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Symmetry plays an essential role in understanding optical activities of a molecule in infrared and Raman
vibrational spectroscopy as well as in nonlinear optical vibrational spectroscopy. Each vibrational mode belongs
to an irreducible representation of the underlying symmetry group. In this paper, usingdnthieal polypeptide
symmetry as an example, we calculate all the third rank nonzero hyper-Raman tensors as well as the infrared
and Raman tensors by applying the projection operators to each irreducible species. We demonstrate that the
projection operator method provides selection rules for the infrared, Raman, and hyper-Raman vibrational
transitions and also other nonlinear optical spectroscopy such as sum frequency generation and the four-,
five-, and six-wave mixing coherent vibrational transitions. Specific expressions for all nonzero elements of
the corresponding nonlinear susceptibility tensors in a laboratory-fixed coordinate frame are also deduced.

I. Introduction LF coordinate frame, which is related to the TR hyperpolariz-
ability tensor in an MF frame. The SFG intensity is strictly

governed by underlying molecular symmetries. Using different
polarization combinations of input and output laser beams,

The development of high-powered and ultrafast lasers as
well as advancements in optical technology have enabled

nonlinear optical spectroscopy to become one of the most widel : .
b b Ry yvarlous LF tensor components can be probed. By using the

attractive and fast growing research areas at présémon- i ¢ i v bet the t dinate f d
linear optical phenomena, such as sum frequency generation ransformation propérty between the two coordinate frames an

(SFG), four-wave mixing like coherent anti-Stokes Raman the symmetries of the resonant molecular vibrations, observed
scatte;ing (CARS), five-wave or six-wave mixing, hyper-Raman SFG intensities with various polarization combinations can be
(HR) scattering étc. arise from a nonlinear r’esponse of a correlated to the orientation of specific molecules or functional

sample medium to incident light beams, where the strength of 9"0UPS on the surface/interface. In the past 2 decades, such
the induced electric field in the medium is proportional to general correlations have been deduced explicitly, and extensive

nonlinear susceptibility tensors in a laboratory-fixed (LF) research has been performed to investigate orientation informa-

coordinate frame. Such LF susceptibility tensors correspond totion on functional groups and molecules on surfaces and at
molecular hyperpolarizability tensors in a molecule-fixed (MF) interfaces:'~4°
coordinate frame. Molecular structural information on the In this paper, we present a systematic way to deduce selection
sample medium can be deduced from measurements of suctrules of known molecular symmetry based on projection
LF tensors. In this paper, we discuss selection rules and relationsoperators to all irreducible representations of the underlying
between the MF tensors and measured LF tensors for severamolecular symmetry group, and relate MF hyperpolarizability
nonlinear optical phenomena, usiaghelical polypeptide sym-  tensors to LF susceptibility tensors. We believe that this method
metry as an example. is general and also simple enough to be easily adoptable for
There are many nonlinear optical processes with (third rank higher order nonlinear optical processes. Since the transition
(TR), fourth rank (FR), or higher rank) hyperpolarizability —hyperpolarizability tensor for a typical SFG process can be
tensors for vibrational transitions. For example, SFG usually treated as a product of the (infrared) transition dipole moment
involves vibrational transitions related to the TR hyperpolariz- and the (Raman) transition polarizability tengb#>the method
ability tensor. Since the first surface SFG vibrational spec- utilizes the infrared and Raman tensors, which are defined by
trum was collected from a monolayer of coumarin dye ad- the projections of the dipole moment and polarizability tensors
sorbed on fused silica in 1987 SFG vibrational spectroscopy  to each irreducible symmetry species, respectively. We show
(referred to as SFG below) has been developed into a power-that this systematic method naturally provides not only selections
ful technique to probe important features of surfaces and rules for SFG spectroscopy but also the desired expressions for
interfaces at the molecular level. With two incident beams, 3|l nonzero elements of.
including a visible laser and a frequency-tunable infrared laser,
under the electric dipole approximation, SFG detects en-
hancement in the second-order nonlinear susceptilftyn a

To elucidate the generality of the projection operator method
to study higher order nonlinear optical spectroscopy, we also
compute TRHR tensors far-helical symmetry, which auto-
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serve as a basis for studying higher order nonlinear spectroscopy Vure = RV ¢ Q)

(as the infrared and Raman serve as a basis for SFG study).

Even though the general transformation between MF and LF  According to the theory of nonlinear optical phenomena, the

tensors for a higher order nonlinear optical process is alreadyinduced polarization in a medium due to electric fiekls; of

known, it is nontrivial and prone to errors when deriving the incident light beams can be expanded by

desired relations for deducing orientation information in this

case. By using the method we introduce here, however, = Xi(jl)Eje ot Xi(jf()EJ;axt EX + Xl(JaEJe CESEL . (2

expressions for all the independent nonzero elemerng&ladf

a four-wave mixing vibrational spectroscopy for-helical wherey®, @), andy® are the linear, the second order nonlinear,

symmetry (either the combined Stokes and anti-Stokes Ramanand the third-order nonlinear susceptibility tensors, respectively.

process or the combined infrared and TRHR process) can evenFor simplicity in the theory, we have here ignored detailed

be derived by manual computation. Detailed computation results factors such as Fresnel coefficients and local field corrections

for all nonzero tensor components fathelical symmetry will in the medium. By convention, any doubly appearing tensor

be reported elsewhere in the futdferurthermore, for experi-  indices indicate summation over all their independent compo-

ments of higher order nonlinear processes that involve only pents if there is no specific comment.

limited polarization measurements, relations of only part of the  To utilize any underlying molecular symmetries, we define

tensor components are needed to interpret experimental datathe induced molecular dipole momentg in the MF frame by

Application of the systematic method discussed in this paper

will simplify the data analy3|§. , Hing = O Evr + ﬁijkEJMF Ek/IF * Vi = EK/IF EIMF +.. (3
One of our research goals is to understand structural informa-

tion on proteins and peptides of various secondary structural wherea is molecular polarizability$ andy are the TR and the

motifs such as the-helix, using nonlinear spectroscopy. In this  FR hyperpolarizability, respectively, aftir = REex. With N

paper, we study selection rules and/or relations between LF andpeing the average molecular number density in the medium,

MF tensors of thex-helix for SFG, HR scattering, and four-  the induced polarization in the LF frame is found to be

wave mixing, as well as higher order nonlinear optical spec-

troscopy. We first study the selection rules and symmetries of Ping = NR™ttjng (4)

(relatively) lower order vibrational transitions, such as infrared,

Raman, and TRHR processes. With a group theoretical approacivhere superscript “1” represents the matrix inverse. This

of irreducible representatio8 Cyvin et al. in 1968° deduced  implicitly defines the general relations between MF and LF
selection rules of the TRHR effects for several molecular tensors as

symmetry groups, which was followed by further investigations
in this direction2®-53 On the basis of the projection operator (1) — NR 1q 0 _ NR )
method®*55we present the TRHR tensors for thehelix, Ca,, Xi R ClneP Zii R PR

o ; . 3) _ N L
andCs, groups that can provide information on both selection Xﬁk? = NR; VmnsPjRss -+ (5)
rules and relative optical intensities of the corresponding ) _ o _
vibrational transitions. Then, under the harmonic oscillator approximation, the optical

The rest of this paper is arranged as follows: In section 2, intensities due t&;,, for the typical Raman and HR transitions
we introduce projection operators and investigate their connec-from the ground states [Figure 1, partsdj are proportional
tions to nonlinear optical spectroscopy. In section 3, the tO, respectively;? 485
proposed projection operator method is appliedatbelical

symmetry. The TRHR tensors are explicitly computed, as well 1onan NIR 218, O (6)
as the infrared and Raman tensors. These will serve as a basis g PP noes 12

for subsequent studies of SFG and higher order nonlinear I7Rbr H NIRn 216 mnd O we Enel (7)
spectroscopy that can be treated as combinations of infrared, ir0g 1. no—s ot |2

Raman, or HR processes. In section 4, we apply such infrared, FRHR U NIRm 1217 mns{ 9 we Evr Byl (8)

Raman, and HR tensors obtained in section 3 to vibrational SFG h d h d d arbi ited
spectroscopy, and we deduce the relations between LF and MFV erelgtand|.[Tepresent the ground state and arbitrary excite

tensors for orientation analysis afhelical molecules. In section ~ ViPrational states in the MF coordinate frame, respectively, and
5, we demonstrate the feasibility of applying this method to the_ symboI_N represents a quantum mechanical operator
data analysis for higher order nonlinear optical spectroscopy acting on elther a bra or ke.t. vector. On the other hanql, the
involving four-, five-, and six-wave mixing coherent vibrational |ntens_|ty for the |nfrare(_:l tra_nsmqn frqm tPe ground state [F!gure
transitions. Finally, the methodology is applied@g, andCs, le] W|th a beam polarization direction oin the LF frame is
groups, whose results are summarized for comparison in theProPortional to

Appendix. o L
:ﬁf?ared U N|RimlDl’|:um|gD]2 (9)

whereji is the operator for molecular electric dipole momgnt

To deduce vibrational selection rules in the MF frame and in the MF frame. It should be mentioned that optical intensities
relations between the MF and LF frames, we define the basisare proportional toN? for coherent processes such as SFG,
of an LF coordinate frame by X = (100),2=y=(01 CARS, etc.
0)T, and 3= 2z = (0 0 1), with hat “A” and superscript T" Following the theory of molecular vibratiori& vibrational
representing a unit vector and the transpose of a matrix, states of a molecule are classified into the irreducible repre-
respectively. Le{4, b, €} be a normalized basis set for an MF  sentations of the underlying symmetry gro@pthat preserves
coordinate frame. The transformatiéhof a vector from the the total Hamiltonian of the system. Orthogonality between
LF to the MF frame is defined as vibrations belonging to different symmetry species corresponds

Il. Irreducible Representations and Optical Phenomena
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Figure 1. Schematic vibrational transitions for typical Raman, HR,

and infrared effects: (a) Stokes Raman, (b) anti-Stokes Raman, (c)

TRHR, (d) fourth rank HR (FRHR), and (e) infrarepgCand |v0O

represent the ground state and an excited vibrational state, respectively,

while |sDand |sCrepresent arbitrary (virtual or real) excited states.

to the orthogonality of the irreducible representatibfsof G:

G|

Z @Yl = Bl

g€ i

ijémsélt (10)

where |G| is the number of all group elements afids the

dimension of théth irreducible representatidri). This naturally

defines the projection operaté to a particular symmetry
specied” of G by>+55

f
Pr=—
IGlge

2"

whereyr(g) are the characters of the irreducible representation
I', superscript %” represents the complex conjugate, aDgbs

{xr(@)}* Oy 11)

1

12)

are suitable transformation operators corresponding to each

elemeng of G and acting on quantities defined in the MF frame.
The usefulness dPr in infrared and Raman spectroscopy has
already been well established. As an example, the infrared
activity of vibrations belonging to the irreducible representation
T is specifically determined by

#1g = B|fi" |g0= BIPyfi| 0= Py (13)
with T = Pru (infrared tensor) ang*9 = [@|@|gl This is
because (9) can be expressed as

[ i;ug
infrared

0 N|R;1@|(2Prﬁ)m|gm2
[insert the identity of (12)]
= ZN@I(RWD*IUWIRT/?E'IQD

= ZNR‘mlEvm;mmz [from (10)]

= ZNH

where the summations ovErandI™ are reduced to a summation
overI' due to the orthogonality between different irreducible
representations. Similarly, the optical activities for the Raman
and TRHR transitions from the ground stég€lare determined
by, respectively

-1.T ,2

2 (14)
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r _ ~T ~ vg

o, = [la |gl= D|Pralgl= Pra

B, = BB 190= B|PBlgl= P

with o' = Pra. (Raman tensor}f’ = P (TRHR tensor) o9

= [J|é/gClandp9 = @|B|gl] For specific computations of these
tensors, it is efficient to construct each operadyrin (11) by

a 3 x 3 matrix on the basis ofa, b, &. Considering the
transformations ofu, o, and # under the operatiorQOyg,
projections of these to an irreducible representafi@me found
to be, respectively,

(15)
(16)

| G|Z{xr<g)} Oy 17)
=|EF|QZ (@100, ! (18)
fr
B z(ﬁf)i—ag {xr (@} 1Og {010, (19)

wheref; represents a % 3 matrix such thatffilmn = Simn and
{OgB}i = [OglimPm. For a-helical symmetry, these tensors are
explicitly computed and applied to SFG and four-, five- and
six-wave mixing vibrational spectroscopies. To facilitate un-
derstanding of the subject, similar analyses for molecules of
C,, and C3, symmetries are presented in the Appendix.

lll. Infrared, Raman, and TRHR Processes for a-Helical
Symmetry

Theo-helix is one of the major conformations in polypeptides
and globular proteins. Its regular structure is defined by a
translationh = 1.495 A and a rotationy = 2:7/3.615 per each
amino acid residue along the helical aXis8which we define
as thec-axis so thatt = & x b in a MF frame [Figure 2],
corresponding to the number of residues® 18 in a crystal-
lographic unit cell along the-axis. Since translations do not
affect any internal vibrations, the vibrational symmetry species
can be completely deduced from théold rotation about the
helix axis, viz.,G = {E, H(y), H(v), ..., H""}y)}, which
defines a desired set of symmetry operati@ggo be used for
(11) with

cosy —siny 0
H(y) =|[siny cosy O (20)
0 0 1

If 6 is the phase difference between adjacent chemical repeat
units, the values of for optically active vibrations are discrete
due to theu-fold rotation axis of symmetry:

06,=ty (t=0,%1, ...,£[u—1]) (22)
This classifies symmetries of all possible vibrations into
irreducible representations of one dimension, labeled(&g,
whose characters are given®By

2 (H)=€"(s=0,1,..u—1) (22)
Except for the cases of reg) (e.g.,I'(8) = A for 6§ = 0 and
I'(6) = B for 6 = ty = +x), the normal-mode frequencies are
degenerate in pairs belongingli¢ty) = E; andI'(—ty) = E,
respectively.
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Figure 2. Definition of an MF frame for a regular helical molecule.

To facilitate computations of the infrared and Raman tensors
for the a-helical symmetry, we consider the following unitary
transformation:

L 1i 0
U=—[1-i 0 (23)
V2o 0 3

whereU~t = U™ with superscript “t” representing the Hermetian
conjugate of a matrix. This diagonalizels by

e 0 0
UHU '=|0 e 0|=A° (24)
0 O 1
From (17) and (18) withG| = u, we have
vt
ﬂgt — U*l _267|SIWAS Ull (25)
Uus=
vt
at=ut —Z)e"SWAS[UaU‘l]A‘S U (26)
Us=

Thus, we have the following list of infrared and Raman tensors
for molecules of regulao-helical symmetry?0.61

pt=(00u)" @7)
1 . . .
PO =S iy =il im0 (28)
u=2=0 (29)
A Olgq T Oy Oty — Oy O
o = E Olpg — Olgp Olga t Oy O (30)
0 0 20,
1 0 0 0t 0y,
aEl = é 0 0 _i(o‘ac + iab() (31)
O, tiay —i(o,+ioy) O
5=%x
Qg — Opp + i(aab + aba) Qg T Oy — i(qaa - abb) 0
Qg T O — I(aaa - abb) — Olga Oy — I(aab + aba) 0
0 0 0
(32)
a®==0 (33)

Lee et al.

Infrared and Raman tensors are zeros for all-$pecies
vibrations of thea-helical symmetry witht > 2. As shown in
(27)—(29), the infrared vibrational transitions are active only
for the A- or B-species, where vibrations of the A-species are
parallel and those of the;ESpecies are perpendicular to the helix
axis. In the Raman vibrational shiftsp-odes (perpendicular
to the helix axis) are also active as well as the A- apariodes.

Detailed information about TRHR spectroscopy can be found
in a review article by Ziegléror references therein. Although
selection rules for the vibrational TRHR shifts for helical
polymer molecules were investigated by Fanconi and Peticolas
long ago®° there has been no information about the specific
tensor form of each irreducible species. In this paper, we report
all the nonzero TRHR tensors for thehelical symmetry, which
are important in understanding such nonlinear optical phenom-
ena as four-, five-, and six-wave mixing vibrational transitions.

In a similar way as that used for the infrared and Raman
tensors, projections ¢ to the6-species can be obtained from

I 1.
h=u 1=520e SWASU[HSB],U ™A S}u (34)
S—i

where withN = (2 + if,)/2, HS can be represented by

HB = (N + N*e ™ —iNé™ +iN*e ™ B.)' (35)

Since H]. = B, it is evident tha;ﬂ‘c’t has the same form as
o We list only g% and % for the TRHR tensors below.
R 1 0 0 lgaac+ ﬁbbc
ﬁa = E 0 0 ﬂabc - ﬁbac (36)
ﬁaca+ lecb ﬁacb - ﬁbca 0
1 0 0 IBbac - ﬁabc
Q = é 0 0 ﬁaac+ ﬂbbc (37)
ﬁbca_ IBacb ﬁaca—l— ﬁbcb 0
a0
& =o|aba Maba O (38)
0 0 ﬂacc+ Iﬂbcc
R
b1 = E nEllna _ingéa 0 ] (39)
0 0 ﬁbcc - Iﬂacc
[0 © Mage
230 0 i (40)
77a(2:a _ma(z:a 0
o = ~ifE (41)
£ ngga 77531) 0
2’ = 5|75 ~asa O (42)
0 0 0
b= —ifiy’ (43)
F=0 (44)

with



Nonlinear Optical Phenomena J. Phys. Chem. A, Vol. 110, No. 22, 2008039

Ey _ 1 . |S-}> |.$',>
Naaa = E{ﬁaaa+ ﬁabb + I[ﬁbaa—i_ ﬂbbb]} |‘) ) )
5
| ]) |-"|)

1
ng;b = Z{ 3Baab — Baba — Poaat Boon T

i[ﬁbab - 3ﬁbba - ﬂaaa + ﬁabt]} |"'> |") |1’)
Eklaa = { 3ﬂaba ﬂaab - ﬁbaa + ﬁbbb + |g> |g> |g>
) (a) () (c)
l[ﬁbba_ 3ﬁbab_ﬁaaa+ﬁabd} I \
5,) &) 53/
nbab— _{Sﬂbab ﬁbba+ IBaaa_ ﬁabb+ |‘_J |‘_F |“‘2>
i[Bﬁaba_ﬁaab_ﬁbaa+ﬁbbt]} |"'|> |“‘1> |$)
’7bba = ‘{ 3Boba— Boan T Paga— Bavn T

)

i[?’lgaab - ﬂaba - ﬁbaa+ ﬂbbb]}

L 2) g) |2)
775;(2 = _{ﬁaac - ﬁbbc+ i[ﬁbac+ Babd} @ €) 0
Figure 3. Typical nonlinear vibrational processes (a) SFG process
, of [a'9ju?, (b) [o%jou?, (c) [B, , (d) [o)iB8 . (e Tals,
Ecz:a_ {ﬁaca ﬁbcb+ l[ﬁbca"‘ Bacb]} ané (fg)],é:kg] k(ﬂl:m[ “Nijouds (€) [ﬁg],k/‘l (d) [ ] ims (€) Wg]k |
nggaz %{ Baaa— Bavb — Boab — Boba T the F-species transit back to the ground state. Thus, (45) can
) be rewritten as
|[ﬂbaa - ﬁbbb + ﬂaab + ﬁaba]}
(0) (
1
7752135 Z{ﬁbaa_ Boob T Baab T Bavat By = ZZ[ﬂ g]IJk T Zﬁ”k (47)
Wy —

i[ﬂbab + ﬁbba - ﬁaaa + ﬁabd}
with

Thus, E-species vibrations (forbidden in the infrared and Raman
transitions) can be optically active in the TRHR transitions, in I _ el ~T L oqsr, T
addition to the A-, B, and B-modes. [B.li = 016 |03 9= [0, [l gk (48)

Values of all desired transition tensor elements can be
obtained by expanding each involved tensor in terms of normal
coordinates at molecular equilibrium. Derivation of the normal
A. Optical Selection Rules.SFG is involved in a broad  coordinates for helical structures can be found elsewHere.

range of nonlinear photonic energy transitions. In this paper, Considering up to linear terms @, i.e., dimensionless normal
SFG refers to the nonlinear optical process shown in Figure coordinates for thd-species, (48) becomes

3a. According to the quantum mechanical description, the
component of the hyperpolarizability tensor related to the aof ur
vibrationally resonant SFG process of two incident beams of [,BF]-- _ z ! k r(a)|gu]2 (49)
frequenciesw; (visible light) andw; (infrared light) can be vglifk () o)

90 [ g\
expressed by q

IV. Vibrational SFG Spectroscopy for a-Helical
Symmetry

©) ©) In general vibrational transitions under the harmonic oscillator
N - Pg" ~ Py approximation, the matrix elements for nondegenerate modes
Bix = zEJ1|0lij(wspw1)|UUE/IM(%)IQE'_—Jrir (45) are given by
v

W, w, v

wherewsr= w1 + w2 andw, is the frequency of the vibrational @165 o, — 10= B, — 1§ |y, 0= \/z (50)
transition from|gCto |Cwith o andp” being their fractional 2
populations, respectively, arldd, being the corresponding line
width parameter. Using the identity relation of (12), the
transition tensor terms within the summation are expressed by

For 2-fold degenerate vibrations B{6) andI'(—0), which are
perpendicular to the helix axis, théh dimensionless normal
coordinate is decomposed into the and b-axis components

by of ” = q, + i, with o, = Re{qf ’} andgy, = Im{q/ "},

(9]0 ||l gl= @|Z(Prd)iﬂ”m'Z(PF’ﬁ)k'gD and their matrix elements are found to*b&
_ ~T ~T
= 2191619l from (10)] - (46) G+ L, 108 0, | = Fo 50, +2) (1)
This corresponds to the fact that if vibrations belonging to a ~T(£0) /1
symmetry specieF are excited, the very excited vibrations of — Ll LG e | D= £ Z(U’ 1) (52)
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with |, being vibrational angular momentum quantum num- (2)

bers wherg|l;| may take the integral values, v, — 2, ..., 1 Xxax _{(ﬂaca+ﬁbcb)(c(’ thH+
or 0. _ _ _ _ 2 (2
The SFG intensities for-helical molecules are affected (@Bece = Baae = Beaa ™ Pove = PeonS} Co = 2tyzy (60)

onIy by modes belonging to the A- and-Epecies, sincg® 2
= 0 [see (29)]. As an example, considering the A-species szx _{(ﬂcaa"‘ﬂcbt)(ce +1)+
vibrations and applying (27) and (30) to (48) widf = a, we

have (zﬁccc o ﬂaac B ﬁaca o ﬂbbc B ﬁbcb)saz} Co= Xg/)y (61)
() — 2
+ abb 0 0 *10 Xxyz — _{ 2(Bane — PpadCs” —
A — 2 z/g
[ﬂ”g]ijk B 2 a (l 0 OU (53) (Baco = Beab ~ Poca T ﬂcba)saz} = _Xﬁ)z (62)
0 0 202 [ e’

cc | ji

§<22)y_ H2Bacn— ﬂbca)coz -
Thus, the nonzero elements ,Gﬂ‘k are such elements that are ) @
diagonal in {, j) andk = c. Using the same method, it is trivial (Babe + Bean — Boac — BepdSot = ~Xyzx (63)
to deduce the MF hyperpolarozability tensor elements for the N
Es-species vibrations. Therefore, the SFG selection rules canx(zi)yz “2Beap — Bep)Cs” +
be obtained based on those of infrared and Raman, which 4
were derived from projection operators to irreducible representa- (Bave = Baco — Boac T BocdSst = —25 (64)
tions.

The corresponding susceptibility tensor elements in the LF These relations hold for the TRHR process [Figure 1c] or for

frame are given by the vibrational SFG effects without any underlying molecular
© © symmetry. More general relations without averaging gvand

Py~ Py ¢ can be found in the article by Hirose et'él.

2
w, +iT, - Z[XF)]'Jk (54) In the presence of molecular symmetries, some elements of
PF for the SFG process become zé?Pd-ortunately, using (48)
with the calculated infrared tens@f and Raman tensau!,
we can easily deduce all nonzero elementsfbffor each
irreducible species. Moreover, sing! = RT with R given
by (57), the values ofyfJjx are obtained by

XI(J%() = Z z[Xyg]uk

with [ng]ijk = NRjnl[ﬂlr,g]manszk. The related SFG intensity is
proportional to

Wy~

ISFG[j |X|(]%<)E{extEléxt| - |Z[X ]I]k extEex (55)
[eiglix = NURD Teul (RDMH [l (RK)} - (65)

In this case, smcqc[_( olik = [ 0)]“k, the elements gf® are

simply given by whereR1 is found to be théth column vector oR. In view of

(53), for the A-species of (58), we have

Xﬁzk) = )]Ijk + 2Rq [X Ijk} (56)
ientati i ol z2= 4 20B0glces” + (Brglane T [BlglondSy} €
B. Molecular Orientation on a Surface. Information about vglzzz o vglceco vglaac vglbbd/ >0 S0
molecular orientations relative to a sample surface, to which
thez-axis in the LF frame is chosen to be normal, can be derived = _{ 2[09* ¢, + (a2 + apd)*s, I uc,

from observed optical intensities with polarized light beams.

For this purpose, we specifically define the transformation _ Wik, 00f (1 ek N 2 g ok
matrix R between the LF and MF frames by = N[o* uc{ (1 = 1r79)Cy" T 1gh Gy (66)
CCiCy =SS, SCCyTCS —SC with 2r,q = (02 + app)/ags. More importantly, (65) directly
R(..0.9) = ~CCoS — SC —SCS% TCC %S | (57) gives
C,Sy S, Cy

Do 2= NI {r* (RiRis + R + RygRagt Ry,
wherec = cos,s = sin, andy, 6, and¢ are Euler angles whose $ee o(Risfia T RodRed) - RedRaalttc R

definition can be found elsewheteUpon averaging is per-
formed overy and ¢ except for the angl® defined bycy =
¢-2, there are seven independent expressions for nonzer

which results in the same expression as (66) on averaging over
ox andg. Below, we list the other elements for surface vibrational

elements of? in the LF frame: SFG analysis.
Xzzz —{Zﬂccc 0 + (ﬂaac+ ﬂaca+ [X g]xxz [aug]* g{ (r?;g - 1)C02 + rjg + 1} Co=
ﬁcaa + ﬁbbc + ﬂbcb + ﬁcbb)sez} Co (58) [Xﬁg] yyz (67)
ii)z_ 7t Baact Bopd(Cy” + 1) + o= —[a S (L — 1S, Cp =

(zﬂccc - ﬁaca - ﬂcaa - ﬁbcb - ﬁcbb)sez} Co = Xg/)z (59) [X g]yzy [Xz/g] ZxXx [Xyg] zyy (68)
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Ddlye= Dsghay= Dtigloo =0 (69)
18— 08+ 1049 (1? + s, e,
[ = — 2+ 106" (ul2 + i)y, = 15
15l = 0+ 1D + )0, = 52y
5] = 0+ 1D + e, = 50,
Urdliye= = Dtoglye=0 (70)

[XLEgl;] xzy _[Xfé] yzx [%5&] Xy _[Xfé] zyx

N' U UK U UK
gl{ [aa?:]*‘uag + [ab?:]*‘ubg +

i(ogd* up? — [apd* wd}(s)” — 2¢,%) (71)

Calculations show that all the chiral tensor elements of
(62)—(64) are zero for the A-species vibrations. So far no SFG
peaks corresponding to the chiral elementg/©f have been
observed for molecules o€3;, symmetry. Therefore, it is
reasonably assumed in the Appendix that

[odl* 1y’ = [opal* uy’ (72)

As far aso. and g are real, values ofoﬁi’g]*yﬁg are also real
even for transitions of the degeneratedpecies vibrations, since
phases frorrtq'f*1 andq:El cancel each other. Thus, if (72) is true
for the a-helical molecules, the quantity in the right-hand side
of (71) is a pure imaginary number that contributes nothing to
the SFG intensities [see (56)].

V. Four-, Five-, and Six-Wave Mixing Spectroscopy

Typical vibrational four-wave mixing processes relateg®
are shown in Figure 3b and Figure 3c, corresponding to
ooy and B3 19, respectively. The related vibrational selec-
tion rules, as well as equations for molecular orientation relative

to the sample surface, can easily be deduced from the calculated
infrared, Raman, and TRHR tensors. The corresponding transi-

tion susceptibility tensor elements in the LF frame are found to
be

[helia = N{(RD) Tl 'R (RK) Tl R}
Dol = NCRDTTRD B (RO [1Lg) (R} (74)

(73)

All the nonzero expressions of these relations will be reported
elsewherd’ Below, as a feasibility study for the-helical
symmetry, we simply derive expressions fgfé]xxxx, [xfé]xxw
and bgfgl]zzyyon averaging ovey andg.

(i) Raman plus anti-Stokes Raman process:

[\
[XLEvgl] XXXX Z'aa% +
foo1) foo 1)
93 (RD0 0 R (RDT[O 0 —i |[(RD)
1i 0 1-i0
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N i iU
= 7ol + il *(ey” + 1)s,” (75)
N
ity = 710l + i, (76)
N V! Hp—
[XEé]zzyyz _Em*a?: + Iab?:|2002392 (77)

(ii) Infrared plus TRHR process:

[ o0c= NE(RD)T(RY[B51° + Ryl B0 +
ReB51°9) (RM (5] (RD)}

N o
= G2 201a"(C," + 66," + 1) + (21530 F b+ b T
ingéb + i’?ikln 1}9504 + 4(ﬂgga+ ﬂggc+ ﬂ;?:c+ Iﬁggb +
B IBLN(C,” + 1)sy b (ul + ig?
(5 y = N (RD)T(RIB5T + Ryy[B51% + Ry [B5179)'
(R2)M [1;1"(R2)}

N CEL o By
= o4t Wabat Mosa T 11220)"%y" + (loa T 11155 (cy" +
6C62 + 1) - 4(ﬂéga+ ﬁ;gc + iﬂggb + iﬁggc)slf + 4(ﬂzgc +
iBeB(C,” + 1)s H (s + iy

(52 = N (R3) (R + Ryd P51 + R BT
(ROM (1 (R2)}

N e
= 35 @lakat 1ok + 15 "(C," + 18" + (20 +
Nopat 117520 %8, - (B2 + B+ 1B, + iB)c, sy +
4(ﬁggc + iﬁlc}gc)(cez + 1)C02} *(#;g + iﬂtvag

For the nonlinear optical processes of Figure 3, parts d, e,
and f8 we may simply use the following expressions, respec-
tively,

Dngliam = NCRDTTRD B (RROM (RD T J(RA)} (78)
Deliam = NURD T ] (RN (RN T(RK)BL (R} (79)

[ng] ijkimn —
N{ (R TI(RD Bl (RRH (R T(RT) B I(RA)} (80)

Computation of these elements is straightforward if we know
the infrared, Raman, and HR tensors for any underlying
molecular symmetries. The process of (80) has to include
vibrations of E-modes in addition to those of the A-;£and
E,-species. This shows clearly that it is convenient to deduce
the relations of MF and LF tensors using the method described
in this paper for higher order nonlinear spectroscopy.

VI. Concluding Remarks

The symmetries of a molecule are important in understanding
its vibrational infrared and Raman activity. This is because
vibrational modes of a molecule are classified into irreducible
representations of the underlying molecular symmetry group,
and projections of the molecular dipole moment and polariz-
ability tensor to each irreducible species directly provide
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representations A A,, B, and B are listed in the following
) way.
() Infrared tensors:
&L u = HE + Cyt 0P+ 0% = (00"
3
1 Ar __ 1 _ ca__ C —
X iy pr={E+Co— 0~ otn=0
b
§® = 2{E = Cyt 0 — 0 = (4, 0 0)

Figure 4. Definition of an MF coordinate frame for a molecule®f,
Symmet. W= {E —C, = o+ = 014, 0

selection rules for vibrational infrared and Raman spectroscopy,
respectively.

In a similar way, for thea-helix as an example, we have
explicitly computed all the nonzero TRHR tensors and deduced

selection rules for TRHR spectroscopy, where vibrations of the AL Caa 0 0 Ay 0 Oz 0

Es-species are found to be active as well as those of the A-, o 0 Oy O o Opa 0 0

E;-, and E-species. The computed infrared, Raman, and TRHR 0 0 O 0 0 0

tensors are applied to deduce selection rules for SFG and four- 0 0 oy 00 O

wave mixing vibrational spectroscopy, as well as expressions Bi_[o 0 0 B.— |00 «

for molecular orientation information, viz., the relations between o o be
A, 0 0 0oy O

MF tensors and nonzero elements of susceptibility tensors in a ca
LF frame. Further details for four-wave mixing spectroscopy

will be reported elsewhere. We also demonstrate the feasibility (i) TRHR tensors: Since{Og¢8}. = f. for all g €
of applying a similar methodology to understand the five- and C,,, ﬂ{ have the same form ag for all irreducible represen-
six-wave mixing vibrational transitions. This research provides tationsI" of C,,, and we list only the TRHR tensors fff and
a systematic way to analyze selection rules and relations betweelpg below.

the MF hyperpolarizability and LF susceptibility tensors for

nonlinear optical spectroscopy. The application of such methods 0 0 Pax 00 O
to interpret physical measurementsoshelical structures will ﬁAl =lo oo A 100 Bus
be reported in the future. a b ©
P ﬁaca 00 0 ﬂbcb 0
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support from the Beckman Foundation, Office of Naval A2=(0 0 PBane A2—o0 00
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H ﬁaaa 0 0 0 ﬂb b 0
Appendix a
pp. _ B = Bapo O B=|Pwa 0 O
SinceC,, andC;, are important molecular symmetry groups 0 0 Pac O O O
for nonlinear optical spectroscopy, we summarize their infrared,
Raman, and TRHR tensors as well as the nonzero susceptibility . 0 PBawn O . Ppaa O 0
tensor elements for surface vibrational SFG spectroscopy. B2=|Bwa 0 0| B?=[0 B O
Al. Cp, Symmetry. There are four symmetry operations for 0O 0 O 0 0 Poe

a molecule ofC,, symmetry (like a water molecule): the identity
transformatiork, a 2-fold rotationC, about thec-axis, and two
vertical planes ob™ (ca-plane) ands™ (cb-plane) [Figure 4].
In the MF coordinate frame, these can be represented by

(iv) SFG: Susceptibility tensor elements after averaging over
y and ¢: Since g2 = 0, the Ag-species modes make no
contribution to observed vibrational SFG intensities. Calculations
show that all the chiral tensor elements of (6294) are zero

100 -10 0 for the As-, By-, and B-species ofCy,. Sincea” = a, 0’1 is
E=1010 C,=|0 -10 essentially the same as* of the a-helical symmetry, and
001 0 0 1 expressions of ]y for surface vibrational SFG spectros-
10 0 100 copy are the same as those for téelical symmetry [see
ca__ _ cb __ (66)—(69)]. Below, we list only those for the other nonzero
0,=|0 ~1 0] ¢/=10 10 susceptibility tensor elements:
00 1 0 01
For the water molecule, there are only three genuine internal [X%]zzzz Nodl* u5%s;°c,
vibrations, where antisymmetric bond stretching vibrations 5 N ) 5
belong to the B-species while symmetric stretching and angle gl = —E[a;%l*uggsg Co = [uglyyz

bending vibrations belong to theApecies. By using the known
character table for th€,, groug’® and (17)-(19), the infrared,
Raman, and hyper Raman tensors for its four irreducible

Bn  _ N vge 0.3 _ 1By _r. By _[.B
[Xugl XzX E[O‘agd*luagce - [Xugl]yzy_ [XUS XX [XUS zyy
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B _ I 2
[Xug2 722" N[(lgg]*‘uégsé; C(-)

N: g, v
[X o 2] XXz __[ aa%]* /uagsezco = [X Eé] yyz
[X vg ] Xzx [ab?:] /"bgCO [X 1/5] yzy [X vg ] XX [X [ 2] gl zyy

A2. Cz, Symmetry. There are six symmetry operations for a
molecule ofCs, symmetry: the identity transformatids, two
3-fold rotationsC3 andC3? about thec-axis, and three vertical
planes ofcﬁC (containing thec-axis and atom 1)af° (contain-
ing the c-axis and atom 2), andfjC (containing thec-axis and
atom 3). If we define an MF frame as in Figure 5, these are
represented in the basis 4, b, ¢ by

100 1—1_@0
E=|010 C3=§\/§—1 0
001 0O O 2
-1 30
CS=3-v3 -1 0
0 0 2
10 0 RS -3 0
of=[0-10 CE\/ﬁl 0
00 1 0 0 2
1—1@0
Zéﬁl 0
0O 0 2

The symmetries ofCs, are classified into three irreducible
species, A A, and E (two-dimensional representation), whose
character table can be found elsewH&mong the six genuine
internal vibrations, the symmetric bond stretching and symmetric
angle bending (or umbrella opening) vibrations belong to the

As-species, while the degenerate vibrations of asymmetric bond4

stretching and asymmetric angle bending belong to the E-

species. Similarly, the infrared, Raman, TRHR tensors, and the,
nonzero susceptibility tensor elements for surface SFG spec-

troscopy can be listed in the following way.
(i) Infrared tensors:

ph=(00u)"
p2=0
”E = (ﬂa/"b O)T
(i) Raman tensors:
1 aaa+ Ay 0 0
(XA1:§ 0 Ogat @y, O
0 0 20,
1 0 Oy~ Opa O
o= > Qpg — Oy O 0
0 0 0
Olgq — Olppy Olgp t Oy 2o‘ac
aF =3 Olpgy T Oy Olppy — Olga 2O*bc

20, 20y, 0

ca

Sincea;j = @, 0”2 is found to be zero, we conclude that A
vibrations are also Raman inactive.

(i) TRHR tensors: Sincd O4f}. = B for all g € Cs,, L
have the same form ag for all irreducible representatiords
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1

2

Figure 5. Definition of an MF coordinate frame for a molecule®©,
symmetry.

of Cs,, and we list only the TRHR tensors f andf;, below.

A1_

aaa ﬂabb - ﬁbab - ﬁbba 0 2(Baac T Bond
O ﬁabb_ﬂaaa+:8bab+ﬂbha 0
z(ﬁaca + ﬂbcb) 0 0
AL _
b
1 0 ﬂbab+ﬂbba_ﬂaaa+ﬂabb 0
Z ﬁbba+ﬁbab_ ﬂaaa+:8abb 0 Z(ﬂbbc+ﬁaa(*)
0 Z(ﬂbcb + ﬂaca) 0
Ay _
a
1 0 ﬁaab + ﬁaba+ lgbaa_ ﬂbbb 0
Z ﬂaba+:3aab+ﬁbaa_ ﬁbbb 0 Z(ﬂabc+ﬂbac)
0 z(ﬂacb + ﬁbca) 0
o=
ﬁbaa - Igbbb + ﬁaab + ﬁaba 0 Z(ﬁbac - Igabt)
=10 ﬁbbb - IBbaa_ ﬂaab - ﬁaba 0
Z(ﬂbca - ﬂacb) 0 0
E =
a
1 3ﬂaaa+ ﬁabb + ﬁbab + ﬁbba 3ﬁaab - ﬁaba - IBbaa+ ﬁbbb 2(Baac = Bubd
= Sﬁabai ﬁaabi ﬂbaa—"_lgbbb 3ﬁabb+ ﬁaaai ﬂbabi ﬁbba z(ﬁabc+ﬂbat‘)
2(ﬂaca - ﬁbcb) 2(ﬂacb + ﬂbca) 4ﬁacc
E __
1 3ﬁbaa+ ﬂbbb - ﬁaab - ﬁaba 3ﬁbab - ﬂbba + ﬁaaa - ﬁabb 2(ﬂbalc + lgab(‘)
Z 3ﬁbba_ﬁbab+ﬁaaa_ﬁabb 3ﬂbbb+ﬂbaa+ﬁaab+ﬁaba Z(ﬂbbc_ﬂaat)
2(ﬂbca + ﬂacb) 2(ﬂbcb - ﬂaca) 418bcc

(iv) SFG: Susceptibility tensor elements after averaging over
y andg: Sinceu”2 = 0, observed vibrational SFG intensities
for molecules ofCs, symmetry are only affected by modes
belonging to the A or E-species. The SFG susceptibility tensor
elements for the Aspecies have the same expression as those
of the Cy, group, since™ = a.. We list only susceptibility tensor
elements for the E-species below:

[ zze= N[O 12 + [ i} s,°cy
e = — T + [0 ) 7, = [y
Drglax= {[a”?J*ugHOLE?J*u o’ = Ubalyny= [l ayy
Doglyz= ~loglye =
by = L i — [ 1 26, — ) =
~Dlsglysx= oglzxy= — [oglayx

So far no vibrational SFG peaks corresponding to all the chiral
tensor elements have been observed for molecule€;pf
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symmetry. This implicitly suggests that we have to assume (72),
ensuring QEQ]XZY = _[XEg]yzx = [XEg]ny = _[ng]zyx =0.
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