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We investigate thermal conduction described by Newton'’s law of cooling and by Fourier’s transport equation
and chemical reactions based on mass action kinetics where we detail a simple example of a reaction mech-
anism with one intermediate. In these cases we derive exact expressions for the entropy production rate
and its differential. We show that at a stationary state the entropy production rate is an extremum if and only
if the stationary state is a state of thermodynamic equilibrium. These results are exact and independent of
any expansions of the entropy production rate. In the case of thermal conduction we compare our exact
approach with the conventional approach based on the expansion of the entropy production rate near equilib-
rium. If we expand the entropy production rate in a series and keep terms up to the third order in the devia-
tion variables and then differentiate, we find out that the entropy production rate is not an extremum at a
nonequilibrium steady state. If there is a strict proportionality between fluxes and forces, then the en-
tropy production rate is an extremum at the stationary state even if the stationary state is far away from
equilibrium.

I. Introduction The steady state of an open system is therefore its state of

The entropy production rate in an irreversible process is a MaXimum thermodynamic efficiency.”
measure of the dissipation in that procésspopular ‘principle’ In earlier work we presented a critique of the restated
in the literature is that if a stationary state is close enough to Versior? of the principle of minimum entropy production rate.
equilibrium, then the entropy production rate has an extremum The principle was shown to be based on a mathematicalerror
at the steady stafeThis ‘principle’ is mathematically correct ~ due to the unrecognized noncommutativity of two operations:
if the relation between the thermodynamic fluxes and forces is 1. the differentiation of the entropy production rate to obtain
strictly linear and the matrix of proportionality coefficients is ~@n extremum and 2. the approach close to equilibrium. If 2. is
symmetri@ (“Stationary non-equilibrium states have the im- done first, as in ref 5, then the principle is obtained; if 1. is
portant property that, under certain conditions, they are char- done first then the principle is false. This critique was contested
acterized by aninimum of the entropy productipnpompatible ~ in ref 6 but this work was shown to be without mefit.
with the external constraint imposed on the system. This Nonetheless references to this principle appear regularly, the
property is valid only if the phenomenological coefficients are ©riginal critique being unknown or neglected.
supposed to beonstants ?). Later on, Glansdorff and Prigogihe In this paper we go a step further: instead of using approx-
restated the theorem with the thought that close to equilibrium imations based on series expansions, we present exact solutions
the proportionality between fluxes and forces becomes nearly of the entropy production rate for two empirical laws of thermal
true (“It is easy to show that if the steady states ostifficiently conduction and for chemical reactions obeying mass action
close to equilibrium states they may be characterized by an kinetics. In the case of thermal conduction with Newton’s law
extremum principle according to whighe entropy production of cooling, we show, without any approximations, that the en-
hasits minimum value at the steady-state compatible with the tropy production rate in a stationary state is never an extremum,
prescribed conditions (constraints) to be specified in each whether that state is far from, or close to, equilibrium; an
case.®). Unfortunately this incorrect statement has been repeatedextremum occurs if and only if the stationary state is a state of
many times, especially in connection with biochemical and thermodynamic equilibrium. This result is extended for non-
biological applications. There is a tendency, especially in uniform systems, described by Fourier's transport equation.
biochemistry and biology, to present the principle of minimum We also study the connections between the exact method
entropy production in even vaguer terms, as a fundamental lawintroduced in this paper and the expansion approach. We expand
of nature, which is supposed to be valid for any evolution the entropy production rate in variables that are small for
equations, which is not correct. For example, Voet and Yoet, systems close to equilibrium. If we first differentiate the entropy
in a widely used text, mention that “llya Prigogine, a pioneer production rate and then keep only the lowest order terms in
in the development of irreversible thermodynamics, has shown those variables, then the extremum is not at the stationary state,
that a steady state produces the maximum amount of useful workregardless of how close the system is to equilibrium. If, however,
for a given energy expenditure under the prevailing conditions. we keep in the entropy production only the lowest terms in these
variables, all square terms, and subsequently differentiate, then
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between fluxes and forces, then, and only then, the entropy o(Ty) = AK(T, — T,)%2IT,T, (6)
production rate is an extremum at the stationary state. This
requirement does not hold in general for transport processes or T2

. L . ’ S . d AKT, — T,
chemical kinetics without making approximations. We provide _TU(Tsr) =_ - Z (7)
two examples of thermal conduction for which such propor- d IT,T(T; + T
tionality is assumed to hold. ) )

We also consider a general formulation of chemical reaction Thus the entropy production rate is never an extremum at the
rates based on mass action kinetics. We write the entropy Stationary state, nelthgr close to nor far from .equmbnum; itis
production rate and evaluate its differential. The differential of an extremum at a stationary state if and only if the system is at
the entropy production rate is made up of two additive terms: €quilibrium, atT, = T,. The entropy production rate has an
the first term is always zero for a steady state, whereas the€extremum, which is a minimum, fOfexr = /T, T,. SinceTs; —
second term is in general different from zero. For an example Texy = (ﬁ - @2/2 > 0, Ty = Ty, it follows the extremal
we take a reaction mechanism with a single intermediate andtemperatureleyy iS lower than the stationary temperaturg
show that the entropy production rate at the single stationary We notice that the dimensionless ratio
state of this system is never an extremum, except at chemical
equilibrium. ’ o(MIT ] _1-0 @®

. . do(T)/dT]r=,
Il. Exact Solutions for Thermal Conduction

A. Newton’s Cooling Law. We consider an example of IS Positive for any nonequilibrium steady staf® ¢ To). At
thermal conduction, which we shall analyze exactly, without €auilibrium Ty = Tz = Teg) this ratio is zero
approximations. We consider a macroscopic, homogeneous o(T)IT ] [T—Te

system, with cylindrical shape of lengthand cross-sectional =

areaA, at temperaturd, which generally is time-dependent. do(M/dT)7—r, [T+ Te
The system is in interaction with two thermal baths which are 9)
maintained at two different constant temperatufigsand T,
respectively; we assume, without restriction, that- T,. The

entropy production rate is
T.-T T.-T and the corresponding to thermodynamic forc&%1; once
o= Alk— .1(1 — l) + Alk—2 .1(1 — l) = again, the flux is not proportional to the force. By inserting the
L N\T Ty I N\T T, flux J = — kVT into the balance equatiqre(3T/dt) + V-J =
0 we obtain the Fourier law

& =0, forT,=T,=T,
T=T,,

B. Fourier Equation. By extending Newton’s cooling law
to a continuous distribution of temperatures we obtain Fourier’s
law of heat conduction. The heat flux is given by= — kVT

%[TZ(Tl +T,) — 4T, T, T+ T, T,(T, + T,)] = 0 (1)

v /ot = AV2T (10)
Here the heat flux is) = KAT/l = €AlpcAT, the conjugated
force is A(T ~ 1)/I, k is the thermal conductivityg is the
mass specific heat capacity of the system, which is assumed
to be constantp is the density of the system, which is also
assumed to be constant, amd= k/(ocAP) is the rate of
temperature decay. Note that the flux is not proportional to the
force. The transport equation of the process is a combination
of two Newton’s laws, which describe the interaction with the Jo = —kVT(r) (11)
two thermal baths

wherel = k/pc is the thermal diffusivity. Fourier’s law is the
continuous analogue of the Newton’s cooling law. A simple
constraint which leads to the evolution of the system toward a
nonequilibrium steady state is to impose a constant heat flux
on the systend = Jy, constant. The stationary distribution of
temperaturéel(r) can be obtained by solving the equation

with suitable boundary conditions. In particular, for unlimited

IApC%— - k(Tl | T) + k(T2 | T) (2)  space
Tolr) = To(rg) = Jor(r — ro)/k (12)
The solution of eq 2 is
where To(rg) is the stationary temperature at the reference
T(t) = T+ [Ty — Tl exp[—2¢t] 3) positionro. ForJo = 0 there are no constraints, and the system
evolves toward a state of thermodynamic equilibrium character-
where the relaxation rate iss 2= 2k/(pcAP) and Tt = (T1 + ized by a uniform temperaturBq = To, constant. Otherwise,
T,)/2. For long timest > > 1/(2), the system reaches a for a nonequilibrium steady state at least one of the components
stationary state for which of the flux Jo = 0O is different from zero,|Jo| > 0 and the
stationary temperature varies with position.
ImT=T,= (T, + Ty)/2 4 The entropy production rate for the whole systerfif(r)],
e which is a functional of the temparature fi€ldr), is given by
The derivative of the entropy production rate with respect to [VT(r)]Z
temperature is given by o[T(N] = [I-VT ldr =k [ Wolr >0 (13)
r
2
ETO(-D = AKT T21T2)(T1 + ) (5) To check if the entropy production rate has an extremum for
d IT°T,T, the stationary state corresponding to a constant heatlflwe

evaluate its functional derivative with respect to the temperature
and at the steady stat& & Tg) we have field:
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S 1 wherekg is Boltzmann’s constant. We notice that the entropy
6T(r')O[T(r)] =2 [ (ﬁ(vra(f = 1) (VInT(r)) — production rate does not depend directly on time, only on
concentrations. The differential ofa,x) can be easily evaluated
orr—r’) 2 Ty VT by using the expression 19 for the forward and backward rates
BON (VInT(r))7)|dr = 2K ) - )2 (14) of the reaction 18. After some computations we come to
S S
For a stationary statéTs(r)/ot = 0 and the Fourier eq 9 9 o
reduces to a Lapl);ce equ:(ti())n ! doax)= ) olnx, o(@ax) = Zru(a,x)é Inx, +
U= 0 In Xu =
S

VAT(r) =0 (15) Z.(J/}’u(a,x)é Inx, (21)

We insert the stationarity condition 11 into egs 13 and 14 and
use the Laplace eq 15, resulting in wheref(a,x) are the net reaction rates of the specigsi =

1,...
o ll= 2 i:{zoif""":o (16) > .
Tk 1701 =0 @ = 316 (@)~ @0~ ) (22
and "
and
o 2|3/ {=0if 134/ =0
=0 Tse=——==1>0i - @7) R re (ax)
OTE) ™ T eyt L Ol =0 4ax) = 3 155 (@00~ oty @0l (23)
& o (8)

that is, the entropy production rate for the whole system is an

extremum if and only if the stationary state is a state of Npotice that for a steady state= x° the net reaction rates of

thermodynamic equilibrium. the active specieX,u = 1,...S are equal to zerd,fa,x) =
In conclusion, in this section we have shown that for a thermal 5, = 1 ...S, and the sun} fu(ax)olnx, in eq 21 is equal to

conduction law described by Newton’s cooling law the entropy ,ero. The second sui.4(a,x)o In x,, however, is in general

production rate is an extremum if and only if the system is at gjfferent from zero; as expected, it is zero at thermodynamic
thermodynamic equilibrium. This conclusion can be easily equilibrium, where detailed balance!((ax) = r. (ax))
extended to space-dependent systems, described by Fourier's,jqs ' W W

equation. These results are exact and not based on any series For. reaction systems of the type
expansions. Nevertheless, the study of the connections between

the exact method and the expansion approach will clarify the vA=Xv, vX=1B (24)

physical meaning of our conclusions. For details, see section

V. where all reaction rates are identi¢gl = k; = kit is easy to
show that the terny ,“34(a,x)o In x, is zero if and only if the

Ill. Chemical Reactions system is at thermodynamic equilibrium. This counterexample

is sufficient for invalidating the minimum entropy production
rate principle. There is a single physically significant stationary
state for which

We consider a general network of elementary reactions which
obey ideal mass-action law kinetics

> + > + > - > - t 1 v v e

> LAT S A S G At S FuX, (19) x=x'= {3l + 01} @5)

u= u= u= u=

Fora = b the stationary state is a nonequilibrium state, and for
a = b = x* the stationary state is a state of thermodynamic
equilibrium. The variation of the entropy production rate at the
steady statex = x%tis given by

where the forward and backward extensive reaction rates are
given by

S S
=+, =+,
fu@x) = VK[ @™ Ao (a9) . (@ + )7
= = do(abx) = In xSt)VkakE[(a)” + (b)"]In T)
HereA,u=1,...S, are stable species whose concentrat@ns (26)
=1,...S are kept constant by interaction with a set of reservoirs
connected to the system, which act as buffers and= 1,...5 From the algebraic inequality
are reaction intermediates with variable concentrations=
1,...ScandV is the volume of the system. The system can be [(a)" + (b)) 1fora=Db
kept away from equilibrium by controlling the concentrations a3y - { >1fora=zb (@7
a,u = 1,...5, of the stable specie&,u = 1,...S.
The entropy production rate can be expressed in the following it follows that
form (see Appendix A)
do(a,bx®) [ofora=b
R . B My (3.X) S5 Insct _{> Ofora=bh (28)
o(ax) = kBZ[rW (@ax) —r, (@x)]in >0 (20)
W=

Iy (@x) and thus the entropy production rate has an extremum if and
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only if the system is at thermodynamic equilibrium. For If we neglect the terms?[(67)?] in eq 35 ((d1)] in
nonequilibrium steady states, no matter how close to equilib- eq 34), it follows that the entropy production rate has an
rium, the entropy production rate does not have an extremum. extremum at

IV. Connections with Prior Work (ODexr =012, 0r Toyy = Ty = (T, + T)/2 (36)

In this section we try to make a connection between ourexact hat is at the stationary state, in contradiction to the exact
approach and prior work based on the use of expansions an . - -
o - . . solution, eq 7, in section Il.A.
approximations. We also consider alternative models derived

from linear nonequilibrium thermodynamics. For simplicity we The error which leads to the invalid principle of minimum
4 ; y ’ plicity entropy production rate comes from first approximating the
only study thermal conduction

A. Expansions and Approximations. Now we consider entropy production rate to_Io_vvest order in deviatior_1 from
again the discrete problem of thermall conduction studied in equilibrium and then differentiating to find an extremum, instead
section ILA but make approximations; when and where the of the reverse procedure: The reverse procedure I.eads to t_he
approximotions are made is crucial ’ same result as thqt ob.talned from tho exact solution, that is

We introduce two new variables : without any approximations or expansions. _

B. Alternative Model To Newton Cooling. We stated in
T, =T, (1+0), T=T,1+ ) (29) the Introduction that if there is a strict proportionality betvyeen

1 2 ’ 2 T a flux and a force, then the entropy production rate is an
extremum at the stationary state. As an illustration of this point
consider another example of thermal conduction carried out as

temperatureT from the steady-state valuB. If the entropy discussed in section Il.A. Now we assume the validity of linear
production rate is a quadratic function s, we expect that it noneqolhbnlum thhermooynamc;cfs, that *IlS/I the heat flis

is an extremum at the steady state. However, we start bypropomona to the conjugated forde(T )

considering a higher-order approximation égrsay, up to cubic

where 6 is a measure of the deviation of the system from
equilibrium, anddt is a measure of the deviation of the

terms J=yA(T Y/ (37)
wherey is a phenomenological coefficient. The entropy produc-
_ Ak 0% — 2001 + (2 + 0)(07)° _Ak tion rate is
= =—16°— 200, +
I 1+0)(1+ 0y | U1 1\e U1 12
201 = 0%+ %01+ 007 — 200771 + C1(07)] (30) o= A'%[T(f B ?)] * A'X[T(T - T:)] = G
and differentiate with respect @r we obtain We differentiate eq 37, resulting in
Do =RM26 + 45, + 67 + 200, — 6(07) + O[(04)] do_ _amyl 11 1 39
% | dT 2T 2T, T (39)
(31) IT 1 2
which at the stationary statey)s; = 0/2, is and thus the entropy production rate has a minimum for
K _KAG ., _2hTs
86T0((6T)ST) - 2| 0° + 0[(6)3] (32) Textr_ Tl + T2 (40)
and definitely not zero. Although we assume the validity of linear nonequilibrium
The ratio thermodynamics, the evolution equation for the temperature is
nonlinear
[—0(6T) ] =1>0 (33) dT_yf1 1)\, g1 1
P al _X[2 _ ) X+ _ -
do(d+)/do+ 8=, IApc at I(T Tl) + I(T Tz) (42)

is not zero, regardless of how close the system is to equilibrium. Eq 41 is a nonlinear equation which can be solved analytically.

baths are identical, we have = T, = Teq, 6 = 0, and the
system tends toward thermodynamic equilibrium for whigh Tt — T,
= (07)eq = 0 and{ a(d7)/[do(07)/dd1]} sr—0 = O, a result which T(t) = Teue + [To — Texed €XP|— ———] EXP[-At] (42)
is consistent with eq 9.

If we approach conditions close to equilibrium, that is
keep only square terms ihanddr, then the entropy production

rate is A= 2¢1(PApC(Toy)?) (43)

extr

where

k
o= TA[éz = 2007+ 2(07)%] + O[(67)]] (34) is an effective decay rate. From eq 42 it follows that for large
times,t > 1/4, the temperature tends toward a stationary value

which upon differentiation with respect tby leads to Tst which is the same as the extremum temperafie
3 2T, T,

— g = & — { 2 I = = =
750" 20, - 8] + L0+ (35) imT =Ty =Tew =157, (44)
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Due to the proportionality of the flux to the force there are and
only ‘square terms’ ilPAT ~Y/I in the entropy production rate
and at the stationary state the entropy production rate is an
extremum. In, and only in, such cases the principle of minimum
entropy production rate holds.
_ C. Alternative Model to Fourier Conduction. The alterna-  That s, for a stationary system obeying linear nonequilibrium
tive model of discrete heat transport can be easily extended toihermodynamics for any value of the temperature field the
continuous (Fourier type) transport. According to linear non- - entropy production rate is an extremum no matter how far the
equilibrium thermodynamics, we assume strict proportionality stationary state is from equilibrium. We also notice that a linear

o[Ts(N]lse=0, forany|J,| (53)

0
OT(r")

between the heat flux vectal and the corresponding to
thermodynamic force/T ~1; we have

J=yvT ! (45)
and the Fourier law (10) is replaced by
/ot = —EVAT ) = ET [TV T — 2(VT)’]  (46)

whereg = y/pc is a nonlinear temperature diffusion coefficient
with dimension [lengtiJtemp.Ftime] 1. Similar to the linear
Fourier model, a constraint which leads to the evolution of the

nonequilibrium thermodynamic relation between fluxes and
forces leads (eq 45) leads to a nonlinear transport equation (eq
46).

V. Conclusions

In this paper we presented two exactly solvable counterex-
amples, which show that the entropy production rate does not
have an extremum for a steady state, not even in the vicinity of
thermodynamic equilibrium. These examples are complementary
to and extend our initial critique of the theorem of minimum
entropy production rate’ The theorem of minimum entropy

system toward a nonequilibrium steady state is to impose aproduction rate is an artifact produced by ignoring the non-

constant heat flux on the systeh¥ Jo constant. The stationary
distribution of temperaturd@s(r) can be obtained by solving
the equation similar to eq 11

Jo=—xV(Tr) "
with suitable boundary conditions. For unlimited space,

xTo(ro)
X~ To(r)Jo"(r — o)

where To(rg) is the stationary temperature at the reference
positionro. If Jo = 0 there are no constraints, and the system
evolves toward a stare of thermodynamic equilibrium character-
ized by a uniform temperatur@.q = To constant. For a
nonequilibrium steady statdo| > 0 and the stationary tem-
perature varies with position.

The entropy production rate for the whole systerfil(r)],
and its functional derivative with respect to the temperature field
are equal to

(47)

Tr) = (48)

[VT()I®

— 17 \120r — -
o[ T = x fTVT H(r)]°dr =« f—[T(r)]4 dr =0 (49)
and

6 — Ha(r” B r’) "no__ .
sy Tl =~ Jar T S8 = 1))
. VAT ()

VT }r))dr = 2——-= (50

v [T )1? 0

For a stationary state we ha¥&(r)/ot = 0, and the stationary
temperature fieldls(r) is the solution of a modified Laplace
equation

VAT =0 (51)
By combining eqs 4951 we obtain
|Jo|2 dr
o[T(Nlg=— 52
[Tt v Tor (52)

commutativity of two different operations, the truncation of a
Taylor series for the entropy production rate in terms of a set
of parameters which express the distance from equilibrium and
the differentiation of entropy production rate in search for an
extremum.

In the literature the theorem of minimum entropy production
rate is frequently presented as a fundamental law of nature with
a deep meaning, even in recent textbooks of biochemistry and
molecular biology*: Our analysis shows that this is incorrect.
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Appendix A
We use the extents,, w = 1,2,... of reaction 17 as progress

variables. We have

dNg, = 3 (Buw = Bun)dE, (A1)

wheredNy, is the total variation of the number of molecules
Xu. The affinity of the reactionu is given by

J
——G=
9,

<y

1 = R o
kT In|— (au)auw —Oyw I H(Xu)ﬁuw —Buw 1l (A.2)
KE! u= u=
whereKg!, w = 1,2,... the equilibrium constants of reaction 17
are equal to

+

S S S K,
Ka'=[[]@™ A €Y " 1=— (A3)
Moo= 5

where a;% and X" are the equilibrium concentrations of the
speciesA, and X,, respectively. We insert eq A.3 into eq A.2
and use eq 18; we obtain

A, = kgTIn[r @x)/r,(ax)] (A.4)
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