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In this work, the vibrational force fields of hydrogen-capped oligoynes of increasing chain lengths are
investigated by means of density functional theory calculations. It is shown that the interaction force constants
between CC stretching coordinates decrease slowly with the distance between the two bonds considered. The
consequence for the frequency dispersion of longitudinal optical (LO) phonons of an infinite polyyne chain
is discussed and related to the observed behavior of the spectra of finite-size molecules. Effects of the exchange-
correlation functional and of the basis set on the vibrational force constants are also investigated and the need
for a scaling procedure is pointed out. Accordingly, new force fields which allow predictions in very good
quantitative agreement with the available experimental data for oligoynes have been obtained, providing a
sound assignment ofR andâ lines.

I. Introduction

Many experiments1-7 and theoretical studies8-16 indicate that
linear chains of sp carbon atoms (polyynes) show interesting
nonlinear optical properties and peculiar electronic transport
properties. Furthermore, their presence has been recently
revealed in carbon clusters and carbon nanotubes.17-19 For these
reasons, polyynes have recently attracted the interest of many
researchers both from the experimental and the theoretical point
of view.14 Last but not least, polyynes are the real systems,
which more closely resemble the early models of 1D atomic
chains, which have been central in the development of solid-
state physics.20,21

Raman spectroscopy is widely used for studying carbon
nanostructured materials.22 Therefore, an accurate modeling of
their vibrational properties is highly desirable for a better
understanding of this class of materials through vibrational
spectroscopy.

Although the study of longitudinal vibrations of an ideally
infinite polyyne chain is very simple from the mathematical
point of view, the physics involved is not trivial due to the
presence of long-range interactions associated with the delo-
calized nature ofπ electrons. This fact is ascribed to the relevant
electron-phonon coupling, a common characteristic of many
polyconjugated organic systems.22 The investigation of the
vibrational properties of polyynes can therefore provide useful
informations onπ-electron delocalization and related electronic
properties. In a recent paper, we have shown that phonon
dispersion curves of an infinite linear carbon chain are strictly
related to the semiconductive character of this system.23

Moreover, the behavior of the phonon dispersion near theΓ
point of the first Brillouin zone (BZ) is reminiscent of the
occurrence of a Kohn anomaly atq ) π/a in the limiting case
of a cumulenic structure (one atom per cell, with periodicity
a). This effect is modulated by the degree ofπ-electron
confinement, responsible for the characteristic “dimerized”
(Peierls-distorted) equilibrium structure with the consequent
doubling of the crystal unit cell and opening of the electronic

energy gap betweenπ andπ* states. The simulation of infinite
chains, characterized by different degrees of bond length
alternation (BLA) RC-C - RC≡C) has shown to give markedly
different longitudinal optical (LO) phonon dispersions.23

In this paper, we present a detailed description of the
vibrational dynamics of polyynes based on first-principles
calculations. The performances of different theoretical methods
in predicting the effect ofπ-electron delocalization on the
intramolecular potential are analyzed on the basis of experi-
mental Raman data.3 A new scaling procedure of the theoretical
force constants is proposed, and the spectroscopic assignment
of the so-calledR andâ lines24 is given.

II. Theoretical Methods and DFT Calculations

Simulation of the Raman spectra is usually handled in the
hypothesis of mechanical and electrical harmonicity.25-27 The
harmonic intramolecular potential energy can be expressed on
the basis of internal coordinates; in this case, the vibrational
frequencies are obtained by solving the following eigenvalue
problem26

whereF is the force constant matrix in internal coordinates,G
is the kinetic matrix,ωk ) 2πνk, whereνk is the vibrational
frequency of thekth normal mode, and the eigenvectorL k

describes the normal modes of vibration.
If one assumes a perfectly linear structure for polyynes (D∞h

point group symmetry), it is possible to obtain an exact
separation of the vibrational space into two orthogonal subspaces
belonging to different symmetry species (Σ for stretching
coordinates andΠ for linear bending coordinates).36 This allows
restriction of the study to longitudinal vibrations; their descrip-
tion can be worked out on the basis of a subset of internal
coordinates containing just bond stretchings (CC and CH). This
is justified for several reasons.

GFL k ) ωk
2L k (1)
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(a) Strongly Raman-active transitions of polyynes (spectral
region between 2000 and 2200 cm-1) correspond to collective
CC stretchings,2,24 that is, to longitudinal vibrations of the chain.

(b) It is known that delocalization/confinement ofπ electrons
is relevant in affecting the terms of the intramolecular potential,
which depend on CC stretching coordinates.

(c) No experimental information is available on low-frequency
bending transitions, which, so far, have not been observed in
the Raman or in the infrared spectra.

A. Prediction of Vibrational Frequencies. In Figure 1, the
experimental Raman spectra of polyynes of increasing length
are compared with the results of DFT calculations, carried out
with different exchange-correlation functionals (B3LYP, PBEPBE,
and PBE1PBE) and with a polarized triple split basis set (cc-
pVTZ) using the Gaussian0328 package.

Several observations can be made. (i) The experimental
spectrum of all the molecules shows two well-defined Raman
lines. The strongest one (R line) undergoes a continuous
frequency softening withN (N ) number of triple bonds in the
chain); the weaker line (â line) does not follow a simple trend.
Moreover, its intensity behavior (relative to the main line) shows
a non-monotonic evolution. (ii) Although the numerical agree-
ment between predicted and experimental Raman frequencies
is not good (discrepancies of the order of 100 cm-1 are found),
the observed frequency softening of the main line is predicted
by all DFT calculations considered here. However, a closer look
at the predicted trends indicates that DFT theory always gives
a steeper dispersion than experimental spectra. (iii) As experi-
mentally observed, calculations indicate that a second, minor
feature appears in the Raman spectra. This line is assigned to
the observedâ peak.24 Both the calculated frequencies and
relative intensities of this line are not in good agreement with
experiments. Sometimes (seeN ) 6 calculation), the predicted
frequency ordering of theR and â lines is opposite to the
experimental one.

Observations (i)-(iii) suggest that a satisfactory numerical
agreement between calculations and experiments can be obtained
only by application of a suitable scaling procedure of the DFT-
computed force fields. The same conclusion was stated in ref
29, where a force-field scaling was proposed and applied with
rather good success. The new scaling procedure developed in
this work and the results obtained will be discussed in detail in
section III.

So far, based on thequalitatiVe agreement between calcula-
tions and experimental trends, we propose a deeper analysis of
the results. This analysis will provide indications on how to
build a reasonable scaling procedure. The following discussion
will be devoted to (a) the vibrational assignment of bothR and
â lines, in particular, the vibrational assignment of theâ line,
which has not yet been given so far, and (b) the rationalization
of the mechanism which leads to the softening of theR line
and the explanation of the different behavior of theâ line.

In Figure 2, the eigenvectors obtained from calculations for
oligoynes ranging fromN ) 4 to 8 are sketched. It can be
immediately realized that for all of the chain lengths, the
eigenvector associated to theR line describes a collective out-
of-phase stretching of the triple bonds (black bars) with respect
to the single bonds (gray bars). This vibration is closely related
to the LO phonon of the infinite polyyne chain at theΓ point
(q ) 0), which can be described as the “oscillation” of BLA.
In oligoynes, this normal mode is thus the counterpart of the
so-called effective conjugation coordinate (ECC coordinate),
already introduced in the study of the vibrational dynamics of
polyenes and polyacetylene.22 Moreover, it is worth recalling
that the BLA oscillation of an infinite polyyne exactly coincides
with the q ) 0 LO phonon; in polyacetylene, it is just a
vibrational coordinate. In this case, the two strongly Raman-
active phonons are due to BLA oscillation coupled with CH
wagging vibrations.22 By joining the bars in Figure 2 along the
chain, a line showing the characteristic shape of a “quasi-
phonon” confined into a finite size domain is obtained. The
vibrational displacements lie on a stationary wave with nodes
located at the end of the molecule.

The eigenvectors of theâ line show the following charac-
teristics (see Figure 2): (1) All triple bonds stretch, while the
contribution of the single-bond stretching is generally negligible.
This is evident especially in the case of the chains with an odd
number of triple bonds. (2) In the case of chains with an odd
number of triple bonds (N ) 5, 7), the triple bonds of adjacent
units oscillate out-of-phase. The wave which describes the
profile of the normal mode shows, respectively, 4 and 6 nodes
along the chain, that is,N - 1 nodes. These normal modes can
be made to correspond to a phonon of the dimerized infinite
chain, that is, to the phonon located on the LO branch at the
BZ edge (q ) π/c), which is exactly described as a pure out-

Figure 1. DFT simulations of the Raman spectrum of the polyynes
H-C2N-H (with 4 e N e 8) carried out with hybrid (B3LYP,
PBE1PBE) and pure (PBEPBE) functionals, compared to experimental
Raman data (reported here as black vertical sticks whose heights are
proportional to the relative Raman intensity).24 All of the calculations
have been carried out by using the cc-pVTZ basis set.

Figure 2. Eigenvectors relative toâ and R lines of Raman spectra
obtained from unscaled PBE1PBE/cc-pVTZ calculations for the oli-
goynes series with 4e N e 8. Gray bars represent the bond length
changes associated with single bonds, while the black bars are relative
to triple bonds.
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of-phase stretching of the stiffer (triple) bonds. (3) For chains
with an even number of triple bonds (N ) 4, 6, 8), the inversion
center is located on the central single bond, and the shape of
the eigenvector is more complex. Considering one-half of the
chain, it is found that adjacent triple bonds stretch with opposite
signs. However, according to the “gerade” character of the mode,
the triple bonds related by inversion symmetry must exhibit the
same displacement (same sign). Consistently, the two inner triple
bonds show identical displacements, a fact which results in an
eigenvector showingN - 2 nodes along the chain (one node
less than the previous case).

From (2) and (3) above, we can conclude that the Raman-
active normal modes associated to theâ line have a different
character for even and odd chains; this implies that their
frequency trends should be discussed by taking into account
such an even/odd effect (see also section III of Supporting
Information). Indeed, a closer look at the experimental data
shows thatâ lines of even chains practically do not exhibit
frequency dispersion with chain length, while theâ lines of
odd chains undergo a clear frequency softening as the size of
the chain increases.

B. Comparison with Phonons of the Infinite Model. The
clear relation betweenR modes and theq ) 0 LO phonon of
the 1D crystal, as well as the correspondence between theâ
modes of odd chains and theq ) π/c LO phonon, suggests a
discussion of our results by exploiting the simple mathematics,
which describe the longitudinal phonons of an infinite “dimer-
ized chain”. This problem can be analytically worked out in
terms of the force constants collected in theF matrix (see
Supporting Information). In particular, for the optical phonons
at q ) 0 and atπ/c, one obtains the following expressions23

wherem is the mass of carbon andFR andFπ are the collective
force constants whose explicit expressions in terms of stretching
interactions are given. Thek1 andk2 are the diagonal stretching
force constants relative to the two bondsr1 andr2; the termsf n

describe interaction stretching force constants at increasing
distances (n) along the chain.37 When interaction force constants
f are negligible, eqs 2 and 3 reduce to the well-known results
of the classical textbook problem21 of the diatomic linear chain
of identical atoms connected by springs of alternating strengths
(dashed line in the dispersion curves of Figure 3). However,
calculations on polyynes show that interaction force constants
are far from negligible. They follow the general rules which
hold for any sequence of CC bonds with conjugatedπ electrons
(e.g., polyenes22). These rules include the following. (i) The
interaction force constants between equivalent bonds (f i

n) are
always negative; (ii) interactions between nonequivalent (single/
triple) bonds (f 12

n ) are positive; and (iii) the absolute values of
the constantsf n slowly decrease with increasingn; due to
conjugation, long-range interactions take place.

These rules can be verified by inspecting theF matrix
reported in the Supporting Information. As a consequence, the

sum in eq 2 contains a large number of nonvanishing terms
which sum up to a relatively large negative value, therefore
providing a contribution which lowers the force constantFR

and hence softens the vibrational frequency. According to eq
2, the frequency lowers either for the increase of the absolute
values of the parametersf n or for the increase of the extent of
the effective interaction (number of terms in the sum). This
softening of the LO phonon atq ) 0 is illustrated in Figure 3,
where the dispersion branches (full lines) have been obtained
by introducing long-range interaction force constants transferred
from the oligoyne withN ) 7 into the F matrix of the 1D
crystal.38

Kinetic factors (the effective mass of theq ) π/c phonon is
doubled with respect to that of theq ) 0 phonon; see eqs 2
and 3) imply that the LO frequency at the zone edge has a lower
frequency with respect to that atq ) 0 (dashed lines in Figure
3). On the contrary, when long-range dynamic interactions are
taken into account we obtain an anomalously low frequency at
theΓ point, while the frequency atq ) π/c is weakly effected,
as it can be rationalized with the help of eq 3. Since the negative
interaction force constants between triple bond stretching enter
the sum definingFπ with alternate signs, a partial cancellation
of the contributions of long-range interactions occurs.

The force constants used in the calculation of the dispersion
relations of Figure 3 were transferred from the scaled force field
of the polyyne withN ) 7; however, the samequalitatiVe
behavior would have been found using numerical parameters
derived from any other polyyne at any level of theory.
Nevertheless, thequantitatiVe results would have been different
according to the different extent of conjugation (different range
of interaction and different decay law of stretching interactions).
In particular, force fields transferred from longer oligomers give
a more-pronounced softening of theq ) 0 optical mode,
consistent with ref 23.

q ) 0 ω2 )
4FR

m

FR )
k1 + k2

2
+ ∑

ng1

[f 1
n + f 2

n - 2f 12
n ] (2)

q ) π
c

ω2 )
2Fπ

m

Fπ ) k1 + ∑
ng1

2(-1)n f 1
n (3)

Figure 3. LO and LA phonon dispersion curves (full lines) calculated
by using the scaled force field of the molecule withN ) 7 triple bonds
(PBE1PBE/cc-pVTZ). Vibrational frequencies for this oligomer are
reported (black dots) as indicated in the Supporting Information (see
eq 3 and related discussion). For comparison, the phonon curves
obtained by removing all long interactions (f n terms in eqs 2 and 3)
are reported as dashed lines. These curves are identical to the analytical
functions obtained by solving the classical textbook problem for a one-
dimensional diatomic chain.21
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As shown in Figure 4, the above observations can be
summarized by examining the values ofFR andFπ computed
according to eqs 2 and 3, making use of the force constants
obtained from different first-principles calculations on hydrogen-
capped oligoynes of increasing length. Notice that in eqs 2 and
3, the diagonal force constantsk1 and k2 of the central unit
(single and triple bond) of each chain and the off-diagonal force
constants relative to this unit have been used. In this way, we
take into account the confinement effects due to the finite length
of the molecule. As expected, the increase ofπ-electron
delocalization with chain length results in an evident decrease
of the value ofFR and in a softening of the correspondingq )
0 phonon. The close correlation between this phonon and theR
mode of the finite-size chains rationalizes the observed fre-
quency dispersion with increasing size.

The data reported in Figure 4 show a strong dependency of
the trend ofFR with the kind of theoretical approach adopted,
a fact that is, in turn, related to the different frequency
dispersions obtained in the simulation of the Raman spectra of
oligoynes (Figure 1). This point is discussed in detail in the
Supporting Information. In Figure 4, the plots forFπ are also
reported. As expected, on the basis of the previous discussion
of eq 3, the increase of chain length has a very small influence
on the value ofFπ. The minor changes that are observed are
mainly due to a modest modulation of diagonal force constants
with increasing chain lengths.

The suggested relationship between phonons of the 1D crystal
and normal modes of oligomers can be formalized quantitatively
with the help of simple mathematical models.30 The details of
how this can be done are given in the Supporting Information;
the results are illustrated in Figure 3.

III. Scaling DFT Calculations

Several scaling factors have been applied to first-principles
vibrational frequencies in order to obtain a better agreement
with the experimental data.31 In our case, a mere multiplicative
scaling of the frequencies cannot account for the true dispersion
of theR line with molecular size. Therefore, one has necessarily
to consider more sophisticated scaling schemes, acting directly
on the vibrational force field.32 A scaling procedure (named Lin/
Exp by the authors and applied to B3LYP/6-31G* predictions)
has been recently proposed for polyynes,29 according to which
an explicit scaling of long-range interactions between different
CC bonds has been suitably included into Pulay’s SQM
scheme.32 The performance of this procedure can be seen in
Figure 5, where the scaled results from B3LYP/6-31G* are
compared to recent experimental data obtained from Raman
spectroscopy.24,33 As one can immediately see, the agreement
with the experimental data for theR line is satisfactory,
demonstrating the physical soundness of this approach in
describing the correct dispersion of the strongest Raman line.
However, the Lin/Exp scaling does not perform equally well
in reproducing the minor features of the spectra (â line).

With the purpose of reproducing the relative positions and
intensities of both theR andâ lines, we apply a linear scaling
of the results from PBE1PBE/cc-pVTZ calculations,39 introduc-

Figure 4. Values of FR and Fπ calculated with eqs 2 and 3,
respectively, versus the inverse of the number of triple bonds of
oligoynes. The data reported here have been obtained with hybrid DFT
functionals (B3LYP, PBE1PBE) and pure DFT functionals [SVWN
(LDA) and PBEPBE (GGA)]. Values from RHF calculations are plotted
for a comparison. The basis sets adopted (cc-pVTZ and 6-311G**)
have a minimal effect onFR andFπ.

Figure 5. Simulation of the dispersion of the Raman spectra of
polyynes of increasing lengths according to the Lin/Exp scaling29 of
B3LYP/6-31G* first-principles calculations. Solid vertical sticks
represent the position and the relative Raman intensities ofR and â
lines of hydrogen-capped oligoynes.24 Dashed vertical sticks
represent the position of theR line (the only one experimentally
observed) of adamantyl-capped oligoynes withN ) 8 and 10 triple
bonds.34
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ing two parameters, namely,x1 ) 0.904 for diagonal andx2 )
0.900 for off-diagonal matrix elements

whereF′ij are the matrix elements of the scaled force field. For
the sake of simplicity, we use the samex1 andx2 scale factors
also for the CH stretchings (interestingly, satisfactory results
can be obtained already without a separate scaling procedure
for CH stretching interactions). The Raman intensities associated
with the normal modes relative to the scaled force field have
been recomputed according to standard formulations of non-
resonant Raman intensity.25-27

The comparison of the linearly scaled PBE1PBE/cc-pVTZ
simulated Raman spectra with the experimental data is shown
in Figure 6. As one immediately sees, the agreement for theR
and â lines is good for relative Raman intensities, but the
calculated frequencies do not reproduce the correct experimental
dispersion of the main line. The relative position of the two
lines is therefore the result of a delicate balance between
diagonal and off-diagonal force constants, as already suggested
by the discussion reported in section II.B. Furthermore, the
relatively poorer fit of the longest hydrogen-capped polyyne,
C16 (see Figure 6), can be significantly improved by reopti-
mizing the scaling parametersx1 andx2 for this molecule alone
(obtainingx1 ) 0.9019 andx2 ) 0.861). In this way, theR and
â bands shift toward the experimental data, and the relative
intensity ratio significantly improves.

The need for specific scaling parameters in the case of C16
and the request for a better agreement with the experimental
dispersion of theR line suggests a further improvement of the
linear scaling. Recalling that the dispersive behavior of theR
line is essentially ruled by the off-diagonal interactions, we
introduce a suitable correction for thex2 scaling parameter. Such
a correction must lower the interaction range for longer chains
(N > 6). In other words, thex2 coefficient has to be adapted to
the different polyyne lengths (“adaptative linear scaling”) and
becomes a suitable function of the interaction range, estimated
from the force field itself. The details of this procedure are given
in Appendix A. The physical meaning of this scaling scheme
can justified by recalling that, in polyconjugated systems, the

force constantsFij are related todelocalized bond-bond
polarizabilitiesΠij, electron-phonon coupling∂â/∂r, andlocal-
ized force constants (ki

σ, due toσ bonds)35

From eq 5, it is clear that diagonal force constants depend on
localized quantities (ki

σ and self-polarizability of the bondΠii),
while off-diagonal interactions depend only on delocalized
quantities. To account for this difference, it is fully justified to
adopt two different scaling factors for diagonal (x1) and off-
diagonal (x2) force constants.

The results of the adaptative scaling are shown in Figure 7,
where the simulated Raman spectra are plotted. The agreement
obtained with experimental data is now excellent, regarding the
frequency and dispersion of theR line and the relative intensity
and position of theâ line. In Figure 7, we also report
experimental RamanR lines (dashed vertical lines) of long
adamantyl-capped polyynes, recently synthesized in the group
of Professor R. R. Tykwinski.34 Because of the different nature
of the end groups, these data have not been included into the
fitting procedure. The excellent agreement of the adaptative
scaling in predicting also theR frequency of the longest
adamantyl-capped polyyne (N ) 10) shows the soundness of
our present approach.

In the Supporting Information, the eigenvectors of theR and
â lines obtained from the adaptative linear scaling procedure
are also reported. It is important to notice that the shape of the
eigenvectors does not significantly change with respect to those
reported in Figure 2; this guarantees that all of the physical
concepts discussed in section II still hold after scaling.

IV. Conclusions

The role of long-range vibrational interactions in linear carbon
chains has been discussed, aiming at the simulation of Raman
spectra. The dependence of the frequency of the relevant Raman
modes on the effective range of interaction has been rationalized
in terms of the results obtained for an infinite chain.23

The strong dependence of the Raman-active frequencies upon
the DFT functional and, in particular, the effect of the inclusion
of exact exchange has been discussed. On this basis, the need

Figure 6. Raman spectra of oligoynes with 4e N e 8 obtained with
PBE1PBE/cc-pVTZ calculations by scaling the force constant matrix
according to eq 4 withx1 ) 0.904 andx2 ) 0.900. ForN ) 8, the
dashed line represents the spectrum obtained by using slightly different
scaling factors (x1 ) 0.9019 andx2 ) 0.861). Solid vertical sticks
represent the position and the relative Raman intensities ofR and â
lines of hydrogen-capped oligoynes.24 Dashed vertical sticks represent
the position of theR line (the only one experimentally observed) of
adamantyl-capped oligoynes withN ) 8 and 10 triple bonds.34

F′ij ) [x1δij + x2(1 - δij)]Fij (4)

Figure 7. Raman spectra of oligoynes with 4e N e 8 obtained with
PBE1PBE/cc-pVTZ calculations scaled with the linear adaptative
procedure (see text). Solid vertical sticks represent the position and
the relative Raman intensities ofR and â lines of hydrogen-capped
oligoynes.24 Dashed vertical sticks represent the position of theR line
(the only one experimentally observed) of adamantyl-capped oligoynes
with N ) 8 and 10 triple bonds.34

Fij ) δijki
σ + 2(∂â

∂r )2
Πij (5)
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for a suitable scaling procedure for the development of force
fields adequate for quantitative predictions of the observed
Raman features has been demonstrated, and a new efficient
“adaptive linear scaling” has been proposed.

The results presented should be considered to accurately
simulate the Raman spectra of a sample of polyynes, which,
very recently, have become available thanks to chemical
synthesis.4
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Appendix A

For the sake of simplicity, we describe the “adapted”x2

parameter through a linear relationship with a dimensionless
parameter (∆f) related to the concept of interaction range

In eq A2, the vectorsf1 andf2 represent the first and the second
co-diagonals of the force constant matrixF restricted to the CC
stretching coordinates alone (see Supporting Information). The
parameter∆f characterizes the decrease rate of the off-diagonal
interactions, and it becomes progressively smaller as the range
of interaction increases. For instance,∆f ranges from 0.56 to
0.53 while changing fromN ) 4 to 8 (PBE1PBE/cc-pVTZ force
field). The adaptative linear scaling simply assumesx2 to be a
linear function of∆f (eq A2). The coefficientc in eq A1 has to
be determined by minimizing the error between simulated
Raman spectra and experimental data (the set of Raman data
on hydrogen-ended polyynes24,33has been considered to deter-
mine the best parameters). The adaptative fitting illustrated
above has been applied only to the terms belonging to the
stretching submatrix. As for the CH stretching force constants,
we found just a minor improvement of the figure of merit for
the fit (rms of the errors in the vibrational frequencies) by scaling
the diagonal CH force constant by 0.883. The interaction force
constants between CC and CH stretchings have been kept
unscaled in order to avoid extra parameters. The following set
of parameters has been obtained for CC stretching force
constants:x1 ) 0.9038 andx2 ) 1.6482∆f. By using this set
of parameters in eq 4, the scaled force fieldF′ has been
computed, and the Raman spectra reported in Figure 7 have
been obtained.

Supporting Information Available: Discussion of the
properties of theF matrix relative to vibrational long-range
interactions and the effect of the DFT functional on the

simulated Raman spectra. Nuclear displacements associated with
the R and â lines obtained from the adaptative linear scaling
scheme of PBE1PBE/cc-pVTZ calculations. Discussion of the
relation between phonons of a diatomic linear chain and normal
modes of finite chains. This material is available free of charge
via the Internet at http://pubs.acs.org.
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