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On the Representation of Molecular Quadrupole Moments in Terms of Atomic Moments

James F. Harrison*

Department of Chemistry, Michigan State Wearisity, East Lansing, Michigan 48824-1322
Receied: February 15, 2005

The magnitude and algebraic sign of the molecular quadrupole moments of the homonuclear diatomic molecules
Ny, O, 2, P2, S; and Ch are analyzed by expressing them as a sum of the quadrupole moments of the free
atoms and an induced molecular quadrupole due to bond formation. This induced molecular quadrupole is
further analyzed in terms of in situ atomic dipole and quadrupole moments constructed following the electron
partitioning method suggested by Hirshfeld. These in situ moments are interpreted in terms Ginthe
character of the chemical bonds and are compared with those predicted by the DMA method off8&one (
Theory of Intermolecular Force€larendon: Oxford, 1996).

Introduction partitioning seems a bit unphysical in the sense that if one were
. . . totake a diatomic molecule and turn off the interactions between
The multipole moments of a molecule play a crucial role in - he tyo centers the sum of the resulting noninteracting atomic
our understanding of intermolecular forcearguably one of  yensities would look very similar to the molecular density. The
the lynch pins of modern chemistry. Additionally they provide —gecron density on one atom would have a significant value at
valuable insight into the charge distribution in molecules, and the nucleus of the second atom, suggesting that one consider

this insight allows us to develop our intuition regarding the 4 itioning in which the in situ atoms have overlapping charge
relationships between charge distributions and theories of jonsities.

chemical bonding. One tends to interpret the molecular multipole
moments in terms of local atomic moments and most often this

means the net charge on an atom. A typical scenario is to assum . ; .
a protomolecule as a collection of noninteracting or free atoms

that the in situ atoms are spherically symmetric and the only ) o L )
local moment they possess is the zero moment or a net atomicloc.ated at the appropriate e.qu|I|br|um positions in the molgcule
charge. Either molecular moments are computed from a point of interest. The corresponding protomolecule density is simply

charge model or the charge is fixed to reproduce the lowest thoe.sum of the free atom densitie™ = 3 =1"“*n’, where.
nonzero molecular moment. For example, the dipole moment 7« IS the free atom density on centerHe suggested that if

of HF at the MRCI level with an aug-cc-pV5Z basis is 0.7048 one Wgnts to part.|t|on the electron density in a molecule among
au, which, in this model, predicts a charge of 0.407 e on the H the various atomic centers, one aIIocgtes the moIepuIar der)sny
atom. However thezcomponent of the quadrupole moment at ata pointin the molecule to the constituent atoms in proportion
this level is 1.6921 ed, which predics a H atom charge of to the fraction of thg corresponqlmg frge atom density to the
0.627 e. Clearly the atoms are not spherical, and one cannotProto molecule density at this point. This fraCt'Omli‘ﬁ =l

find charges that reproduce both moments. This may or may 7P, an in situ atomic density is given bM = Wigy™, and thse

not be a problem depending on ones interest. If one is interested®Cal Moments are computed using Since the Voronod?

in simulating the long range electrostatic potential of HF, then B2der: and Hirshfeld methods all partition the electron density
the dipole term may be all that is needed and the inconsistencydi'ectly. they will each converge to a specific, albeit different,
with the quadrupole moment is not important. However, if one 'eSult as the density converges. In contrast to this physical
is interested in developing a deeper understanding of the Partitioning of the electron density, one has methods such as

: | O . . s -
electrostatic moments, then one must go beyond the sphericafulliken’s® population analysis and Stonédistributed mul
atom model and recognize their asymmetry. One then im- tipole analysis, which allocate the density to various centers

mediately confronts the arbitrariness of partitioning the electron Paséd on an algorithm that is basis set dependent and which
density among the nuclear positions, e.g., writing the electron May not converge in sync with the electron density. These
density in the formy™ = ¥ ,_;nuclely aom While there are an methods tend to be sensitive to the basis set used and, in
infinite number of ways of doing this, only a few are physically partlcular, to the presence of d_lffuse functions typically used
sensible. One could assign regions of space to a particular atord? Modern computational chemistry.
using a Vorondi® or Badef approach, and whatever density is Several studiés’ have shown that the Hirshfeld partitioning
in that region belongs to that atom. This method of defining an results in charges that are chemically sensible and relatively
in situ atom is compelling because of the exclusivity of the insensitive to the choice of basis set. There have been fewer
partitioning and the similarity to the ubiquitous space filling studies of the in situ higher atomic momehtsThe molecular
representations of molecules. However, the exclusivity of the moments of interest in this report are the quadrupole moments
of the homonuclear diatomicsoNO,, F,, P2, S, and Ch in

* E-malil: harrison@chemistry.msu.edu. Phone: 517-355-9715 ext 295, their ground state. These are of particular interest because of

Fax: 517-353-1793. the difficulty in representing them using a point charge mddel.

A method of doing this was suggested by Hirsh¥eddd is
tghe method we will investigate in this report. Hirshfettkfines
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For example, to do so one assigns identical nonzero charges to 5- Clp

the two atoms and places a compensating charge somewhere, o .

usually at the bond midpoint, and this seems nonphysical. The 20 mol

Hirshfeld partitioning of the electron density allows one to | Sy ©

represent these quadrupole moments in terms of the in situ<fs 45 |

atomic dipoles and quadrupoles, and while these are not as.@ | °

intuitive as atomic charges, they are, in this context, more £ 40/ P2

physically sensible. Additionally, because of its widespread o -

use, we will compare these results with the DMA analysis of g 0.5 I
7 s i mol

Stone! R so™! Q)

Preliminaries §- 1 -

Following Buckinghanmt® we may write thezz component E 057 5™
of the molecular quadrupole moment tensor as the sum of an 8 4 0_' ><
electronic and a nuclear contribution: Tl 4

-1.54 N2 0 F2

2z Figure 1. Molecular Quadrupole Moment®™' and the induced

quadrupole momeni@m°! = @M — @amsof N, O,, F, P, S, and
whereZ is the atomic number of the nuclei, which we place Cl.
along thez axis at+R/2. Writing the molecular density as the

sum of the insitu density on the left and right atoms to the induced local moments created when a bond forms.

mol _ atom mol
nmol =, + R ® =20 + (5@

and shifting the origin to the left and right atom as appropriate where
results in 00™ = 260, — 2R3y,
mol _ _ _
O™ =0, + O ~ Rlu, ~ 1g) In Figure 1 we plot®@™! and 6@™° as a function of bond
order for the diatomics of interest. The molecular quadrupole

where the quadrupole moment on the left atom is moments are calculated using a MRCI (CASSR-2) wave

1 N function constructed at the experimental equilibrium internuclear
O =- 5 f (37 — A (T) v separation using an uncontracted aug-cc-pV5Z Basiste that
00m! was calculated by subtracting the atomic from the
with the dipole moment on the left atom given by molecular quadrupole moments and no particular partitioning
of the electron density has been used. For simplicity we have
U = _fz’h(?) av used SCF wave functions for the atomic quadrupoles, which
constrains us in the subsequent analysis to use the sum of the
By symmetry®, = Or andu,. = —ur and so SCF electron densities to construct the proto-molecule density.
All wave functions are constructed using MOLPR®O.
™' =20, — 2Ru, Note that from Figure 1, in all case¥®@™ < 0, the zero

obtaining where@?aoms= Q. Also, 6™ is much larger for the

If we define the density difference functiay (f) as the second row diatomics, ,Sand C}p than for the first row
difference between the number density of electrons on the left analogues, © and F. This is consistent with the larger
atom when in situ and when freéy, (f) = ».(F) — n.°(F), we polarizabilities and internuclear separations of the second row
may write the local quadrupole moment as the sum of the free diatomics. The calculated quadrupole moments are in excellent
atom quadrupole and a quantity that reflects the change in theagreement with the experimental values.
molecular quadrupole moment on the atom due to bond
formation1-14 Hirshfeld Partitioning

As noted above, Hirshfeld defines the electron density of an
in situ atom in a diatomic ag. = W_y™, whereW, = 5.9
(n.% + Rr%) with 5.% andnr® being the electron densities of the
free atoms. In a similar way the change in the density of the in
1 5 _ situ atom relative to the free atomdgy. = W o5™°. In what
00 = — 5 f(322 —r9)om () dv follows we will construct\W_ using oriented atomic SCF
densities on both centers, calculated using the aug-cc-pV5Z
Since the free atom does not have a dipole moment, we maybasis. Withz as the internuclear line, this means that for Cl, for
write example, we construct the protomolecule density consistent with
12282pP33p23p,23pL. For O and S we symmeterize the
= ou, = _fzam(?) dv density according to 282pt%2p,t-2p,t & 1s2282pP323p, 1>
3p,193p/t, respectively.
Our final expression for the total molecular quadrupole  Figure 2 shows contours of the total electronic density in the
moment partitions it into a term representing the sum of the S, molecule and the associated in situ density of the S atom on
free atom quadrupoles and a term representing the change du¢he left as determined using the Hirshfeld partitioning. Note that

0, =0""+ 60,

where
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. o ) . Figure 3. Electron density difference in the $olecule (top) and in
Figure 2. Electron density in the Smolecule (top) and in the in situ the in situ S atom (bottom).

S atom (bottom).

induced atomic dipole and quadrupole moments. The induced
atomic quadrupole contribution ®@O™®! is simply the sum of
the induced atomic quadrupole®@, , while the induced atomic
dipole contribution depends on the bond length as well as the
induced atomic dipole as2Rdu.. 6©™!, and its two compo-
nents, are plotted in Figures 4 and 5 for the molecules of interest.
| | _ For Np, O, and F, and C}, both the atomic dipole and
OM,' = — [1'P(cos)on, (T) dV quadrupole contribution td@™® are negative, while for fand
S, the two contributions have opposite signs, reflecting the

This integral is evaluated numerically by placing the atomic (djfferent sense of the induced dipoles relative to the first row
center of interest at the origin and observing that for a molecule sequence and €ldu. points toward the region of reduced
in a X electronic state, the integrand is independent of the electron density, and so a positie, suggests that the electron
azimuthal angle. The integration over the polar angle is done density shift in the in situ atom is larger on the lone pair side
using a 40-point Gausd.egendre quadratuféand the resulting  than on the bond side with the converse for a negative To
radial integration was done using Simpson’s fil@he mo- pursue this interpretation we pl@w, for the molecules of
lecular quadrupole moments computed as expectation valuesnterest in Figures 6 and 7. Note that becadse depends
and as a sum of local moments agree to five significant figures. jinearly ondz, we may partition it into itsr andsz components
oy andoy], and these are also shown. Most interestingly both
components behave similarly as a function of bond order in

The difference between the molecular quadrupole momentthe two sequencesiu| is always positive, decreasing with
and the sum of the free atom quadrupoles depends on thedecreasing bond order, tracking the decreasing spatial extent

some of the in situ atomic density encompasses the other
nucleus. Figure 3 shows the density differedg@® in S, and
the associated in situ atomic density differengs,.

After obtainingdzn. as described above, the induced local
atomic moments are computed from

Discussion
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of the lone pair electrons. On the other hand{ is always

Figure 9. Induced local quadrupole moment i, %, and C} and its

negative and becomes less so as the bond order decreases. Thisandz components.

contribution tracks the decreasing importance @onding with

decreasing bond order. The resultant sign of the induced localnegative, suggesting an elongation®f_ in the o direction
dipole moment is determined by the relative magnitudes of theserelative to ther. 6©_ becomes less negative for both sequences
shifts. at the bond order decreases. For the ®, and F, sequence,
The induced atomic quadrupoles along with theiand the & contribution is small and®, is dominated by ther
components are shown in Figures 8 and 9 and are alwayscomponent. This is not the case fos, B, and C}, where the
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TABLE 1: In Situ Atomic Moment Composition of the Molecular Quadrupole Moment and Their ¢ and & Components as

Predicted by the Hirshfeld Partioning of the Electron Density

molecule @atom 00 O uL —2R0 u oM o
N2 total 0.0 —0.4091 0.0769 —0.3191 —1.1374 —1.1374
o —0.3809 0.4228 —1.7546 —2.5163
b —0.0283 —0.3459 1.4355 1.3790
O, total 0.3948 —0.2060 0.1414 —0.6454 —1.0574 —0.2678
o —0.1392 0.2774 —1.2665 —1.5449
g —0.0668 —0.1360 0.6211 0.4874
F2 total 0.6170 —0.0808 0.0739 —0.3943 —0.5560 0.6780
o —0.0443 0.0812 —0.4334 —0.5220
w —0.0366 —0.0073 0.0391 —0.0340
P> total 0.0 —0.6831 —0.2555 1.8281 0.4620 0.4620
o —0.4703 0.4827 —3.4543 —4.3949
g —0.2128 —0.7382 5.2825 4.8569
S, total 1.0125 —0.5385 —0.0623 0.4446 —0.6323 1.3928
o —0.1871 0.2492 —1.7793 —2.1534
g —0.3514 —0.3115 2.2238 1.5211
Cl, total 1.6231 —0.3821 0.0257 —0.1928 —0.9569 2.2892
o —0.0912 0.0525 —0.3944 —0.5767
g —0.2909 —0.0268 0.2016 —0.3802
TABLE 2: Comparison of the Hirshfeld and DMA in Situ Atomic Moments
(3@"10' = @mol - 2®atom —Ré,uL (SG)L (S/AL
molecule Hirshfeld DMA Hirshfeld DMA Hirshfeld DMA Hirshfeld DMA
P —1.1374 —1.3750 —0.1596 —0.4563 —0.4091 —0.1125 0.0769 0.2119
0, —1.0574 —1.0574 —0.3227 —0.6381 —0.2060 0.1094 0.1414 0.2795
F —0.5560 —0.5560 —0.1972 —0.3683 —0.0808 0.0903 0.0739 0.1380
P, 0.4620 0.4619 0.9141 0.9715 —0.6831 —0.7406 —0.2555 —0.2715
S, —0.6323 —0.6333 0.2223 0.0185 —0.5385 —0.3351 —0.0623 —0.0052
Cly —0.9569 —0.9567 —0.0964 —0.4338 —0.3821 —0.0446 0.0256 0.1155

at contribution is much more significant. Tleandsr contribu- study*® we have compared the convergence properties of the
tions in both sequences vary in a similar way with bond order. two methods for the first six local moments of,ND,, and F.
Indeed, thes component is numerically comparable in both Since both partitionings result in the same molecular quad-
sequences, and the primary difference is the much larger rupole moment, the atomic moments are constrained by
contribution in the P sequence. We collect in Table 1 the in
situ atomic dipole and quadrupole moments of these molecules,
as well as thei andsr components, and augment them with
the corresponding results fop,PS,, and Ch.

00™ =260, — 2Rou,

S . . In Table 2 we collect the Hirshfeld and DMA results for the
It is interesting that the quadrupole moment gispositive induced atomic dipole and quadrupole moments for the two

yvh|le_ _that c_nf ’\b IS negative. In a previous studywe have sequences. Both methods result in induced atomic dipoles with
identified this with the different contribution of theelectrons, . : .
the same sign but, with the exception of, Fhey have very

and the present study permits us to sharpen this interpretation .. . .
and assign the difference in the contribution to the in situ different magnitudes. The induced guadrupole moments vary

atomic dipole moment. The contribution to the in situ atomic significantly, except once again forz.Prhe different physical
. . o . content of the two partitionings is evident. For example, the
dipole always points toward the molecular midpoint while the . .
o . . ; change in the quadrupole moment of @lative to the sum of
st contribution points toward the lone pair region.Na the & L
L S the quadrupole moments of the separated atah@°, is
contribution is less than that of theelectrons while in Pthe . .
Lo o . —0.957 e@. The DMA analysis suggests that most of this,
ot contribution is much larger. This difference changes the sign . !
oo I - —0.8676 eg, comes from an induced dipole moment on the
of the contribution of the in situ atomic dipole to the molecular

. . two Cl atoms, with—0.0892 eg coming from the induced
quadrupole moment and results in &hd B having molecular
quadrupole moments with opposite signs. quadrupole moments on the two Cl atoms. In contrast, the

Hirshfeld analysis allocates-0.1928 eg from the induced
dipoles and-0.7642 eg from the induced quadrupoles. Since
both methods give the same total molecular moment the question

The distributed multipole moment analysis of Stbhis an at hand is whether one set of atomic moments is preferable.
alternative method of defining localized atomic moments. The This seems to be a question that will be answered by appealing
DMA approach, as generally used, depends on using Gaussiario chemical intuition and experience but, unlike the situation
basis sets and allocates these functions to the nuclei in thiswith atomic charges, there seems to be little experience or
system according to an algorithm, which depends on the intuition about higher moments of in situ atoms. One argument
exponents of the Gaussians. Accordingly, the DMA can be in favor of the Hirshfeld partitioning is that these local moments
sensitive to the composition of the basis, and the computed localconverge to values representative of the accuracy of the electron
moments may not reflect the convergence properties of the density used in their calculation. This in turn permits the
electron density. In contrast, the Hirshfeld approach partitions development of an intuition as to the magnitudes and algebraic
the electron density directly and it is less sensitive to the vagariessigns of these atomic moments and their relation to the electronic
of basis sets and the associated local moments should reflecstructure of the corresponding molecules. We are pursuing this
the convergence properties of the electron density. In a previousgoal.

Comparison with the Distributed Multipole Analysis
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Summary used in their calculation. This in turn permits the development
of an intuition about the relationship of the atomic moments to

The magnitude and algebraic sign of the molecular quadrupole . .
9 9 9 g P9 he electronic structure of the corresponding molecules.

moments of the homonuclear diatomic molecules ®, F,,

P,, S, and Ch have been analyzed by expressing them as a
sum of the quadrupole moments of the free atoms and an
induced molecular quadrupole due to bond formation. This (1) Stone, A. J.The Theory of Intermolecular Force€larendon
induced molecular quadrupolé®m°| is further analyzed in Pre?g:) \%(Ig:%i U(';K',’:%gr\?ghe ZAngew. Math1908 134 198

terms of in situ atomic dipole and quadrupole moments (3) Guerra, C. F.; Handgraaf, J.; Baerends, E. J.; Bickelhaupt, B. M.
constructed following the electron partitioning method suggested Comput. Chem2003 25, 189.
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