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In this paper, we have studied the vibronic transitions between two symmetric double-well potentials by
proposing a model Hamiltonian consisting of a harmonic oscillator and a parturition described by a Gaussian
function that leads to a double minima potential with a barrier between the two energy minima. Making use
of the contour integral form of Hermite polynomials, we present a new formula that can calculate Franck-
Condon factors of the system rigorously. The simulated vibronic spectra of ammonia and the negatively
charged nitrogen-vacancy center in diamond are presented as an application of the formula.

I. Introduction

The vibrational modes of molecules, in general, are defined
at the potential energy surface minimum and well-described by
harmonic oscillators near the equilibrium. Some modes, how-
ever, may have double or multiple potential minima, such as
inversion, ring-puckering, large-amplitude bending, and torsional
vibrations.1 A single harmonic oscillator is unable to describe
these types of motion, and a number of approaches have been
proposed to construct double- or multiple-well potential surfaces.
Prominent approaches include the quadratic potential perturbed
by a Gaussian function barrier,2,3 the quartic-quadratic poten-
tial,4 the hyperbolic secant functions,5 and the linear combination
of cosine functions,1 etc. Each of them has its own advantages
for instance, the cosine potential is suitable for the multiple
minima case, the hyperbolic secant potential permits an exact
solution to the Schro¨dinger equation,5 and the quadratic-
Gaussian potential and the quartic-quadratic potential fit most
accurately the vibrational levels of symmetric double minima.1,2,6

In this work, we selected the quadratic function with a
Gaussian function barrier as the template for the symmetric
double-well potential. Taking harmonic oscillator wavefunctions
as the basis set, a new numerical method is presented to evaluate
the coupled matrix elements of the Gaussian function using the
contour integral representation of Hermite polynomials. The
Schrödinger equation was solved variationally to determine the
vibrational levels, and the corresponding wavefunctions were
obtained as a linear combination of the harmonic oscillator
wavefunctions. This was followed by the calculation of Franck-
Condon factors between two double-well potentials to investi-
gate vibronic transitions, in which overlap integrals of wave-
functions between these two different-shaped potentials and
matrix elements of vibrational coordinates were computed. We
finally simulated absorption and emission vibronic spectra to
compare with experimental data.

Two systems have been chosen to demonstrate the feasibility
of this approach. The first is the A˜ -X̃ transition of ammonia,

which shows pronounced vibrational progressions involving the
inversion mode (ν2) in both absorption7-13 and fluorescence
spectra14-16 where up to 10 and to 4ν2 quanta, respectively,
have been observed. Our simple one-dimensional formula can
reproduce the absorption spectrum satisfactorily. The second
is the negatively charged nitrogen-vacancy defect center in
diamond, denoted as (N-V)-. The center, with aC3V symmetry,
is created by electron bombardment of diamond containing
dispersed nitrogen atoms, followed by thermal annealing at
elevated temperatures.17-20 It exhibits a sharp zero-phonon line
(ZPL) at 637 nm (1.945 eV) at liquid nitrogen or lower
temperature, accompanied with a broad vibronic sideband. The
ZPL becomes less obvious when the temperature rises.21-27 Our
model could readily depict the nitrogen tunneling motion in this
center,18,28,29 fitting well both absorption and fluorescence
spectra.

II. Theories

1. Energy Levels and Wavefunctions of the Symmetric
Double-Well Potential. We first took the harmonic oscillator
potential as the unperturbed system and the corresponding
wavefunctions as the basis set. A Gaussian-type barrier was then
introduced,

whereω0 ()hν0) is the unperturbed harmonic oscillator angular
frequency andQ is the mass-weighted coordinate. The top of
the barrier locates atQ ) 0 with V(0) ) A; the equilibrium
positions(Qm (bottoms of the potential double-well) satisfy

with the potential

In eq 2, we adopted the potential-shape parameterF introduced
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by Coon et al.6 for convenience. Further defining the barrier
heightB ≡ V(0) - V(Qm) leads to

and

For this system, the Schro¨dinger equation is written as

whereĤ′ refers to the Gaussian barrier as a perturbation. We
took the trial functionΘ as a normalized linear combination of
the unperturbed harmonic oscillator wavefunctions,

and solved eq 5 variationally. The secular equation was deduced
as

or

whereW is the variational energy,m andn are the numbering
of the unperturbed harmonic oscillator wavefunctions, and the
Gaussian-coupled matrix elements are defined as

Instead of using the recursion formulas,6 we performed the
integration of eq 9 by using the contour integral representation
of Hermite polynomials (see section A of the Supporting
Information for details). The results are

for evenm + n, and

for odd m + n. Here Pr(x) is the parity-checking function,
defined as

which ensures that bothm - l andn - l are even in eq 10a.
The equations can be readily solved numerically. In principle,

infinite terms in the linear combinations of harmonic oscillator
wavefunctions should be considered, but in practice, 32 terms
will be sufficient to give vibrational energies of interest with
five digit precision. These energies (W’s in eq 8) and coefficients
of the linear combinations (cn’s in eq 6) were subsequently
obtained for any given pair of (F, B) parameters.

2. Franck-Condon Factors of Distorted Harmonic Oscil-
lators. To evaluate the intensity of the vibronic transition
involving a single vibrational mode between two symmetric
double-well potentials, we started with the nuclear wavefunc-
tions represented by the linear combination of harmonic
oscillator wavefunctions as

where aV refers to the electronic state a with vibrational quantum
V, and bV′ to the electronic state b with vibrational quantumV′.
Notice that the two double-well potentials are represented here
by two sets of harmonic oscillator wavefunctions with two
different frequencies but of the same origin, i.e., distorted
harmonic oscillators (without displacement). The intensity of
the transition between these two states is then proportional
to30-33

where the Born-Oppenheimer adiabatic approximation is
applied to separate the wavefunction into the nuclear partΘ
and the electronic partΦ. The electronic transition momentµbba

is defined asµbba ≡ 〈Φb|µb|Φa〉 and can be expanded as

When the first term in eq 14 dominates, as the usual case of
symmetry-allowed transitions, eq 13 could be approximated as

The term|〈ΘbV′|ΘaV〉|2 is the Franck-Condon factor for sym-
metry-allowed transition, and in our derivation it becomes

where
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is the overlap integral of distorted harmonic oscillator wave-
functions. The direct integration ofSmn resembles that ofH′mn

and yields (see section B of the Supporting Information for
details)

for evenm + n, and

for odd m + n. The relationship between the vibrational
frequencies of the two harmonic oscillators can be denoted by
ω′ ) fω or â′) fâ, wheref is a proportional factor. Equation
18a then becomes

In the case thatµbba(0) is zero (symmetry-forbidden) or small
compared with the higher-order terms in eq 14, eq 15 can be
rewritten, assuming that only a single vibrational mode is
involved, as

Defining the coupling of wavefunctions throughQ andQ2 as

we derived that (see section C of the Supporting Information
for details)

and

3. Absorption and Photoluminescence Spectra.In the
Born-Oppenheimer adiabatic approximation, the absorption
coefficientR(ω) for the vibronic transition from electronic state
a to b with vibrational quantaV and V′, respectively, can be
expressed as30-33

wherePaV denotes the Boltzmann factor of the initial state,µbba

is the electronic dipole moment, andD(∆ω) is the Lorentzian
function. Similarly, the photoluminescence spectra can be
described by

whereAbfa denotes the radiative rate constant of the transition
from state b to a. In the Lorentzian function,
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γbV′,aV denotes the dephasing (or damping) constant, which is
related to the lifetimeτ’s of the two states,

In the case of excitation from the ground state withV ) 0, γbV′,aV
depends only on the lifetime of the final state bV′, which in
turn depends mainly on the vibrational relaxation process.

Because the vibrational relaxation in a harmonic oscillator occurs
via the linear coupling through vibrational coordinates, the
relaxation rate is then proportional to

ThusγbV′,aV is linearly proportional toV′.

III. Results and Discussion

1. Inversion Mode of Ammonia. The inversion mode,ν2,
of ammonia is a well-known vibrational motion with a sym-
metric double-well potential. The equilibrium configuration of
NH3 at the ground state (X˜ ) is pyramidal, and the molecule can
flip over its mirror position (with a barrier of∼2020 cm-1)
when the umbrella vibrational motion is highly excited.3,6,34,35

The first electronically excited state (A˜ ), on the other hand, has
a planar geometry at equilibrium.8,34,35

We have carried out calculations as described in section II.1
to search for properF and B parameters that construct the
double-well potential and fit well with experimentally observed
vibrational frequencies. These two parameters and related
constants are listed in Table 1, and a comparison of the
calculated and experimental vibrational levels for both the
ground and the excited states is given in Tables 2 and 3 for
NH3 and ND3, respectively.12,36

In the Ãr X̃ transition of ammonia, the absorption spectrum
consists mainly of the progression in theν2 mode. It has been
noticed that in the case of NH3, the intensities of the vibronic
bands show some anomalies. At room temperature, the peaks
split due to rotation-vibration coupling.12,37,38When the molecule
was cooled down by supersonic expansion with argon, the
splitting disappears but some even-odd intensity alternations
occur.12,13,39 For example, the transition toV′ ) 4 has an
anomalous intensity, which is lower than its adjacent transitions,
V′ ) 3 and 5. This incongruity was suggested as a result of the
selection rule on nuclear permutation symmetry for protons at
low temperatures.13,38 Such an effect was less obvious in the
absorption spectra of ND3. Because our model does not take
into account any rotations or nuclear spins, we took ND3 to
test our formulation.

TABLE 1: Fitting Parameters of the Symmetric Double-Well Potential of the Inversion Mode (ν2) of Ammonia

NH3 ND3

parameters
ground state, X˜
(double-well)

excited state, A˜
(nearly harmonic)

ground state, X˜
(double-well)

excited state, A˜
(nearly harmonic)

Fa 0.60 0.60 0.60 0.60
B (hν0)b 2.086 0.046 2.679 0.003
B (cm-1)b 2032 42.8 1984 2.04
ν0 (cm-1)c 974.2 931.1 740.5 678.3
G(0+) (cm-1)d 513.2 345.9 394.0 333.5
A (hν0)e 17.11 0.377 21.98 0.024
A (cm-1)e 16670 351.3 16274 16.7
R (2πν0/p)e 0.0532 2.41 0.0415 37.0

a Symmetric double-well potential-shape parameter defined in eq 2.b Barrier-height parameter used in eq 4.c Unperturbed harmonic oscillator
frequency.d Energy difference between the first vibrational level and the bottom of the well; zero-point energy at the ground state.e Barrier parameters
defined in eq 1.

TABLE 2: Experimental and Calculated Vibrational Levels
(in cm-1) of the ν2 Mode in the Ground and the First
Electronically Excited States of NH3

X̃ state Ãstate

V expa calc V′ expb calc

0+ 0.00 0.00 0 46222 46222c

0- 0.79 0.83 1 47057 47023
1+ 932.4 932.4 2 47964 47964
1- 968.2 967.8 3 48869 48875
2+ 1602 1603.0 4 49783 49803
2- 1882.2 1882.8 5 50730 50729
3+ 2383.5 2385.0 6 51656 51657
3- 2895.5 2891.7 7 52543 52585
4+ 3442 3453.2 8 53496 53514
4- 4047.4 9 54454 54443

a From ref 36.b From ref 12.c Experimental band origin adopted.

TABLE 3: Experimental and Calculated Vibrational Levels
(in cm-1) of the ν2 Mode in the Ground and the First
Electronically Excited States of ND3

X̃ state Ãstate

V expa calc V′ expb calc

0+ 0.000 0.000 0 46701 46701c

0- 0.053 0.058 1 47369 47373
1+ 745.7 745.7 2 48052 48052
1- 749.4 749.4 3 48697 48729
2+ 1359 1361.2 4 49375 49407
2- 1429 1432.3 5 50062 50086
3+ 1830 1831.9 6 50748 50764
3- 2106.6 2111.6 7 51451 51442
4+ 2482 2485.5 8 52162 52120
4- 2876 2876.5 9 52874 52799

a From ref 36.b From ref 12.c Experimental band origin adopted.

γbV′,aV ) 1
2( 1

τaV
+ 1

τbV′) (27)

TABLE 4: Calculated Matrix Elements of 〈ΘbW′|ΘaW〉 for the Ã-X̃ Transition of ND3

V′
V 0 1 2 3 4 5 6 7 8 9

0+ 0.0688 0.0000 0.2690 0.0000 0.4873 0.0000 0.5749 0.0000 0.4871 0.0000
0- 0.0000 0.1570 0.0000 0.3861 0.0000 0.5539 0.0000 0.5499 0.0000 0.4011
1+ 0.2616 0.0000 0.5258 0.0000 0.4262 0.0000 0.0095 0.0000 -0.3641 0.0000
1- 0.0000 0.4176 0.0000 0.5346 0.0000 0.2427 0.0000 -0.2038 0.0000 -0.4510

|〈ΘbV′|Q|Θb(V′-1)〉|2 ) V′
2â

(28)
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According to the Condon approximation as shown in eq 15,
the intensities of the vibronic transitions are proportional to the
Franck-Condon factors,|〈ΘbV′|ΘaV〉|2. However, in the A˜ r X̃
absorption transition of ND3, the highest peak occurs atV′ ) 7,
whereas the calculated Franck-Condon factors show a maxi-
mum at V′ ) 6. Durmaz et al.40 suggested that higher order
terms in the expansion ofµbba(Q) (cf. eq 14) must be taken into
account. Following this suggestion, we considered the vibronic
coupling throughQ2 and rewrote eq 20 as

A short list of the calculated matrix elements, with the
application of the overlap integrals introduced in section II.2,
is given in Tables 4 and 5 for the zeroth-order and second-
order terms, respectively. Because the term〈ΘbV′|Q2|ΘaV〉 has a
maximum atV′ ) 8, we may take the second-order correction
term µb′ab ≡ (∂2µbba/∂Q2)0/µbba(0) as an adjustable parameter to
match the experimental result. The relative band intensities are
listed in Table 6 as a function ofµb′ab, and we found that the
best fitting was given byµb′ab ) 0.20.

Figure 1 shows the simulated absorption spectra after
convolution of the calculated stick spectrum with a Lorentzian
profile for each peak. The Lorentzian width of each transition
was assumed, for simplicity, to be proportional to the vibrational
energy (cf. eq 28), and 8 cm-1 was taken for theV′ ) 1+ peak.
The calculated vibronic bands can quantitatively reproduce the
experimental data up toV′ ) 7. Discrepancies appear for higher
vibrational quanta, including band position shift attributed to
anharmonicity,3,13,32 band shape inconsistency because the

widths do not increase monotonically,13,38 and band intensity
variance caused by coupling with theν1 symmetric stretching
mode.41-44

We have carried out similar calculations to reproduce the
fluorescence intensities of the A˜ f X̃ transition involving the
inversion mode. The relative intensities are listed in Table 7,
along with the simulated fluorescence spectrum in Figure 2.
Note that we have considered only transitions related toν2 in
this calculation and neglected the additional progression involv-
ing theν1 mode to the longer-wavelength region.14-16 Although
the experimental spectrum shows the highest fluorescence peak
at V ) 3+, our model gives a maximum atV ) 2+, a result
similar to that of Rosmus et al.42 using an unmodified ab initio
surface. Despite those minor factors not considered in the simple
model, our formulas concerning the symmetric double-well
potential are valid to a substantial level in describing the vibronic
transitions of the ammonia molecule involving the inversion

TABLE 5: Calculated Matrix Elements of 〈ΘbW′|Q2|ΘaW〉 for the Ã-X̃ Transition of ND3

V′
V 0 1 2 3 4 5 6 7 8 9

0+ 0.2453 0.0000 1.7090 0.0000 4.6218 0.0000 7.5266 0.0000 8.4589 0.0000
0- 0.0000 0.7733 0.0000 3.0373 0.0000 6.2138 0.0000 8.3202 0.0000 7.9590
1+ 0.5490 0.0000 2.4431 0.0000 3.1166 0.0000 -0.1457 0.0000 -5.7025 0.0000
1- 0.0000 1.3986 0.0000 3.1934 0.0000 2.0415 0.0000 -2.8987 0.0000 -7.9791

TABLE 6: Experimental and Calculated Relative Band
Intensities of the ν2 Progression in the Ãr X̃ Absorption of
ND3

calculatedb with µb′ab )

V′ expa,b 0.00 0.05 0.10 0.15 0.20 0.25 0.30

0 c 1.4 0.9 0.6 0.5 0.4 0.4 0.3
1 c 7.5 5.0 3.8 3.1 2.6 2.3 2.1
2 16 22 16 13 11 9.5 8.6 8.0
3 28 47 35 29 26 24 22 21
4 51 75 61 53 48 45 43 41
5 74 99 85 78 73 70 68 67
6 92 108 100 96 93 91 90 89
7 100 100 100 100 100 100 100 100
8 96 80 86 90 93 94 96 97
9 90 55 64 70 74 77 79 81

10 77 32 42 48 52 55 57 59

a From ref 12.b Relative band areas with respect to theV′ ) 7 band.
c Feature too weak to be estimated.

TABLE 7: Experimental and Calculated Relative Band
Intensities of the ν2 Progression in the Ãf X̃ Emission of
ND3

calculatedb with µb′ab )

V expa,b 0.00 0.05 0.10 0.15 0.20 0.25 0.30

0+ 0.5c 1.2 1.3 1.5 1.7 1.8 2.0 2.1
1+ 19c 16 17 18 19 20 21 22
2+ 100 100 100 100 100 100 100 100
3+ 112 91 88 84 81 78 75 73
4+ 26 15 13 12 11 10 9.0 8.2
5+ 1.7 1.4 1.2 1.0 0.8 0.7 0.6

a From ref 15.b Relative band areas with respect to theV ) 2+ band.
c Estimated in the original paper.

Figure 1. Comparison of experimental and calculated absorption
spectra of the A˜ r X̃ absorption transition of ND3 with the vibrational
progression in theν2 mode. The upper trace is the experimental
spectrum adopted from ref 12 whereas the lower trace is the simulated
spectrum calculated according to eq 24. The vertical bars indicate the
corrected Franck-Condon factors (eq 29) multiplied by the transition
energies and by the Boltzmann factors atT ) 150 K. The Lorentzian
width of each transition was assumed proportional to the vibrational
energy, and 8 cm-1 was taken for theV′ ) 1+ peak.

|µbbV′,aV|2 ≈ {〈ΘbV′|µbba(0)|ΘaV〉 + 1
2〈ΘbV′|(∂2µbba

∂Q2 )
0
Q2|ΘaV〉}2

) |µbba(0)|2{〈ΘbV′|ΘaV〉 +

1
2µbba(0)(∂2µbba

∂Q2 )
0
〈ΘbV′|Q2|ΘaV〉}2

(29)
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mode. This promises the capability of the formulation applying
to systems that have a similar behavior.

2. Nitrogen-Vacancy Defect Center of Diamond.Among
hundreds of kinds of defect centers found in diamonds, the
negatively charged nitrogen-vacancy center [denoted (N-V)-]
is of high interest for several advantages concerning its
photoluminescence. It is a red fluorescence chromophore with
quantum yield near unity45 and is much more stable than
common dye molecules under continuous irradiation.23 Its ZPL
locates at 637 nm (1.945 eV) and the vibronic band extends to
near-infrared, which has little overlap with emission from any
biomolecule.27 On the basis of these optical properties and the
low cytotoxicity of diamond itself, the N-V center in nano-
diamonds could act as an excellent fluorescent biomarker that
can be fed into living cells and easily detected under a
microscope.23,27,46

The N-V centers usually emerge after a certain manufactur-
ing procedure of type Ib diamonds. These nitrogen-containing
diamonds (typically 100 ppm dispersed nitrogen atoms) are first
subjected to high-energy particle (electron, neutron, proton, etc.)
irradiation (∼2 MeV), followed by high-temperature annealing
(∼900 °C).17-20 In this procedure vacancies are created by
bombardment and then migrate to the neighbor sites of
substitutional nitrogen atoms. Each nitrogen-vacancy pair thus
locates along aC3V axis, the nitrogen bonded with three carbon
atoms and the vacancy enclosed by other three. From experi-
ments such as uniaxial stress,18 electron paramagnetic reso-
nance,47,48 photon echo,49 etc. the ground state of the defect
center is determined as3A and the excited state3E, with a 1A
state located slightly lower than the3E state.22,25,26,45The lifetime
of the 3E state was found to be∼13 ns.49,50 Under intense
irradiation the center may lose its charge to yield (N-V)0, which
has the ZPL at 575 nm (2.156 eV).24,25,51,52

The absorption and emission spectra concerning the N-V
center were first reported in early 1970s.17 Davies and Hamer
have then made a thorough examination of the spectra at liquid
nitrogen temperature with higher resolution and found some
interesting fine structures.18 In both absorption and fluorescence
spectra, pronounced ZPLs at 1.945 eV due to the3A-3E
transition of (N-V)- can be easily assigned. In addition, the

vibronic bands in these two spectra are nearly mirror images of
each other, if some minor features related to other defect centers
are ignored. It was noticed, however, that there exists an
absorption doublet at 2.01 and 2.02 eV that have not been
resolved previously whereas the corresponding fluorescence
peak is just a singlet. The authors have recommended a double-
well potential model based on displaced dual harmonic oscil-
lators to account for this discrepancy.18 In this model, the
nitrogen atom was proposed to tunnel through a barrier to the
vacancy site (i.e., position exchange of the nitrogen atom and
the vacancy) in a symmetric double-well potential, and the
barrier height at the excited state is much lower than that at the
ground state, resulting in a small splitting in theV′ ) 1+ and
1- levels at the excited state while theV ) 1+ and 1- levels
remain degenerate at the ground state (see Figure 3).

Following this pioneering work, Kilin et al.28,29 have em-
ployed double-cosine functions to model the double-well
potential. In the present work, we applied the strategy described
in section II to refine the analysis. Parameters that fit positions
of the experimentally observed absorption doublet and fluores-
cence peaks are listed in Table 8. The sets of (F, B) that fit best
with the experimental values are (0.90, 6.70) for the ground
state and (1.20, 2.38) for the excited state. As shown in Figure
3, the potential well of the excited state is so shallow that only
4 vibrational levels (V′ ) 0+, 0-, 1+, and 1-) reside under the
barrier. In contrast, the ground state barrier is higher so that
levels up toV ) 5- are enclosed in the double-well.

Using these parameters, we reconstructed both absorption and
fluorescence spectra of the (N-V)- center, which are shown
in Figures 4 and 5a. The vibronic bands pertinent to the nitrogen
tunneling mode are severely broadened due to effective coupling
of the electronic transition with phonons, especially at large
vibrational quanta. The band broadening prevents resolution of
any fine structures, except the ZPLs and the transitions toV′ )
1+ and 1- in the absorption spectrum and toV ) 1-3 in the
fluorescence spectrum. Our simulated absorption spectrum, if
neglecting all minor peaks due to other defect centers (e.g., at

Figure 2. Comparison of experimental and calculated fluorescence
spectra of the A˜ f X̃ emission transition of ND3 with the vibrational
progression in theν2 mode. The upper trace is the experimental
spectrum adopted from ref 15 whereas the lower trace is the simulated
spectrum calculated according to eq 25. The vertical bars indicate the
corrected Franck-Condon factors (eq 29) multiplied by the cubic of
transition energies and by the Boltzmann factors atT ) 150 K. The
Lorentzian width of 25 cm-1 was taken for theV ) 1+ peak. Note that
only the progression of theν2 mode was presented in this simulation.

Figure 3. Parameter-fitted symmetric double-well potentials and
vibrational levels referring to the ground and the excited states of the
diamond (N-V)- center. Note that the well of the excited state is much
shallower than that of the ground state, resulting in an absorption doublet
at the transitions to theV′ ) 1+ and 1- levels but an emission singlet
at the transitions to the degenerateV ) 1+ and 1- levels.
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2.086 and 2.156 eV),53 is in reasonable agreement with the
experimental data (after baseline subtraction).18

The fluorescence spectrum, however, presents a large incon-
sistency between calculated and experimental results. The large
tail (low-energy region) in the experimental spectrum might have
contributions from other luminescent defect centers, for example,
the 1.819 eV center.18 We also found that, by comparing
experimental results from different reports, the highest fluores-
cent peak usually occurs atV ) 1 or 2 together with a rapidly
dropping tail,21-27 rather than atV ) 3 with a large tail.18 It
should be addressed that there are always variations between
experimental spectra from different samples because of various
manufacturing processes, defect lattice environments, and
photoexcitation conditions, etc.22,25,27It has been demonstrated
by Kilin et al. that the spectral shapes and hence the fitting
parameters (of their model) would be very different from each
other.29 We therefore launched a systematic exploration on how
the parameters affect the spectral shape and tried to fit other
experimental spectra. A general trend showed that lowering the
barrier-height parameterB or increasing the potential-shape

parameterF of the ground state causes the highest fluorescent
peak shifting towardV ) 1. In fitting the emission spectrum
reported by Clark and Norris at liquid nitrogen temperature,17

a slightly different set of parameters was adopted for the ground
state. Figure 5b shows the experimental and simulated results;
the discrepancy in the tail still exists. A better match was
obtained in fitting the one reported by Manson et al. at 5 K
with lower irradiation intensity,25 as shown in Figure 5c. All
the fitting parameters and related properties are listed in Table
8. We noticed that, in addition to the possible background
contributed by other centers, the discrepancy could be a result
of the fact that the detection efficiency varies at different
wavelengths but the reported emission intensity might not be
normalized with respect to the spectral response. Should this
be calibrated, the fitting is expected to improve.

In a recent discussion on the electronic model of the N-V
center,54 the authors queried if the double-well potential model
is conclusive, for the evidence till now is only the absorption
doublet. The well depths were found around 2500 cm-1 for the
ground state and 1000 cm-1 for the excited state in fitting the
model. For such shallow wells the tunneling splitting in
vibrational levels that yields two transition frequencies (or sets

TABLE 8: Fitting Parameters of the Symmetric
Double-Well Potential Involving the Nitrogen Tunneling
Mode of the (N-V)- Center in Diamond

ground state,3A

parameters fit 1a fit 2b fit 3c
excited
state,3E

Fd 0.90 0.90 0.90 1.20
B (hν0)e 6.70 6.20 5.80 2.38
B (cm-1)e 2706 2512 2357 1000
ν0 (cm-1)f 403.9 405.2 406.3 420.0
G(0+) (cm-1)g 267.2 267.6 268.1 305.4
A (hν0)h 14170 11041 10360 2963
A (cm-1)h 0.0335 0.0451 0.0482 0.235

a Based on data from ref 18.b Based on data from ref 17.c Based
on data from ref 23.d Symmetric double-well potential-shape parameter
defined in eq 2.e Barrier-height parameter used in eq 4.f Unperturbed
harmonic oscillator frequency.g Energy difference between the first
vibrational level and the bottom of the well; zero-point energy at the
ground state.h Barrier parameters defined in eq 1.

Figure 4. Comparison of experimental and calculated absorption
spectra of the diamond (N-V)- center. The upper trace is the
experimental spectrum adopted from ref 18 with baseline subtraction
whereas the lower trace is the simulated spectrum. The two traces are
slightly displaced in purpose for a clearer presentation. The vertical
bars depict calculated Franck-Condon factors multiplied by the
transition energies and by the Boltzmann factors atT ) 77 K, which
were converted to the simulated spectrum by convolution with
Lorentzian profiles. The Lorentzian width of each transition was
assumed to be proportional to the vibrational energy, and 120 cm-1

was taken for theV′ ) 1+ peak.

Figure 5. Comparison of experimental and calculated fluorescence
spectra of the diamond (N-V)- center. In each frame the upper trace
is the experimental data, the lower trace is the simulated spectrum,
and the vertical bars represent the Franck-Condon factors multiplied
by the cubic of transition energies and by the Boltzmann factors. Note
that pairs of traces are slightly displaced from each other for a better
visualization. The experimental spectra are adopted from (a) ref 18,
(b) ref 17, and (c) ref 25. The fitting parameters are shown in Table 8.
The Lorentzian profiles used in convolution of simulated spectra were
assumed to have widths proportional to the vibrational energies, and a
value of 120 cm-1 was taken for theV ) 1+ peak.
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of frequencies) is expected, but this is not yet observed in
experiments. We found in our modeling that the splitting in the
ZPL, i.e., the energy difference betweenV ) 0+ andV′ ) 0+

and betweenV ) 0- andV′ ) 0- transitions, is about 4-5 cm-1

(0.5-0.6 meV). This feature would thus be completely embed-
ded in the inhomogeneous broadening, typically 30 cm-1, of
the ZPL in a bulk system due to a large strain variation.22 Even
when a single defect center was detected, the fluorescence
excitation spectra presented the full width at half-maximum
around 5 cm-1 (0.6 meV),45 which could hardly tell whether
the splitting exists. This indeed remains an issue that higher
resolution in experimental spectra is required to examine the
validity of the symmetric double-well potential model applying
to the diamond nitrogen-vacancy defect center. Ab initio
calculations can be expected to assist in describing possible
vibronic transitions in this chromophore.

IV. Conclusions

In this study, we have treated the vibrational motion of an
oscillator in a symmetric double-well based on a harmonic
oscillator potential perturbed by a Gaussian function barrier.
Matrix elements of the perturbed harmonic oscillator wave-
functions were evaluated using a new numerical approach,
yielding accurate vibrational energy levels and corresponding
wavefunctions. To investigate vibronic transitions involving such
vibrational modes, Franck-Condon factors and higher-order
vibronic terms were calculated by taking into account direct
and coordinate-coupled wavefunction overlap integrals between
distorted potentials.

We have then applied the formulas to the inversion mode of
ammonia and the nitrogen-tunneling mode of the nitrogen-
vacancy defect center in diamond. The potential-shape param-
eters were first determined, followed by simulation of absorption
and fluorescence spectra. In the A˜ r X̃ absorption spectrum of
ND3, satisfactory fitting up toV′ ) 7 of the progression of the
ν2 mode has been obtained. Good agreements between experi-
mental and calculated spectra were also achieved for the3A-
3E transition of the diamond (N-V)- center. These two
examples demonstrate the capability and reliability of this simple
formulation, and further applications of the modeling to other
molecular systems can be anticipated.

Supporting Information Available: Detailed derivations
of the Gaussian-coupled matrix elements, the overlap integrals
of distorted harmonic oscillators, and the coordinate-coupled
overlap integrals. This material is available free of charge via
the Internet at http://pubs.acs.org.
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