
molecular-graph for the 2,4-dimethylhexane (see Figure 1) is
shown in Figure 2. Every vertex in the graph has its shell
distance-induced coding locally the topological global features
of the graph.

3. GTI—=Simplex Methodology

The methodology used here is the same reported in a previous
work .21 By the combination of the GTI approach and the simplex
optimization method, which is described below, a general
methodology for obtaining optimized GTI has been developed.
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TABLE 1: Selected Properties of Octane Isomers

octane isomeps CAS

- "7 "" registryno. P P, P Py
1 8 111-65-9 —208.4 39.194 41.48 398.8
2 2m7 592-27-8 —2155 39.234 39.68 390.8
3 3wm7 589-81-1 —212.6 39.102 39.84 392.1
4 4AM7 589-53-7 —212.1 39.119 39.68 390.9
5 3E6 619-99-8 —210.9 38.946 39.65 391.7
6 22MM6 590-73-8 —224.7 39.255 37.30 380.0
7 23MM6 584-94-1 —213.9 38.983 38.79 388.8
8 24MM6 589-43-5 —219.4 39.132 37.78 382.6
9 25MM6 592-13-2 —222.6 39.261 37.87 3823
P 10 33MM6 563-16-6 —220.1 39.011 37.54 385.1
N —— 11 34MM6 583-48-2 —213.0 38.864 38.98 390.9
Figure 2. Distancek-shell structure on vertex 4 of the molecular graph 12 23MES 584-94-1 —211.2 38.838 38.53 38838
for the 2.4-dimethylhexane. 13 33MES 563-16-6 —215.0 38.719 37.99 391.4

14 223MMM5 564-02-3 —220.1 38.927 36.93 383.0
15 224MMM5 540-84-1 —224.1 39.264 35.15 3724

_ . 16 233MMM5  560-21-4 —216.4 38.764 37.23 387.9
LetIT = {m, 7, ..., g} be a set of any physical-chemical 77 53)yvs  565.75-3 —217.4 38.870 37.71 386.6

property data for a collection of molecules represented by the 15 2233MMMM4 594-82-1 —225.9 38.63% 35.19 379.4

setG = {Gy, Gy, ..., Gg} of molecular-graphs. In this section, o
a P, standard heat of formation in the gas phase (kJ/rRgl)molar

the Conpept of GTI wil be.used for obtaining a general linear refraction (cni/mol). Ps: standard heat of vaporization (kJ/mdby:
regression procedure that fits the property data and the molecular ;.- boiling point (K). Data were mainly taken from ref M
graph structures. In what follows, the study will be restricted methyl. E: ethyl.c From ref 27.

to the six-dimensional parameter subspace formed by all 6-tuples

(X0, X1, X2; Po, P1, P2); i-e., we will consider GTls of the form 4 Results and Discussions

shown in (4) only.

Let Q be the following scalar function In this section, we apply the GFkimplex methodology to
a set of four properties for the eighteen octane isomers: standard
Q=1- |RGTI[G] < II)| (12) heat of formation in gas phase (propeRy), molar refraction

(propertyP5), standard heat of vaporization (propeRy), and
normal boiling point (property,). Table 1 shows the values
used as the input data in the present work. Data were taken
from Kier and Hall*® except one taken from CRC Handbobk.

where the symbo| -| means the absolute value aR@A<>B)
denotes the linear correlation coefficient between datnd
B. By hypothesis, it is assumed the existence of a 6-tuple that

minimizes the six-dimensional scalar functi@Now, to find The goal to chose the above properties consist of covering

the minimum (local or global) of the functio®, we used the properties dgpendlng on the mtramolecular forces (the first two)

so-called downhill simplex method of optimizati#25 The and properties depending on the intermolecular forces (the last
main goodness of this method is that it requires only function ™). On the other hand, octane isomers represent a challenging
evaluations, not derivatives. data set for QSPR models using topological descrigfotin

this case the descriptors cannot account for the effect of
molecular weight on the physicochemical properties studied and
the QSPR models are not “falsified” by this effect. At last but
not least we have selected this set of molecules as the simplest
representative of organic molecules. It is straightforward to
realize that the results obtained for these data set can be extended
to other series of molecules in a similar way as the topological

A simplexis a geometrical object consisting of+ 1 points
and all their interconnecting line segments, wherés the
number of parameter to be optimized. The downhill simplex
method starts from an initial simplex. Then, by successive
reflection, expansion, and contraction operations, the algorithm
moves the simplex in the direction of the best point (minimum).
izvlircaaludcﬁfzrlggglstna;mge iﬂﬂ;ﬁaﬁiﬁ q: Ez(:;:?e%rg%tgsifggy indice.s, first tested for alkanes, have been extended to the whole
about this method and its implementation on computers can beCnemistry.
found elsewherg® After optimization process and using the notation in (4), any
GTI—simplex model can be written in the following standard

All the previous ideas (generalized topological indexes, linear form

correlation function and downhill simplex method), have been
coded in a computer program termed GEIlmplex where each
simplex involves seven 6-tuples of the form, (X1, X2; Po, P1, P[G] = A+ B x }(po Py pz) (13)
p2). Each 6-tuple defines a GTI response point and-&liplex 2\% X1 %

explores the GTI space to find a minimum of functin.

Two important constrains on the simplex optimization whereA andB are linear correlation constants that connects
procedure should be imposed for negative values of the the graph-theoretic approach with the physicochemical property
parameters:xg, X1, Xo. First, forxy < 0 the real parametgy under study. Table 2 shows the results obtained for the four
only adopts the discrete values &1, +2, .... The second  selected properties of the octane isomers. For comparative
constraint is less restrictive than the first. From eqs 5 and 6, purposes, Table 3 shows the use of the well-known Wiener
some continuum intervals of negative values for the parametersindexé® and Randidndex! to model the same four properties.

x; and x; are compatible with noninteger values of the The stability of the models was studied by cross validation
parameterp; andp,. By a trial and error process, these intervals experiments using the leave-one-out approach. Every time the
are easily found. Then, the simplex algorithm works within these GTI parameters were reoptimized for every new data in which
intervals under the boundary conditigh= 1 for pathological one structure was hidden, and this hidden datum was predicted
cases (fractional power of a negative number). using these new parameters.
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TABLE 2: Statistical and Linear Regression Results for the description of molecular branching relays on the “diversity” of

Four Selected Properties of the Eighteen Octane Isomers graphs with the same diameter. Therefore, topological indices

g%%wgeng\IN;S'mplex Optimization Process (Parameters capable of describing very accurately this “diversity” are the
candidates for building a good theory about the application of

P1 P2 Ps Pa graph theory in chemistry.
A 396.0 8.262 61.97 —36.52 The distance-induced shell structure on vertexes is given for
B —3.855 0.3922 —0.00581 707.7 . (K .
R _0.973 0982 0,995 0.990 each graphG by the quantitiesN®[G], i.e., the number of
s 1.242 0.038 0.170 0.891 vertexes at distanck from theith vertex inG. Every graph
CVR 0.965 0.945 0.991 0.987 defines a distributiolN;®W[G] on its vertexes, intrinsic informa-
Cvs 1.357 0.062 0.224 1.009 tion contained in the graph distance matrix. It is clear that within
Xo 0.0577 0.0899 0.8111 —3.2223 the present theoretical framework these distributions of non-
X1 0.8110 1.0773 0.6919 0.7537 L -
%o 12971 0.6130 -0.0643 0.7537 negative integers on a sample of graphs are the responsiblity
Po 0.7247 1.4349 0.7205 —~1.0000 of the “fine” graph-based description of any physicochemical
P 1.2374 0.3031 1.6555 —0.4998 property.
P —0.0379 0.7144 1.9503 —0.4998 Figure 3 shows the plots of each selected property for octane
aA: intercept.B: slope.R: correlation coefficientS standard isomers vs its optimized GTI (left-hand side) and the plots of
deviation. CVR: cross-validated correlation coefficient. CVS: cross- the average values of the current optimized GTI for graphs with
validated standard deviation. the same graph diameter vs the diameter (right-hand side). In
TABLE 3: Statistical and Linear Regression Results for the these plots, the dispersion on the average values has been
Four Selected Properties of the Eighteen Octane Isomers included with 95% of confidence-Student distribution).
Using the Wiener Index (W) and the Randic Index ()2 The analysis of all plots in Figure 3 clearly shows a common
P; P, Ps P behavior, that is as follows: any increase in the graph diameter
W A —2453 37.42 24.06 351.1 produces an increase in the value of the property. However,
B 0.4094 0.0227 0.2031 0.5138 the plots of the dispersions of the average GTI vs diameter
R 0.5066 0.7385 0.8200 0.5423 exhibit a relevant difference between those properties depending
S 4.6501 0.1385 0.9462 53123  gn the intramolecular forces from those depending on intermo-
CVR 0.3335 0.6610 0.7798 0.3824 lecular forces.
CVS 2.4299 0.1190 0.8320 2.9845
% A —314.7 37.52 4.381 275.5 Let us concentrate our analysis on graphs with diameters 4,
B 26.84 40.85 9.272 30.54 5, and 6, which are the only subsets with any possibility of
F; 2-gggi 8-?322 8-2?2}1 g-g%gg “diversity” in the current sample. For all properties the
CVR 0.8195 —0.1234 0.9373 0.7480 “diversity” in graph is the same but the relative dispersion on
CcVS 2.6939 0.0660 0.5655 3.6744 the plots in Figure 3 vary from one case to another. On one

hand, th imization pr for the proper nd P.
aA: intercept.B: slope.R: correlation coefficient.S standard and, the opt ation process for the propertigsand Py

deviation. CVR: cross-validated correlation coefficient. CVS: cross- reduces drastically the dispersion for gr_ap_hs from diameter 4
validated standard deviation. through 6. On the other hand, the optimization process for

properties?; andP, maintains practically constant the dispersion
for graphs with diameter 4 through 6, this is particularly obvious
for the propertyP,. What do these dispersions try to tell us
about the discriminative power of any GTI for recognizing

From Tables 2 and 3, we observe three remarkable facts. First
GTI—simplex method is a very effective methodology for the
description of different properties from a unified point of view. molecular branching?
No ad hoc definition for topological index is required for each o ) ’ . .
property as in the traditional use of topological indices or other _aving in mind that the number of octane isomers with
molecular descriptors to QSAR/QSPR studies. Second, thediameter 4 is 6, with diameter 5 is 7, and with diameter 6 is 3,
improvements in the correlation with respect to the “classical” the intimate relationships between the dispersion on plots and
indices are quite remarkable. For instance, the relative percent-th€ molecular branching are obvious. In fact, prop&ys the
age of improving irR for the propertie®y, Py, P3, andP, are, he_at of formation, a pr_operty strongly _bond-addltlve. Thus, for
respectively, 92%, 33%, 21%, and 83%, compared to those this property, the particular topology is less relevant than the
correlations obtained using the Wiener index. On the other hand,"umber and type of bonds broken or formed from a reference

the relative percentage of improving fifor the propertie$s, compound. Propertf; is the molar refraction, a property that
P,, Ps, and P, are, respectively, 14%, 190%, 4%, and 20%, represents the volume occupied by the molecules per unit mole.
compared to those correlations obtained using the Ramadix. So, this is a property closest to the molecular “size” than to the

Finally, the cross-validation experiment using the leave-one- molecular “shape” . Properti¢% andP,, the heat of vaporiza-
out technique shows that this regression models are very stableion and boiling point, respectively, are strongly dependent on
to the inclusior-exclusion of data points, which is indicative  the intermolecular forces, i.e., they depend on the electric field
of the lack of overfitting for these models. surrounding the molecule, where the lack of homogeneities in
In the section 2, we discussed the central role of the graph the field are extremely relevant in defining the current value
diameter and the distance-induced shell structure on vertexeson the property. Thence, the extreme increment in the dispersion
for defining the GTls. Of course, the graph diameter is a relevant on plots when the “diversity” is high is a direct consequence of
descriptor for the molecular branching, i.e., any decrease in thethe fact that during the optimization process, to obtain a good
graph diameter means to pass from less starlike to more starlikefit between the property and the index, the G&8implex
graphs. A star wittN vertexes,S n-1, is a graph having one  algorithm recognizes the main role of the branching on the graph
central vertex with degreld — 1 andN — 1 vertexes with degree  sample for thes®s; andP4 properties. A more accurate analysis
one. Examples are propan®, ¢), 2-methylpropaneg 3), and for the case of propertly; indicates that the corresponding GTI
2,2-dimethylpropane g 5. However, the complexity in the is sensitive to molecular branching too. This is because we are
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Figure 3. Plot of each property vs its optimized GTI (left-hand side plots) and plot of the average values of the current GTI for graphs with the
same diameter vs the graph diameter (right-hand side plots). The 95% of confitt&tedgnt distribution) has been included to show the dispersion
about each point due to the graph branching effect.
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considering heat of formation in the gas phase, and a vaporiza-connected together, and the theory applies no matter what these
tion process is implicit. “things” might be.”33
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development of QSPR/QSAR models using grafiteoretical
molecular descriptors. This approach, named -GSiinplex,
represents a unifying framework that avoids the ad hoc use of
topological indices in a nonoptimal way to describe physico- (1) Randi¢ M. In The Encyclopedia of Computational Chemistry
chemical o biological properties. Instead, GBimplex finds - S1EYer 7 R Aloer I &, et T Cosiger, . Looman. 75,
the optimal descriptor for each property by optimizing several p 3018.

parameters that describe the global and local topology of aD (ﬁégc’f"'é’gfgﬁg'r?dfe? aggsR%%t%% Eiiﬁrié’ﬁifci? %%Asiee%n:mqgggl
molecule. The advantages of this approach are not only those¢€V'ers, /., ba AL, EAS : ' :
_related to the practical resu_lts obtained by using it, i.e., the great 8; ﬁgg::gﬂ:: ti%@f&iﬂ?&éﬁ%é&gﬂm

improvement of the quality of QSAR/QSPR models. This (5) Pogliani, L.J. Phys. Chem1995 99, 925.

approach encloses several of the most important topological ~ (6) Pogliani, L.J. Phys. Chem199§ 100, 18065.

indi ; ; ; ; ; (7) Pogliani, L.J. Phys. Chem. A999 103 1598.
indices into one graphtheoretical invariant, which open new (8) Pogliani. L.J. Phys. Chem. 200Q 104 9029,

possibilities to generalize and interpret this type of molecular  (9) Randic M.: Mills, D.: Basak, S. Clnt. J. Quantum Chen200Q
descriptors as a whole. As we have shown here, this approachso, 1199.

also permits a clear structural interpretation of the QSAR/QSPR &(1); SZR%}C I\'\;I' “;%V%Jécaiméﬂg%ﬁflgm Wt S@001 41 631
models devgloped using it by means of th§|r decomposmpn into (12) RandigM:; PomBe: M. Chem. Inf. ComBut: S@001. 41: 575,
the geodesic brackets. These results point to the direction that (13) Randic M.; Basak, S.J. Chem. Inf. Comput. S001, 41, 614.
a generalized approach to the topological description of mo-  (14) Pompe, MChem. Phys. LetR005 404, 296.
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