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This paper is the second in a two-part series dealing with the configuration-specific analyses for molecular
collision events of hard, spherical molecules at thermal equilibrium. The first paper analyzed a single-component
system, and the reader is referred to it for the fundamental concepts. In this paper, the expressions for the
configuration-specific collision frequencies and the average line-of-centers collision angles and speeds are
derived for an ideal binary gas mixture. The analyses show that the average line-of-centers quantities are all
dependent upon the ratio of the masses of the two components, but not upon molecular size. Of course, the
configuration-specific collision frequencies do depend on molecular size. The expression for the overall binary
collision frequency is a simple sum of the configuration-specific collision frequencies and is identical to the
conventional expression.

Theory

Analysis of the Front- and Rear-End Collision Frequen-
cies.The configuration-specific differential collision frequency,
0Zps, between molecules of type A and those of type B is

0Zp(0a, 05, Up,08) =
OaVic(0a,0g,Ua:v) P(0a,05) ON,, ON,,

v (1)
in which oag is the collision cross-section, given byg = 7-

(ra + rg)? (ra andrg are the molecular radiiyc(oa,08,va,08) Figure 1. Representative configuration for a front-end collision
is the line-of-centers Speeﬂ(aA'aB) is the angu|ar probabmty between two nonidentical spherical molecules, A and B. The collision
distribution function, andN,, is the number of molecules i( angles o a.”dlo‘B’ arz tme angles between the Vhe'OC'ty Vecm‘ﬁ?d

: . ' i i vs, respectively, and the unit vector joining the centers of the two
is A or B) having speeds betweem and v; + Jv;. The molecules.

independent variables,, og, va, andug are illustrated in Figure

1. The expression in eq 1 is identical to Kauzmarinte andR is the gas constant.) Putting the explicit functions for
relative speed, however, has been replaced with the line-of- (o, 0g,0a,08), P(cta,08), anddN,, into eq 1 yields

centers speed, which is given%y
0Z\p(0ta 0, Up,08) =

U1c(0La,0,U8,0g) = Up COSQL, — g COSOg 2 a2
LON.NoOe (Bl sina, sin 2ue%(v, COSOL, —
in which a; is the collision angle between the velocity vector, Vv O SINOg U Vg (Vn Oa
vi, and the unit vector joining the centers of the two spherical patn2_pove?
molecules (see Figure 1). Note that all terms in eq 2 are scalar. vg COSOg)e ™ " e 00, 00 0vp Ovg (5)

The use of the line-of-centers speed rather than the relative speed o )

in the analysis leads to configuration-specific parameters. The ~For front-end collisionsoa varies between 0 and/2 and
angular probability distribution function, which is defined as 8 betweenz/2 and z (this configuration is represented
the probability that molecule A will collide at an angle between Schematically as A~ — B), and the molecular speeds vary

oa andaa + daa and molecule B at an angle betweesand between 0 ancb. Integrating eq 5 with these limits yields the
o + das, is given by following expression for the front-end collision frequency,
ZpB front:
P(aLa,0tg) = Sino, Sinag 00, 0ag (©)] o e ar o
From kinetic molecular theoryiN,, is® 248 o j; j; L’Z 0 Gns(0n e, ve)
NPX\Xg0ag g1 + p) 6
2kT ©)

4N,
ON, = \/_—Iﬁiwvize—ﬁiviz oy, 4)
T in which p = /Bglfs = 4/Mg/m,, Xa and Xg are the mole

in which g; = m/(2kT) = Mi/(2RT) (m is the mass of a single ~ fractions, andidgllis the average molecular speed of B, given
molecule M; is the molecular masg,is Boltzmann’s constant, by Wgl= /8KT/(wmg).
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For rear-end collisions, eitheta, andag both vary between
0 andn/2 (represented as A B —), or they both vary between
/2 andx (represented as- A — B). In the former caseya
must fall within the rangeg cosag/cosaa < va < o to ensure
that vic(oa,08,0a,08) = 0, and in the latter caseg must fall
within the rangeuva cosoa/cosog < vg < o to ensure that
vie(aa,08,0a,08) = 0. The collision frequencies for the first
configuration, Za—greas and for the secondZa-—greas are
respectively

0 noo A2
ZA*B,rear_ L J;A L[(‘)

/2
o 9Zng(0ta,08,04,8) =

NPX, X005 5TV 1 + p° — 1)

2KT (7)
00 00 T T
Zp—Brear— fye fo ‘/,‘,,2 fﬂ/z dZ,g(0a, 0, Up V) =
NPX X505 350V 1 + p° = p) ®)

2kT

in which ya = vg cosog/cosaa andyg = va COSA/COS 0.
The overall rear-end collision frequen@pg reas is Simply the
sum Of ZAﬂB,rear and ZAHB,rear:

Z

ZA A—B,rear + ZARB,rear =

NPX, X505 35121 + p* — 1 — p)
2KT

B,rear

9)

Finally, the overall binary collision frequency is simply the sum
Of ZAB,front and ZAB,rear:

NPX,Xg0ps @V 1 + p°

ZAB = ZAB,front + ZAB,rearz

kT
NPX, X0
XaXg0ag 8KT (10)
KT T

in which u is the reduced mass. Equation 10 is identical to the
expression obtained by other investigatbrs.
The fraction of front-end collisionSjsont, IS

— ZAB,front — 1+ P
Ze o1+ o2

The fraction of rear-end collisions in which A collides with B
from behind,na—g reas IS

Mtront (11)

n _ ZAHB,rear_ 1+ p2 -1
A—B,rear -
Zag 21+ p?

Finally, the fraction of rear-end collisions in which B collides
with A from behind,a-g reas iS

(12)

Z

_ “A-Bjear__

1+p°—p
77A~—B,rear_ ZAB

2 l-i-p2

(13)

Examining the expressions fpr= 0, 1, andew gives an idea
of the range of possible values for the various configuration-

specific parameters. Table 1shows values for the configuration-

specific collision fractions fop = 0, 1, ande.* The limiting
case where = 0 represents a hypothetical system in which

Wiseman

TABLE 1: Values for the Configuration-Specific Collision
Fractions for p = 0, 1, andoo (p = \/mg/m,)

p=0 p=1 p=
iy Y
Tttont 2 L (~0.7071) ?
V2
1 A—B rear 0 1-(1 — L) (~0.1464) Yz
2\ V2
1 A-—B rear 0

"2 - i) ~0.1464
2= ) oo

TABLE 2: Values for the Average Configuration-Specific
Line-of-Centers Collision Angles forp =0, 1, andew (p =

A/ Mg/m,)

p=0 p=1 p=o0
Garond]  1(~57.30) 1  x T
2(14—4) 7 (45)
(~51.15)
O ol 37 7x m—1
ot s YT (~122.70)
(~128.85)
[0 a)—B real] ?l3 (~38.20) 1- (71 _ ) T o
5v§+1)2 1 7 (45)
(~39.48)
mlAﬁ(B),real[| %(900) \/E +1 (~69 16’) 1 (~57.3U)
e .
[0ya)y-—Breal) m— 1 \/E +1 T
B 13270) T 5(90)
(~110.84)
(G- (g)real | 37 1 _5 7 — s
e S (135) Z(ﬁ +1)|2(v2 a1 Ciatso)
(~140.52)

molecule A is infinitely massive and immobile. Conversely, the
limiting case wherep = o represents a hypothetical system in
which molecule B is infinitely massive and immobile. Except
for these limiting casesjiont > 7rear BeCause the maximum
value forymont IS Somewhat less than 1, configuration-specific
effects cannot be ignored for any gas-phase dynamic process
for which front- and rear-end collision events exhibit distinc-
tively different behavior.

Analysis of the Average Configuration-Specific Line-of-
Centers Collision Angles. The general expression for any
average configuration-specific line-of-centers collision angle for
moleculei, [d; kL) is

1
Ly L= ?&kﬂ 0 dZpg (0,05, U, 5) (14)

in which the integration is over the configuration-specific
collision space represented by (k = front or rear). The
expressions fofdua frontJand [dg frond Jare respectively

mA,frontDZ
ol N
0p 0Zpg(0tp, 0, 0,08) =
ZAB,front 0 0 2 J0

_1

— p(l + %) (15)
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|-_dx'B frontDz

7t/2
O dZpg(0p g, Up V) =

S S s

AB front

e GREVERA CT

For rear-end collisions, the collision angles are different for

the two molecules. There are four distinct angles, and to identify

the specific angle, the subscriptn [d;[Jis replaced with i
—(j), (i) < j, andi < (j), in which the angle is for the
molecule in parentheses. The expressions [{np)—g real)
[0a—(B) reals) [Bya)—8 real) @aNd [a-—(B) reatjare respectively

|]7*(A)~B reatD:
/2 pol2
ﬁ, fw\ f 0 0Zpg(0tn 05, 00,08) =

4’]1'

AﬁB rear
(p + 1) tan *(p) — 1
; a7
20W1+p° — 1)
|‘_G"‘AQ(B) realDz
ﬁ) f fﬂz " g 0Z,g(0tp, 0, Up,08) =
Zy . B,rear VA
]T —
(1+5)o~ @ +p)tan (o)
(18)
20W1+p* — 1)
|‘_(:I"(A)hB,reavDZ
Z, B, fys ﬁ) fwlz L/z 0p 0Zpg (0L, 0,V VB)
~—bB,rear
|‘_ﬂ‘x'(A)HB,reavD:

Z(V 1+ p2 - %)n - (p + lp-) tan (o) — 1
2(W1+p° = p)

(19)

mA*(B),reavD:
ZARB reaff;/B ‘/(; ./;5/2 L/;rlz Op dZAB (O”A’O‘B!UA:UB)
|"_d"A*(B),reavD:

2
2(\/ 1+ p°— HTP - p)zt + (1 + p?) tan (o) + p
2(W1+p”—p)

Table 2 shows values for all the average configuration-specific
line-of-centers collision angles far= 0, 1, ando. In general,
these angles are only weakly dependent upoBpecifically,

[0 srondJand [dig srondvary by ~12.3 betweeno = 0 andp =
0, m(A)ﬂB,reaDand |-_dlAH(B),reatDVary by’\’6-8°, and m’»Aﬂ(E!),reavE|
and [dya)—s reatlvary by ~32.7.

Analysis of the Average Configuration-Specific Line-of-
Centers Speeds.The general expression for the average
configuration-specific line-of-centers speétic [ is

(20)

1
e L= Eﬁ Uie(0a 0g, U V) AZpg (0,05, 04,08)  (21)

The expressions fac fronty) [Bic,o—B realsd) aNd [ o realJare
respectively
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7o Jo S Jo

7/2

|jl}lc,front Z/IC(O”A’O*B! Z}A’UB)

ZAB front
dZ,g(0ts, 05,04, 78)
[4p + 7(1 + p%)] @0
4(1+ p)

|]}Ic,front (22)

7l2 el
Wi a—prealm 55— 7 0 fyA f Uie(Qta g, VA, VB)
A—B,rear

dZpg (0, 0g,0p, V)

(1 + p?) tan (p) — p] @0

20W1+ p%— 1)
|jl}lc A—B, reaDz 7 '[VB '/‘; ./:;/2 L/Z

A—B,rear

(23)

|]}I(:,A—*B,rea

Ui(0L,0lg,Up,Vg) OZg(Ap, O, Up, UB)
{a+e ~ ) B0
2(W1+p* = p)

Table 3 shows values for the average configuration-specific
line-of-centers speeds fpr= 0, 1, andko. It bears emphasizing
here that the speed at which two colliding molecules impact
each other is actually the line-of-centers speed and not the
relative speed. The expression for the average relative speed,
el is

5~ tan (o)

EJ/Ic,AhB,reavDZ (24)

(25)

By o /i—f= V14 p’g0

On the other hand, the expression for the average line-of-centers
speed @[ is

L—ll/lclj: nfrontlj’lc,frontm nAﬂB,rearEl/lc,AﬁB,reall:l_l_
J /
77AEB,reavDJ}Ic,ARB,rearD= Z 1+ pZDI/BD (26)

Hence [ wliye 14 =~ 0.78540 ] The expression fomcL]
rather than(iye ] should be used in analyzing any gas-phase
dynamic parameter that is dependent upon the impact speed of
two colliding molecules.

Discussion

Outside of pedagogic pursuits and classroom discussions,
configuration specificity in gas-phase dynamics has several other
potential applications. For one, adding configuration specificity
as a higher level of theoretical detail may shed some insight
into certain gas-phase dynamic processes such as diffusion and
reactivity. For instance, the conventional thought is that mo-
lecular collisions always reduce the rate of gaseous diffusion.
However, collision events where the diffusing molecules are
hit from behind will actually enhance the diffusion rate. Hence,
theoretical expressions for the diffusivity are expected to be
different if configuration specificity is taken into account. For
systems in which classical mechanics applies, configuration
specificity may also shed some light in interpreting the results
of certain gas-phase experiments such as molecular beam
studies. The fact that scattering angles and line-of-centers speeds
are different between front- and rear-end collision events may
be particularly useful.
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TABLE 3: Values for the Average Configuration-Specific center-of-mass trajectories as well as the internal motion of

Line-of-Centers Speeds forp = 0, 1, andeo (p = structured molecules when the molecules are close enough for

v/ Mg/my, and [a= plagl) the force fields to interact. Of course, some of the trends for
p=0 =1 p=o0 the nonconfiguration-specific collision parameters in nonideal

. o0 o0 o0 systems can be predicted with some level of confidence. As a
B rond g T\ B oA case in point, collision frequencies are expected to be higher
4 2] 2 4 for molecules that exhibit attractive interactions. In contrast,

(~0.78544el) (~1.283280) (~0.78542.0) even guessing the trends for many of the configuration-specific
- D collision parameters in nonideal systems is difficult without
(e a8 real] 20500 2+ 1)(5 - 1)7 7L resorting to some level of theoretical analysis.
3
(~0.66672aL) (~0.68902a0) (~0.7854240) Acknowledgment. The author graciously thanks Miss Kia
Tavares for her expert help in analyzing several of the integrals
g0 i i
Biopsseal]) 730 2+ 1)(g_ 1) TB 203,00 using Mathematica.
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