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The combined kinetic analysis implies a simultaneous analysis of experimental data representative of the
forward solid-state reaction obtained under any experimental conditions. The analysis is based on the fact
that when a solid-state reaction is described by a single activation energy, preexponetial factor and kinetic
model, every experimentalT-R-dR/dt triplet should fit the general differential equation independently of
the experimental conditions used for recording such a triplet. Thus, only the correct kinetic model would fit
all of the experimental data yielding a unique activation energy and preexponential factor. Nevertheless, a
limitation of the method should be considered; thus, the proposed solid-state kinetic models have been derived
by supposing ideal conditions, such as unique particle size and morphology. In real systems, deviations from
such ideal conditions are expected, and therefore, experimental data might deviate from ideal equations. In
this paper, we propose a modification in the combined kinetic analysis by using an empirical equation that
fits every f(R) of the ideal kinetic models most extensively used in the literature and even their deviations
produced by particle size distributions or heterogeneities in particle morphologies. The procedure here proposed
allows the combined kinetic analysis of data obtained under any experimental conditions without any previous
assumption about the kinetic model followed by the reaction. The procedure has been verified with simulated
and experimental data.

Introduction

The kinetics of solid-state reactions is generally described,
when data are recorded under experimental conditions far from
equilibrium, by two functions, one,f(T), accounts for the
temperature,T, dependence, and the other,f(R), accounts for
the conversion,R, dependence.f(T) is expressed by an Arrhe-
nius-type equation, andf(R) is an algebraic expression usually
associated with a physical model that describes the kinetics of
the solid-state reaction. A list of the most commonly used kinetic
models is shown in Table 1. These physical models have been
proposed by assuming a driving force, i.e., interface growth,
diffusion, nucleation-growth, and a simplified and homogeneous
geometry.1-4

The scope of the kinetic analysis of a thermally stimulated
solid-state reaction is the discrimination of bothf(T) and f(R)
from experimental data. Several procedures have been proposed
in the literature for the kinetic analysis of experimental data
obtained under different temperature evolution conditions, i.e.,
isothermal, linear heating rate, modulated temperature, sample
controlled. Most of the different kinetic analysis procedures are
intended to be used for the analysis of experimental data
obtained under determined experimental conditions.1,5-11 Re-
cently, we proposed a kinetic analysis procedure that allows
the combined analysis of a set of data obtained under different
experimental conditions.12-15 The procedure is based on the fact
that only the true kinetic model fits simultaneously all experi-
mental data yielding an uniquef(T) function. This procedure
has been successfully applied to the combined study of data

obtained under different experimental conditions, such as
isothermal, linear heating or sample controlled, for both
crystallization and thermal decomposition of solids.

The problem arises when the process cannot be described by
one of thef(R) functions proposed for the study of solid-state
reactions. These functions are, as stated above, algebraic
expressions of simplified physical models that assume, for
example, that the system has a simple and homogeneous
geometry. In many real systems, it is expected a deviation of
such simplified physical models due to heterogeneity in the
samples. The influence of heterogeneity in kinetic analysis has
been already pointed out in the literature.16-21 Thus, it has been
reported that a particle size distribution instead of a unique
particle size produces a decrease in the ability to discriminate
the geometry of the reaction interface.17 These deviations from
the ideal models imply a limitation in the kinetic analysis
because none of thef(R) equations already proposed will
properly fit all of experimental data. In principle, this limitation
could be overcome by increasing the list of models with new
ones that account for some of these deviations from ideal
situations. Nevertheless, this solution is not practical because
the number of possible models will eventually be infinite. An
alternative solution is the use of a fitting function forf(R) that
behaves like an umbrella that covers any of the kinetic functions
that would describe a solid-state reaction. Thus, when analyzing
real data, the analysis will not be limited by a restricted list of
models. In this paper, we propose the use of the combined
kinetic analysis, which allows analyzing data obtained under
any experimental conditions, with a general fitting function for
f(R). Different deviations from ideal situations produced by* Corresponding author. E-mail: maqueda@cica.es.
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particle size distributions, changes in interface morphology, etc.
would be analyzed. Finally, the proposed procedure is tested
for the analysis of simulated and experimental data.

Theoretical

The reaction rate, dR/dt, of a solid-state process can be related
to the process temperature,T, and to the reacted fraction,R, by
means of the following general equation:

whereA is the Arrhenius preexponential factor,R is the gas
constant, andE is the activation energy. In a thermo-analytical
experiment, the sample is heated while the evolution of the
reacted fraction, or reaction rate, is recorded as a function of
time and temperature. For the experiments, different heating
pathways can be used, the most common ones being isothermal,
linear heating, modulated temperature, and sample-controlled.
In the isothermal experiment, sample is rapidly heated to a
certain temperature and maintained constant along the entire
experiment. Thus, the termA exp(-E/RT), usually referred as
k, is constant. Therefore, eq 1 can be written as follows:

eq 2 can be integrated to give

or

Under other experimental conditions, such as linear heating rate,
the temperature is linearly raised with the time. Thus, the heating
rate,â, is defined by the following equation:

and under these experimental conditions, eq 1 can be written
as follows:

or in its integral form:

The integral in the right-hand side term cannot be written in a
closed form and it has to be numerically solved or approached
using one of the approximated equations proposed in the
literature.

A recently proposed modification of the linear heating rate
program is the modulated temperature program, where a
sinusoidal temperature modulation is superimposed to the linear
heating rate program.22-24 Therefore, the heating rate is defined
as follows:

whereâ0 is the constant heating rate,B is the amplitude of the
modulation, andω is the frequency.

In the sample-controlled thermal analysis experiment (SCTA),
the evolution of the reaction rate with the time is predefined by
the user.25,26 Usually, the reaction rate is maintained constant
along the entire process, although other profiles, such as linear
evolution with time, have been also proposed.27-29 In the most
common case

whereC is the selected constant rate. Thus, eq 1 can be written

The four heating procedures described above are the most
common ones, but others have been proposed and in some cases
implemented in commercial thermo-analytical instruments. For
each of these heating procedures, different specific kinetic
analysis methods have been reported. Nevertheless, as stated
above every resulting tripletR-dR/dt-T recorded under any
experimental conditions should fit eq 1 or its logarithmic form,
which can be written as follows:

because this equation does not imply any consideration about
the heating pathway. Besides, the plot of the left-hand side of
eq 11 versus the inverse of temperature yields a straight line if
the correctf(R) function is considered. From this plot, the
activation energy can be obtained from the slope, and the

TABLE 1: Algebraic Expressions for the f(r) Functions for the Most Common Mechanisms in Solid-State Reactions and Their
Corresponding Equivalent Reduced Sestak-Berggren Equations

mechanism symbol f(R)
equivalent reduced

Sestak-Berggren equation

phase boundary controlled reaction (contracting
area, i.e., bidimensional shape)

R2 (1- R)1/2 (1 - R)1/2

phase boundary controlled reaction (contracting
volume, i.e., tridimensional shape)

R3 (1- R)2/3 (1 - R)2/3

unimolecular decay law (instantaneous
nucleation and unidimensional growth)

F1 (1- R) (1 - R)

random instant nucleation and two-dimensional
growth of nuclei (Avrami-Erofeev equation)

A2 2(1 - R)[-ln(1 - R)]1/2 2.079(1- R)0.806R0.515

random instant nucleation and three-dimensional
growth of nuclei (Avrami-Erofeev equation)

A3 3(1 - R)[-ln(1 - R)]2/3 3.192(1- R)0.748R0.693

two-dimensional diffusion (bidimensional
particle shape)

D2 1/[-ln(1 - R)] 0.973(1- R)0.425R-1.008

three-dimensional diffusion (tridimensional
particle shape) Jander equation

D3 [3(1 - R)2/3]/{2[1 - (1 - R)1/3]} 4.431(1- R)0.951R-1.004

dR
dt

) A exp(-E/RT)f(R) (1)

dR
dt

) kf(R) (2)

∫0

R dR
f(R)

) A exp(-E/RT)∫0

t
dt (3)

g(R) ) kt (4)

â ) dT
dt

(5)

dR
dT

) A
â

exp(-E/RT)f(R) (6)

g(R) ) A
â∫0

T
exp(-E/RT) dT (7)

â ) â0 + B sin($t) (8)

dR
dt

) C (9)

C ) A exp(-E/RT)f(R) (10)

ln(dR/dt
f(R) ) ) ln A - E/RT (11)
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preexponential factor is obtained from the intercept. Neverthe-
less, we have to take into consideration some limitations. Thus,
it is known that under linear heating rate conditions, it is not
possible to discriminate the dependence of temperature and
reacted fraction on the reaction rate from a single experimental
curve, because a single curve could be fitted by more than one
f(R) function and the resultingf(T) function will drastically
depend on the selectedf(R).5,13,30,31Therefore, to discriminate
the correct kinetic parameters, several experimental curves
obtained under different experimental condition, such as dif-
ferent linear heating rates, should be simultaneously analyzed.
Another limitation is related with the fact that thef(R) functions
proposed in the literature are, as stated in the Introduction
section, idealized physical models that, although having suc-
cessfully described many real systems, might not be used for
every solid-state process. To overcome this restriction, we
propose the use of the following algebraic expression forf(R):

This equation is a simplified form of the Sestak-Berggren
equation:32

for p ) 0. The Sestak-Berggren kinetic equation, unlike those
in Table 1, is an empirical equation without physical meaning.
Nevertheless, we have observed that this function exactly
matches any of the functions in Table 1 after introducing the
accommodation constantc in eq 12 that becomes

The resultingc, n, andm parameters have been calculated by
fitting the differentf(R) functions with eq 14; the corresponding
equivalent functions describing the different ideal kinetic models
are shown in Table 1. Thef(R) versusR plots together with the
Sestak-Berggren equation with the correspondingc, n andm
parameters are represented in Figure 1. It is quite evident from
plots in Figure 1 that the fitting is excellent. Therefore, eq 12
can describe every kinetic model in Table 1 just by selecting
the properc, n andm parameters.

From eq 11 and 14, the following equation can be written,
which should fit every experimental data:

The method proposed here for determining the kinetic param-
eters is a multistage procedure. First, the Pearsons linear
correlation coefficient between the left-hand side of eq 15 and
the reciprocal of temperature is used as the objective function
for optimization, wheren andm are the variable parameters to
maximize the objective function. Here, optimization has been
performed by means of the maximize function of Mathcad
software (Mathsoft inc.). By this optimization procedure, then
andm parameters that yield the best linear correlation for the
plot of the left-hand side of eq 15 versus the reciprocal of
temperature are obtained. Then, the real activation energy is
obtained from the slope of the plot of the left-hand side of eq
15 versus the reciprocal of temperature and the preexponential
factor multiplied by the factorc is obtained from the intercept.
It should be noted that although we propose the use of the
simplified Sestak-Berggren equation (eq 14), identical results
are obtained from different equations if these equations fit all
of the equations corresponding to ideal models tabulated in Table

1. Nevertheless, we proposed the simplified Sestak-Berggren
equation because it is quite a simple equation and is extensively
used in solid-state kinetics. The kinetic analysis method here
outlined will be tested in the next section with different sets of
both simulated and experimental curves.

Results

Figure 2 shows a set of curves simulated for a solid-state
reaction that follows an A3 kinetic model with an activation
energy of 175 kJ mol-1 and a preexponential factor of 1013

min-1. Curves have been simulated for isothermal (T ) 625
°C, curve a), linear heating (heating rates,â ) 2, 5, 10 °C
min-1), sample controlled thermal analysis (reaction rate,C )
10-1 min-1) and modulated temperature conditions (constant
heating rate,â0 ) 5 °C min-1; frequency,ω ) 2 min-1;
amplitude of the modulation,B ) 2 °C). All of these four curves
have been simultaneously analyzed by eq 15, yielding a perfect
straight line (Figure 3), with a correlation factor of 1, for then
and m parameters obtained by the optimization procedure
described above, i.e.,n ) 0.748 andm ) 0.693. Moreover, the
activation energy, 175 kJ mol-1, obtained from the slope is
identical to that used for the simulation, and the value of the
intercept, 3.192× 1013, corresponds tocA. Similar results have
been obtained from simulated curves for all the kinetic models
shown in Table 1, but they have been omitted by the sake of
brevity.

It is noteworthy to point out that the simultaneous determi-
nation of the kinetic parameters and thef(R) function from eq
15 necessarily requires the combined analysis of a set of
differentR-T (or t) plots. It does not work for instance with a
single TG curve obtained under a linear heating program because
other kinetic models besides the real one obeyed by the reaction
would fit this curve while leading to wrong kinetic parameters.

f(R) ) (1 - R)nRm (12)

f(R) ) (1 - R)nRm(-ln(1 - R))p (13)

f(R) ) c(1 - R)nRm (14)

ln( dR/dt

(1 - R)nRm) ) ln cA - E/RT (15)

Figure 1. Comparison of thef(R) (dots) corresponding to diffusion
(a) and nucleation-growth (b) mechanisms with the Sestak-Berggren
equations with the correspondingn andmparameters tabulated in Table
1 (solid lines).
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Thus, Figure 4 shows that the TG diagrams included in Figure
2b can be individually fitted by a first-order kinetic model with
a regression coefficientr ) 1, despite having been simulated
for an A3 kinetic model. However, the plot of the whole set of
TG data according to eq 15 does not yield a single straight line,
as that shown in Figure 4, but a set of three parallel plots
corresponding to everyR-T plot included in Figure 2b.
Moreover, an activation energy of 521 kJ.mol-1 results from
the slopes of the three lines in Figure 3, which is quite different
from the value used for the simulations (E ) 175 kJ‚mol-1).

It was mentioned above that the method here proposed could
be used to analyze curves even when thef(R) function is not
described by one of the ideal models included in Table 1. Thus,
to test this possibility, a set of curves have been simulated using
the procedure described in ref 17 assuming a log-normal particle
size distribution:

where φ is the frequency,σ is the standard deviation in
logarithmic scale, andz is the particle size in logarithmic scale.
For the different kinetic models, the particle size will have a
different meaning. Thus, for R3, D3 and D4, the size will be
the sphere diameter, and for R2 and D2, it will be the base
diameter of the cylinder. For the simulation, the distribution
curve is divided into 400 equal slices, parallel to the vertical
axis. For each of these slices, a simulated curve is obtained
from eq 1 considering the particle size dependence for the
considered mechanism. Finally, the overallR versusT curve is
determined by adding all of the individual curves corresponding
to the different slices. The resulting curves simulated for a D2

kinetic model under linear heating rate conditions assuming
particle size distribution (σ ) 0.75) an activation energy of 100
kJ mol-1 and a preexponential factor of 105 min-1 are included
in Figure 5. The analysis of curves in Figure 5 by means of eq
15 yields a straight line forn ) 0.93466 andm ) -0.82728
(Figure 6) with a correlation coefficient of 1, and the resulting
activation energy, as obtained from the slope, is 100 kJ mol-1

and the intercept is 1.9× 104. Simulated curves were recon-
structed by using the kinetic parameters resulting from the
analysis (both sets of curves are included in Figure 5); it is clear
from this figure that both sets of curves are superimposed,
verifying the proposed kinetic analysis procedure.

Another possible deviation from ideal models might be
produced if particles in the material are not homogeneous in
shape. It was mentioned above that the ideal models have been
proposed by assuming specific geometries, such as spheres,
cylinders or planes, that might be different from those in the
real samples. Additionally, in many real samples, shape
heterogeneity is expected. Figure 7 includes a set of linear
heating rate curves that have been simulated by assuming that
the sample is constituted by two different kinds of particles,
i.e., spherical (75%) and cylindrical (25%), whose decomposi-
tions follow interface controlled kinetic models (R3 and R2,
respectively) with a unique activation energy (E ) 100 kJ mol-1)

Figure 2. Simulated curves assuming an A3 kinetic model, an
activation energy of 175 kJ mol-1 and a preexponential factor of 1013

min-1 and the following conditions: (a) isothermal (T ) 625 °C), (b)
linear heating (heating rate,â ) 2, 5, 10 °C min-1), (c) sample
controlled thermal analysis (constant reaction rate,C ) 10-1 min-1,
curve c), and (d) modulated temperature conditions (constant heating
rate, â0 ) 5 °C min-1; frequency,ω ) 2 min-1; amplitude of the
modulation,B ) 2 °C).

Figure 3. Combined analysis of curves included in Figure 2 by means
of eq 15 for then and m parameters obtained by the optimization
procedure, i.e.,n ) 0.748 andm ) 0.693.

Figure 4. Analysis of theR-T plots included in Figure 2b according
to eq 15 by assuming a F1 kinetic model [i.e.f(R) ) (1 - R)].

dφ

dz
) 1

σx2π
exp(-

(z - z)2

2σ2 ) (16)
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and preexponential factor (A ) 1010 min-1). The analysis of
these curves by means of eq 15 yields a straight line forn )
0.637 019 19 andm) 0.006 980 94 (Figure 8) with a correlation
coefficient of 1. The activation energy and preexponential factor
obtained from the slope and intercept, respectively, are coin-
cident with those used for the simulation. Therefore, it has been
shown that the kinetic analysis procedure proposed here allows
analyzing data even when the process cannot be described by
one of the ideal models due heterogeneity in, for example,
particle shape or size, yielding the correct kinetic parameters.

Once the method has been tested from theoretical curves, it
is of interest to verify it with experimental curves. Thus, the
kinetics of the thermal decomposition of a barium carbonate
sample has been chosen because this reaction has been previ-
ously studied by us, and its kinetics is well described.33 For
this reaction, experiments under sample controlled thermal

analysis and linear heating rate conditions were recorded.33 The
resulting R-T curves are included in Figure 9 and the
experimental conditions are described in the figure caption. The
combined kinetic analysis of these two curves by means of the
procedure described above yields a straight line forn ) 1.081
andm ) -0.0246 (Figure 10) with a correlation coefficient of
0.999, resulting in an activation energy, as obtained from the
slope, of 225( 2 kJ mol-1 and a preexponetial factor, as
obtained from the intercept, of (9.6( 1) × 106 min-1. The
normalized Sestak-Berggren function with the resulting values
of n andmcoefficients is represented in Figure 11 as a function
of R together with thef(R) functions corresponding to some of
the ideal models included in Table 1. It can be observed from

Figure 5. Simulated curves (dots) under linear heating rate conditions
assuming particle size distribution (σ ) 0.75) an activation energy of
100 kJ mol-1 and a preexponential factor of 105 min-1. Curves
reconstructed with the kinetic parameters resulting from the combined
kinetic analysis are also plotted (solid lines).

Figure 6. Combined analysis of curves included in Figure 5 by means
of eq 15 for then and m parameters obtained by the optimization
procedure, i.e.,n ) 0.934 66 andm ) -0.827 28.

Figure 7. Linear heating rate curves (dots) simulated by assuming
that the sample is constituted by two different kinds of particles, i.e.,
spherical (75%) and cylindrical (25%), whose decompositions follow
interface controlled kinetic models (R3 and R2, respectively) with a
unique activation energy (E ) 100 kJ mol-1) and preexponential factor
(A ) 1010 min-1). Curves reconstructed with the kinetic parameters
resulting from the combined kinetic analysis are also plotted (solid
lines).

Figure 8. Combined analysis of curves included in Figure 7 by means
of eq 15 for then and m parameters obtained by the optimization
procedure, i.e.,n ) 1.081 andm ) -0.0246.
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this figure (Figure 11) that the kinetic data obtained for the
thermal decomposition of BaCO3 perfectly match the F1 kinetic
model in agreement with previous references.33,34 The kinetic
parameters obtained here for this material are also coincident
with those previously reported by us.33 Finally, Figure 9 shows
that the experimental curves reconstructed from the above
kinetic parameters match the TG and SCTA experimental

curves, proving the validity of the kinetic parameters calculated
by this new kinetic analysis method.

Conclusions

It has been shown that the empirical simplified Sestak-
Berggren kinetic equation fits all of the equations corresponding
to ideal models proposed for solid-state reactions. Thus, by using
the general differential equation (eq 1), which does not have
any limitation regarding the heating pathway using for the
thermal experiment, and the simplified Sestak-Berggren kinetic
equation, a procedure has been proposed for performing the
combined kinetic analysis of experimental data obtained under
any heating pathway and without any assumptions about the
kinetic model fitted by the process. In principle, identical results
would be obtained by using another function different from the
simplified Sestak-Berggren one with the condition that that
equation should perfectly fit all of the equations corresponding
to ideal models. The kinetic analysis procedure here proposed
has been proved to be quite useful for analyzing not only data
obtained under different experimental conditions that fit one of
the ideal models proposed in the literature but also processes
that cannot be described by one of these models due to
deviations produced by effects such as particle size distribution
or irregularities in the particles morphologies. The method
proposed here has been verified with both theoretical and
experimental curves. Thus, different sets of curves simulated
by assuming different experimental conditions and/or different
deviations from the ideal proposed kinetic models have been
analyzed using the combined method proposed here. Addition-
ally, the kinetics of the thermal decomposition of barium
carbonate has been studied by the combined analysis of data
obtained under linear heating and controlled rate thermal
analysis.
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