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We present a method for fast computation of the density of states of binary systems. The contributions of
each of the components to the density of states can be separated based on the conditional independence of
the individual components’ degrees of freedom. The conditions establishing independence are the degrees of
freedom of the interfacial region between the two components. The separate contributions of the components
to the density of states can then be calculated using the Wang-Landau algorithm [Wang, F.; Landau, D. P.
Phys. Re. Lett.2001, 86, 2050]. We apply this method to a 2D lattice model of a hydrophobic homopolymer

in water that exhibits protein-like cold, pressure, and thermal unfolding. The separate computation of the
protein and water density of states contributions is faster and more accurate than the combined simulation of

both components and allows for the investigation of larger systems.

1. Introduction The WL method operates by performing a random walk in
some system property, often the energy, to sample a large region
of phase space and provide an estimate for the DOS through
successive refinement at every simulation $&@3The method

During the past 50 years, computer simulations have become
an essential tool for the investigation of the dynamic and
equilibrium properties of complex systems. Monte Carlo (MC) - .
methods are widely used to investigate equilibrium behavior, was originally developed for lattice systethdut has been

and numerous techniques have been developed to study systemi-ccessfully extended to continuum systéfis. The WL
for which the traditional Metropolis algorithm is inadequate. Method is frequently used to study proteins both on a Iaki¢e

Ergodic sampling is difficult to attain for simulations of high- &nd in continuum spaé&¥ 2! because of its ability to efficiently
density or low-temperature systems, which are likely to become S@mple a wide range of configurations and energies. It has also
trapped in local potential energy minima for a large number of Peen applied to perform random walks in non-thermodynamic
simulation steps. This problem is especially pronounced in Variables, quantities other than the energy, volume, or number
simulations of proteins, where the comparatively few native state Of particles. These applications include calculation of the density
configurations are separated by a large energy gap from theOf states as a function of reaction coordin&é%and the end-
ensemble of denatured configuratiéns. to-end distance of a polyelectrolyte chafriThis flexibility of
Several advanced MC methods have been applied to proteinthe method is utilized in the approach presented here to separate
simulations that were developed to promote ergodic sampling the calculations of the protein and water contributions to the
by improving the exploration of phase space. These include density of states in a lattice model.
configurational bias trial moves? pruned-enriched Rosenbluth Separation of the protein and water DOS calculations
methods|~8 parallel tempering;'® multicanonical methodS;*2 dramatically reduces the computation time and increases the
and the Wang-Landau (WL) method? > The multicanonical  speed of a simulation of a previously developed lattice model
and WL methods belong to a class of techniques called flat- for proteins in explicit wate#> This approach reproduces the
histogram methods that are designed to achieve a broad samplingxperimentally observed phenomena of cold-, pressure-, and
of phase space and to directly calculate free energies. Theyheat-induced protein unfolding using a model of a hydrophobic
attempt to produce a uniform distribution of a macroscopic homopolymer in water. The earlier study showed that a physical
property, such as the potential energy, by sampling eacheatment of the entropic and enthalpic properties of hydrophobic
microstate of the system with a probability inversely proportional hydration in a simple protein model was sufficient to recover
to the density of states (DOS) of the corresponding energy level. e qyalitative shape of the protein phase diagram. However,
The DOS is not known initially but is instead determined in o complexity of simulating both protein and water, even in a
the course of the simulation, either explicitly in the WL scheme, reduced two-dimensional lattice model. limited the sizes of
or implicitly in multicanonical methods. Knowledge of the proteins to be simulated to 20 monome’rs or fewer.

density of states,, then allows the calculation of the Th fth . foll | ion 2 bedi
thermodynamics of the system. ‘The structure of the paper is as follows. In section 2, we begin
with a review of the lattice model for protein and water used in
t part of the “Giacinto Scoles Festschrift’. ref 25 and then discuss the technique for separating the
* Corresponding author. Address: Department of Chemical Engineering, contributions of water and the protein to the DOS. The WL
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8 Department of Chemistry. 3, we then compare the speed and accuracy of the new and the
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_ i i lk arm pair orientations. This range differs between bulk water
bulk (lea”s‘b) interfacial (Npa'rs-') (Ap) and interfacial wateri,). Here interfacial water refers to a
situation where either of the hydrogen-bonding water molecules
'¢€:3¢' '¢' is adjacent to one or more protein monomers. Bulk water
molecules are colored white in Figure 1, and interfacial water
molecules are colored gray. A smaller range of hydrogen

bonding orientations for interfacial water moleculégs € Ap)
constitutes an entropic penalty for hydrogen bonding around

the protein monomers. This penalty originates from observations
that water molecules forming hydrogen bonds around hydro-
phobic solutes sample fewer configurations and thus have
_¢_ C3¢- reduced entropy compared to the bk’
The model also incorporates an energetic distinction between
bulk and interfacial hydrogen bonds. Bulk hydrogen bonds form
_¢_ _¢_ _¢_ _¢_ _¢_ with a strengthl, whereas interfacial hydrogen bonds form with
strengthd + Jy. Generally, we usdy > 0 since there is an
. enthalpic bonus for interfacial hydrogen bonding, originating
unpalred (NU) from the lower enthalpy configurations sampled by solvation
Figure 1. Model protein and water. The black circles represent protein shell hydrogen bonds around hydrophobic solété8.The
monomers, and the lines connecting them are covalent bonds. The whitecomplete Hamiltonian of the model is then
and gray circles are bulk and interfacial water molecules, respectively.
The four arms on each water molecule are the hydrogen bonding arms. = —JNHB - ‘]HNHB’i (1)

The variableNpaisp counts the number of bulk bonding arm pairs

involving wo bulk water molecules. Two examples are shown of \yhare N5 is the total number of hydrogen bonds (both bulk
interfacial bonding arm pairs, which involve at least one interfacial

water moleculeN,aisiis the total number of these interfacial bonding and interfacial) andNie,i is the number of interfacial hydrogen

arms. N, counts the number of unpaired bonding arms associated POnds. )

with a protein nearest neighbor site. Note that this is a depiction ofa  The lattice is treated as compressible, and the total volume

portion of the simulation box, and in practice a larger box is used to expands uniformly by a valu&v upon the formation of a

prevent the protein from interacting with itself across the periodic hydrogen bond. This effect reproduces in the model the lower

boundary. local density associated with hydrogen bond formation, which
is important for recovering water’'s unusual thermodynamics,

original methods. The main conclusions and suggestions for g,,ch as its density anomalies. An expression for the system
further applications of the method are presented in section 4.gjume is then

2. Methods V=V,+ NAv )

2.1. Model. This model was developed to probe the various
properties of protein pressure-temperature stability through the
use of a simplified set of interactions representing wateaiter
hydrogen bonding and the hydration of hydrophobic soltftes.

whereV, is the system volume without hydrogen bondiivg.
= voNsies Wherevg is the volume per lattice site ardsjesis
the number of lattice sites. The compressible lattice model of
water with independent hydrogen bonds was originally devel-

The protein and water molecules sit on a 2-D lattice, where d by Sastrv et al. to study the th d ics of led
every site is occupied either by a protein monomer or a water op? 23’ astry etal. o study the thermodynamics of supercoole

molecule, as shown schematically in Figure 1. The protein is water . . .
modeled as a chain of attached monomers where adjacent 2.2. General Simulation Method.The basis of the present

monomers on the protein occupy nearest-neighbor sites on themethod lies in the observation that the properties of independent

lattice. Each monomer on the protein is hydrophobic, and the subsystemg are separaEﬂeren two subsyst.ems 1and 2 Fhat
protein has no self-interaction aside from excluded-volume are W(_eakl_y interacting (".e." t_he subsystems interact sgfﬂmently
interactions. Its only interaction with the water is through its to maintain th(_armal eqU|I|br|l_Jm but not enough tha_t intermo-
effect on hydrogen bonding, described below. We are currently lecular interactions are taken into account), the combined energy

studying an extension of this simple model that includes different of the systemF, can be written
types of monomers along the protein’s backbone (hydrophobic, E,=E,+E 3)
polar), but here we restrict our discussion to hydrophobic ! 2

homopolymers. Although we use the term protein throughout, \yhere E; and E, are the energies of subsystems 1 and 2,

it should be understood that in reality this is a minimal model, respectively. This additive relation holds true for properties such

albeit one that exhibits complex, protein-like phase behavior. 55 the entropy and free enerfyThe density of states for the
Water molecules have four hydrogen bonding arms, and eachyompined systen®; has the property

arm can interact with a neighboring lattice site. The variable

ojj denotes the orientation of a bonding arm on water molecule Q =Q,Q, 4)

i associated with adjacent sijteA bonding arm can have one

of g orientations, and therefore; can have values between 1 where Qi and Q, are the DOS’s of subsystems 1 and 2,
andg. Each of the bonding arms on the same water molecule respectively.

assumes orientations independently of the other three. A Although the above relations hold for any set of independent
hydrogen bond forms between two neighboring water molecules subsystems, the overwhelming majority of binary models of
i andj when their bonding arms are properly oriented, satisfying interest involve strongly interacting subsystems. However, the
the condition|oj — gji| <= A. A represents a tolerance for complexity of a simulation of a binary system could be reduced
hydrogen bonding or the size of the range of acceptable bondingif the calculations of the properties of the components could be
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separated, allowing for independent simulations of each speciesprinciples for applying this method. The method is best suited
Some systems, such as the model presented here, are well-suitefdr lattice models, where the interactions are usually local and
for separation because the short-range nature of their intermo-limited to nearest- or next-nearest-neighbor sites. The method
lecular interactions limits the size of the interacting region also works well for solvation studies with a small concentration
between the components. As we discuss below, the separatef solute in a large continuum of solvent. These situations restrict
calculations of protein and water properties can then be the number of interfacial degrees of freedom that must be
performed analytically or through simpler simulations without tracked in the simulation and offer the greatest opportunity for
the need to evaluate the interaction potential. improved computational efficiency.
Separate simulations are possible for conditionally indepen-  2.3. Implementation.Q is estimated using the WL methéd,

dent subsystems. The mathematical definition of conditional a flat histogram algorithm that iteratively refines an estimate
independence states that evewtsand B are conditionally for the DOS. A conventional WL simulation performs a random

independent given that eve@thas occurred, when walk in energy () in the range of attainable energies with
probability proportional to the reciprocal of the density of states
p(A N B|C) = p(AIC)p(B|C) (5) 1/Q(V). The density of states is not known a priori but is

. . » ] determined in the course of the simulation. The simulation
p(A N B|C) is the joint probability of observing everksandB begins in a randomly generated configuration with the DOS
given that eventC has occurredp(A|C) is the conditional  estimator set a€2(U) = 1 for all energy levels. Trial moves
probability of eventA given eventC, and p(B|C) is the from an old configuration (0) to a new configuration (n) at

conditional probability of evenB given eventC.3! _ energy levelsU, and U,, respectively, are accepted with
The principle of conditional independence can be applied to probability

statistical mechanics through extension of eqs 3 and 4. A binary
system where components 1 and 2 interact directly can be
described by some potential P.c{0— N) = min

U(&1, &) = Uy(&)) + Uy(Ey) + Ui(61, &) (6)

QU,)
L5, ®)

Every time a state with enerdyis visited during the simulation,
whereU is the total potential energy, which is a function&f the corresponding bin in the density of states estimate is updated

andé&,, the degrees of freedom of the two componebtsand by multiplying the current value by a modification factbr
U, are the individual energies of components 1 and 2, dependenti.e., Q(U) — Q(U)f. The modification factor is usually initialized
only on the degrees of freedom of each componenis the atfo = el ~ 2.71828 to allow for efficient sampling of all

potential describing the interaction between the two componentspossible energy levels. During the simulation, a tally of the
and is a function of both components’ degrees of freedom. In frequency of visits to each energy level is updated in the form
principle, termU; in eq 6 is only a function of a subset of the a histogramh(U), i.e., h(U) — h(U) + 1. To ensure an even
degrees of freedom of components 1 and 2, those specifyingsampling of energy levels, the simulation continues urtil)
the interface &) between the two species. Consider the case of is considered sufficiently flat. The random walk should converge
a protein molecule in water, where the protewater interaction to be a perfectly flat histogram after an infinite amount of time,
is limited to the first few solvation shell layers of water. The whereh(U) has the same value for each enedyyecause states
degrees of freedom of bulk water far away from the protein are with energyU have a degenerac(U) but are visited with
irrelevant for the computation of the proteiwater interaction probability 1£2(U). Instead, we allow the simulation to continue
energy and can be ignored. This type of simplification has been until h(U) at each energy level is greater than some percentage
applied in some simulations of proteimvater systems where  of the average valug(U)C] When this condition is satisfied,
only the first few solvation shell layers of water are treated the modification factor is reduced faew = foq, in order to
explicitly and the bulk solvent is represented as a continuum refine the precision of the density of states estimation process.
dielectric3233 The energy histograrh(U) is then reset to zero and a new
Given an appropriate set of the interfacial degrees of freedom, iteration started. The process continues until the histogram is
the properties of the two components can be computed on theagain sufficiently flat and the modification factor is reduced
basis of their internal degrees of freedom separately. In the caseaccordingly. This procedure is repeated ufdipproaches unity
of the protein and water example, the protein and water to within some designated tolerance.
properties are conditionally independent for a given microscopic  In the original simulations of the protein and water motel,
state of the interface. For conditionally independent subsystems,we adapted the WL method and performed a random walk in

eq 4 can be rewritten as the two variables in our system Hamiltoniahtys and Nyg ;.
Any accessible state specified by these variables corresponds
Q& 55 &) = Q41(&1; E)RN(E 5 @) to a specific system energy and volume given by egs 1 and 2.

The result of these simulations is the density of sta®{®\yg,
whereQ; is the density of states of the total system. The notation Nyg,), which can then be converted #(U, V), sinceU andV
Q1(&1; &) denotes the density of states of component 1 as a are determined ondsyg andNyg,i are known. The advantage
function of its degrees of freedom given a specific set of of performing a random walk ilNyg andNyg i, as opposed to
interfacial degrees of freedom. This equation allows us to relate U and V, is that the parametery Jy, and Av need not be
the simpler quantities of the individual component DOS to the assigned values during the simulation; this allows us to gather
total DOS. the system thermodynamics from a single simulation for any

The challenge in implementing the method is to find parameter set.
appropriate interfacial degrees of freedom that can establish The new separated simulation method divides the calculation
independence of the two components. The details and complex-into two parts. The protein contribution to the density of states,
ity of these degrees of freedom will vary based on the interaction €, is calculated first using a WL simulation of the protein in
potential and model of interest, but we can identify some guiding vacuo. The water contribution to the density of stafeg, is
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then computed analytically, as described below. The methody
takes advantage of the fact that the interactions between the "
protein and water extend only to the first hydration shell. The
interfacial degrees of freedong;, that establish conditional
independence are the properties of first hydration shell water
molecules. These are the number of interfacial bonding arm
pairs, Npars; and the number of unpaired bonding arms
associated with a nearest-neighbor protein monoidgr,

A WL simulation of the protein in vacuo is performed to N, [\

calculate€2y(Npairs;; Nu).- This Sim!"lation essentially determines Figure 2. Schematic representation of protein (left) and water (right)
the degeneracy of protein configurations that produce a set Ofstates. A point in the protein plane is defined by the variablgss;
solvation shell conditions if the water molecules were present. and N, and corresponds to many possible protein microstates. The

These variables contain all of the relevant information about enclosed region of points on the left represents the limited range of
the effect of the protein on the water structure and entropy, possible values dflyais; andN, for a given protein size. The irregular
allowing for the separate computation of the water density of shape of the enclosed region on the left shows that not all combinations

R . f of Npaisi and N, are possible. Each point in the protein plane is
states. Note thampa"&"s ameasure of the number of interfacial associated with many points in the water plane, with two examples

bonding arm pairs, regardless of whether or not a hydrogen bondingicated by arrows. Possible water states within these subdomains are
is formed. Thus, if the first hydration shell were fully hydrogen- defined by the variabledlys, and Nyg; and shown by points on the
bonded, the number of interfacial hydrogen bonds would be right. The rectangular shape of these subdomains reflects the fact that
equal to the number of interfacial hydrogen-bonding pairs, or all combinations oNug,» andNyg,; within the upper and lower bounds
N, = Npairsi are possible. For visual clarity, the water subdomains are not shown

Because the orientations of the hydrogen bonding arms on a2 °Veriapping, aithough they do in practice.

single water molecule fluctuate independently of each other, gjn 1y the orientational density of states of the unpaired

each bond_lng arm pair can be treated separ_ately and 'ndepenbonding arms is simply

dently. This allows for the exact computation of the water

orientational density of state®,, .. According to the hydrogen- Q, (N) = qNu (11)

bonding criteria described above, there are three types of WU

hydrogen bonding arms on water molecules. Examples pf each For each combination of the variablars; and Ny, there

'?'Ltehﬁrss? S‘prgzr(;l?ﬁsgz t())(f)r?(;)iﬂgI;?masri:sssgéieatset:jovv\\lli?hlg E)'/%%Z elr']afe many possible water orientational states, as i.IIustr.ated in

bonding arm on an adjacent water molecule where both WaterFlgure 2 '_I'he left panel corresponds to the protein, with t_he
points inside of the enclosed shape representing possible

tmholtralcglres arrfbn?}t dlir;]therif[lr?it soflvstllinwskt\elrl "f‘rr;]d ?rf fl:]bjr?](l:)t t:) combinations of the variabléd,aisjandN,. Each of these points
€ nyarogen-bo g criteria ot bulk water. 1 he total NUMDET oo ciated with2,(Npairs,, Nu) protein microstates, and in turn

of these bulk bonding arm pairs is denoted by the variable . : : . :
. L . with many possible water orientational states, defined by the
Npairs,p and these pairs can be subdivided into those that havevariablesNHB,b andNug..

1;\(l)rmedrhydrog\t/enI bE)I'rI‘]ldS andnéhtose t?%t ggti\;]e h?rﬁb ar”‘ih The value ofNyairsi places an upper bound on the value of
NHB.b, FEspectively. The second type of bonding arms are those Nis.i in €q 10, Sincepais; = N, + Nxtis,i. ThUS, iFNpairs, =

gssc()j_ciated Witﬁ a nﬁi]ghborti)n?h wfattk(]er mct)leculei’s r:ydroge_n 20, there are 21 possible interfacial bonding arm stat€3,in
onding arm where either or both of the water molecules are in ;. (Nus.i, Nis,) can take on values (0,20), (1,19), ..., (19,1),

Lh% first sslvzz’qon s.rt1el_l a$ﬂ are ZUbJe]?.t :0 fthg Ilﬂtedrfaual (20,0). For a given value oNyairs;; Nu) and system size (i.e.,
ydrogen-bonding criteria. The number of interfacial hydrogen ' NpairsbCan then be calculated from

bonding and non-hydrogen-bonding pairs are given by the

variablesNyg j andNnpg i, respectively. The third type are those 4N, = 2N+ 2N i+ N (12)
unpaired bonding arms associated with a protein nearest- W palrs. patrst = T
neighbor moleculeN,. The value 0Ngairs pplaces an upper bound on the valuéNpf

Analytical expressions exist for the density of states of each j, eq 9, sinceNpairsb= Ngp + Nnmgp. Thus, if Noairsp= 50

of these three types of bonding arms. The derivation of the there are 51 possible bulk bonding arm state€jp, defined
orientational density of states is provided in the Appendix. py (Nygp Nass). '

There, it is shown that the orientational density of states of bulk The values ofNys » andNyg,; can vary independently of each

bonding arm pairsQu) for specific values oNwg,» andNwwg o other because the orientations of bonding arms on an individual
is given by the relation water molecule fluctuate independently. The total number of
possible water orientational states for a givBiga(s,; Nu) point
Qy 5N > Nywig p) = is then the product of the number of bulk bonding arm states
(Npairs," N Negs Nake.s times the number of interfacial bonding arm states, ox521
m q =2, + 1) — 24, — 1) (9) = 1071 for the sample case discussed here. This is also shown

in Figure 2 by the rectangular shapes of the regions correspond-
ing to possible water orientational states.

With the upper and lower bounds of the variables that define
water's DOS determined, the water orientational DOS can be
calculated using eqs-9l1. The complete water orientational
Q. (Ng s Ny ) = DOS is a product of these three variables, given by

W, i HB,i* " "NHB,i

(NpaifsvD! quairs,i(z;Lh + 1)NHB,i(q _ 2’1h _ 1)NNHB,i (10) Qw,o(NHB,kr NNHB,b' NHB,i' NNHB,i' Nu) =
NHB,i!NNHB,i! Qw,b(NHB,bv NNHB,b)QW,i(NHB,i' NNHB,i)QW,u(Nu) (13)

A similar expression for the orientational density of states of
the interfacial bonding arms as a functionMfz ; andNnwg, iS
given by the formula
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We then compute the total density of states corresponding to 10 T T T T T
each complete specification of water’s hydrogen bonding state ;
from the following relation:

Q(Nyg 1 N Nigg,is N i No) = Qp(Npgirs i Ny ! 3 - . E
QW,O(NHB,b’ NNHB,b' NHB,i' I\INHB,i' Nu)Qw,c (14)

(73]
whereQ,, ¢ is the water configurational DOK2,, ; for a fully £ o1l i
occupied lattice where the protein already occupies space isu%’ ¢
merely the number of different ways of arrangihg water ) [ °
molecules o\, lattice sites, oM. I . N .
Applying eq 14 yields the total density of states for each 0.01 | . 3

possible specification of water’s hydrogen-bonding state as-
sociated with one value oNGa4irs 3 Nu). Repeating the procedure

for all possible Npairs;, Nu) combinations (see Figure 2) yields

the total density of states. To recover the density of states asa  1E3
function of the independent variables used in the original

nonseparable computatiof2(Nyg, Nug;), we simply sumQ; . . . .
- S . - Figure 3. Relative error of the dimensionless total entrofys= In

over all possible (_:omblna_tlons of th? variables determiiiiqag Q, calculated from 10 WL simulations of the combined protein and
(see eq 14) consistent with the choidé:g, Nis,). ~ water system (squares) and 10 simulations of the separated protein in

Extracting protein properties from the simulation data requires vacuo system with exact enumeration of water orientations (circles).
converting the density of states into more useful metrics. Since The error is computed relative to the exact protein and water DOS,
there are fluctuations in both internal energy and volume in the enumerated by hand.
simulation, we reweigh the density of states in the isobaric

1 1 L 1 1
3 4 5 6 7 8 9

# of Monomers

isothermal ensemble. Given a press@rand temperaturd, To determine the exact DOS, the protein compor@ptwas
the probability of a statej, specified byNys and Nyg, is enumerated by hand for each homopolymer size, and the water
component was calculated using egs14. We followed the
Q(N,g, N _)e—ﬁU(NHB,NHB,i)—ﬂPV(NHB) analysis of Shell et & and calculated the root-mean-square
p(P, T) = HB» ~HB, (15) deviation of the corresponding total entropy microstates between
. A(P,T) each of the two simulation methods and the exact calculation

. . . . using the relation
wheres = 1/kgT and A is the isobarie-isothermal partition

function. The protein native state is defined as the set of system >
states where the protein is maximally compact, when it has RMSD = \/ {Sovact™ Simutation D (18)
formed the most possible nearest-neighbor pretpiotein

contacts. Summing the probabilities of these compact stateswhere the notatiofilindicates an average over all microstates.

gives the probability that the protein is folded The percent root-mean-square deviation is then calculated by
normalizing the root-mean-square deviation by the range of

p(P, T) = z Py n. (P, T) (16) entropies observed in the exact enumera@ax - Smin: T_his
compagt states o quantity is a measure of both the systematic and statistical error

in the simulation methods. In the remainder of the discussion,
The change in free energy upon unfoldingG, can then be  we refer to this quantity as the percent error or relative error.
calculated from the folding probability by using the equilibrium The results of these calculations are presented in Figure 3.
relation from the two-state model of protein folding The two methods show comparable relative error for the smallest
homopolymers, the 4- and 5-mers. However, the relative error

1-p(P,T) of the combined DOS method increases dramatically for the
AG(P, T) = Gpioided — Grolgea= RTIN P T (17) larger homopolymers while the separable DOS method shows
P no significant change. The jump in the error of the combined

method between the 5- and 6-mers reflects an increase in the
complexity of phase space. The number of configurations
available to a 4- or 5-mer on a square lattice is limited to either
maximally compact or mostly unfolded states with a small
number of translational trial moves separating them. When
To test the accuracy of the proposed method, we compareNwvionomers = 6, @ number of partially folded intermediate
the density of states generated by both approaches [i.e.,configurations become possible which are visited less frequently
nonseparable DOS calculatidhsind separable DOS calcula- during a random walk, yielding less accurate estimates of the
tions (this work)] to the exact DOS for small homopolymers. degeneracy of those states. The number and complexity of these
We perform 10 independent runs of homopolymers of size partially folded intermediate configurations, and therefore the
Nwmonomers= 4—8 for each method, calculating the dimensionless complexity of phase space, can vary between monomer sizes.
entropy,S = In Q, rather than the density of states itself. All  This is reflected in the drop in the relative error of both methods
simulations were performed with the flat histogram requirement from the 7-mer to 8-mer. Even in the case of the 8-mer, the
that the bin with the fewest entries in the histogram of visited separable DOS method is more than an order of magnitude more
states has a value of at least 80% of the average number ofaccurate than the combined DOS method.
visits to a binned state, before proceeding to the next iteration. There are two reasons for the improved accuracy of the new
The simulations continued until h< 1077. method. First, onlyQ2, is calculated by the WL simulation,

The transition between the folded and unfolded states occurs
when AG(P, T) = 0 or, equivalently, whem(P, T) = 0.5.

3. Results



12656 J. Phys. Chem. A, Vol. 111, No. 49, 2007 Patel et al.

whereasQ,, is calculated exactly. Thus, any error remaining in S ———T——T— T T T T T T T
the new method comes from imperfect sampling of protein
configurations. The dynamics of the protein simulation are such
that the most accurate estimates for its configurational degen- 04 .
eracy are provided for more extended conformations, whereas
less accurate estimates are obtained for compact and nearly
compact configurations. These rare conformations are less likely
to be visited in a random walk and long, high-precision WL

simulations are needed to calculate their degeneracy to the sam
accuracy as extended conformations. When translating the
protein configurational DOS into the total density of states, these
extended conformations are associated with a larger number of
microstates than the compact protein conformations. The
minimal error of the less compact configurations is thus

emphasized and the error in the total DOS is reduced in the 00 . . . . . . . . .

new method. 000 002 004 006 008 010 012 014 016 018 020

The in vacuo protein simulations also improve the sampling Temperature
of protein configurations over that obtained in combined protein rjg,re 4. Phase diagram of a 20-mer homopolymer protein calculated
and water simulations. The previous method required simulation ysing the combined protein and water simulation DOS (solid line) and
of the protein chain in a fully occupied lattice of water, where the separated protein in vacuo simulation (dashed line). Temperature
each trial move requires displacement of a water molecule. and pressure are presented in dimensionless units, and the model
Although the WL acceptance criteria improves the acceptance par(gslme_terssbused wedg/d = 0.2, Avlvg = 0.348,4n =0, A, = 1,
of these local trial moves over conventional Boltzmann sam- 2144 = 0.
pling, the dynamics of the random walk are sluggish enough 10° g

re

3

Eress

that the simulation requires long tunneling times between visits I
to rare configurations. Bachmann and Janke observed a similar 42 |- = 1
difficulty in obtaining good sampling of rare configurations of .
lattice proteins from WL simulations using local trial mov&s. 10° r " 3
In contrast, the new method can explore phase space more 2 - 3
effectively because the protein trial moves in the absence of 10"k . R o!'
water are accepted more frequently, reducing the number of , ~ f _m o°° * 3
simulation steps required between visits to these rare configura—-; 10°F - oe® E
tions. For example, a local translational move involving two & : °® ]
monomers is accepted approximately 2% of the time in a protein ~ 10" F o® 3
and water simulation of a 6-mer, whereas it is accepted 15% of R : °® ]
the time in a protein in vacuo simulation. Better sampling of 10" F o° 3
low-degeneracy configurations both improves their accuracy and . eee ° o° 3
reduces the overall simulation time. L 3
As a further verification of the method, we compare the phase [ ® .+ 0 o0 0 0 00 vy 0 oo
diagrams of a 17-mer calculated from simulations using the 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
previous (nonseparable) and the present (separable DOS) method # of Monomers

in Figure 4. The lines shown in the figure demarcate the rangesFigure 5. Runtimes for proteins of various sizes for the combined
of dimensionless temperature and pressure where the maximallyprotein and water simulation (squares) and the separated protein in
compact state is stable and indicate where an unfolding transitionvacuo simulation (circles). The dip in runtime for the 4- and 9-mers
occurs. Figure 4 shows good agreement between the tWorelatlve to the other protein chain lengths is due to the 2-D nature of

methods at low and high temperatures. with some deviation tthe lattice, in which these small chains form compact configurations
ethods atlow a gh temperatures, SOmEe deviation at ¢ perfect squares with fewer rare unfolding intermediates. This

inter.mediate temperatures near the point. of mgximum pressuresimplifies the computation of the density of states for these proteins.
stability. The difference between the two simulations arises from

the improved accuracy in calculation of the cold-denatured state sjmylations. Figure 5 compares the simulation running time with
degeneracy with the new method. The high-temperature transi-jncreasing protein size for the previous nonseparable simulation
tion of the protein from its folded conformation to an ensemble method against the present (separable degrees of freedom)
of unfolded conformations upon thermal denaturation is es- approach. The calculation of the water density of states requires
sentially the same for both methods, indicating that the negligible computation time (less than 1 s) and is not included
simulation estimates for the entropy of these states is very closejn the runtime shown for the present method. It is clear from
in both calculations. At temperatures approaching 0, the Figure 5 that the separate simulation is more than 4 orders of

two methods show similar predictions for the phase diagram. magnitude faster than the combined simulation, largely due to
At T= 0, the transition between the folded and cold-denatured the very pronounced reduction in the size and Comp|exity of

state is determined solely by the respective enthalpies, and errorghe phase space sampled by the new method.

in the simulation estimates have no effect on the transition  Figure 6 shows the growth in the number of microstates with

pressure. However, the different predictions for the cold protein size in the DOS of the previous and present methods.

denaturation portion of the phase diagram result from differences The removal of the bulk water degrees of freedom reduces the

in the prediction of the entropy of the cold-denatured state.  number of microstates by more than 2 orders of magnitude,
A major advantage of the separate simulation of the protein from almost 4000 to 9 in the case of a 6-mer. Furthermore, the

and water is the dramatic improvement in the speed of the size of phase space increases faster with system size for the
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1000 ——F——T—— T % T T 3 the approach presented here. The authors are currently applying
: the present method to a modified version of the water-explicit
F " 1 protein model that incorporates hydrophobic and polar protein
10000 a" 3 monomers. The method is also readily applicable to three-
; . dimensional lattice models.
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# of Monomers The water orientational density of statéx, , can be divided
Figure 6. Growth in the number of accessible microstates in phase into three components: the orientational density of states of
space with increasing protein chain length for the combined protein the bulk hydrogen bonding arm pair®,; the orientational
and water simulation (squares) and the separated protein in vacuodensity of states of the interfacial hydrogen bonding arm pairs,
simulation (circles). Q.i; and the orientational density of states of the unpaired
hydrogen bonding arm$2,,,. These quantities enumerate the
number of orientations available to each of these types of
bonding arms. Because each of the bonding arms on a water
molecule can vary independently of each other, each bonding
arm pair can be treated separately and independently in the
computation ofQ,, .. Thus,Q . is specified by the relation

combined simulation. The number of microstates in the com-
bined protein and water simulation is approximately a product
of the sizes of the DOS variabl®is andNpg,i. Nyg is a bulk
property and increases @¥vonomers, WhereasNygi is an
interfacial property and therefore increases linearly Wthne

mers The number of microstates in the combined simulation DOS
increases ablyonomers. IN contrast, the protein configurational
DOS is a function of two interfacial propertielpairsi and Ny,
both of which scale withNyonomers Thus, the number of
microstates in the protein in vacuo simulation increases as The number of orientations possible to the bulk bonding arm
pairs is a function of the number of bulk bonding arms that are
properly oriented for hydrogen bondingys ,, and the remain-

4. Conclusions der that do not form hydrogen bond$yus . The degeneracy

. of bulk orientations for a microstate specified biyg, and
The method presented here is a fast and accurate way toNNH&b is given by

simulate binary interacting systems as separate one-component
systems. Separate calculation of the protein and water DOSsQ (N Nuug ) =
reduced the error in the computation &, improving the w,b\" "HB,b* 1 INHB,
predictions of the protein phase diagram. The method also (Npairs,t)! Noarsgp7 + 1YNen(g — 21 — 1)Hes (20
drastically reduced the time needed for simulation, allowing for N, IN_ o 0 @ T DA~ 24, — 172 (20)
larger systems to be to studied. Although our investigation was ' '

restricted to serial simulations on one processor and proteins
of 30 monomers or less in size, the method can be readily
extended to parallel computation for the simulation of proteins
larger than 30 monomers. As computational power grows, the
method will be scalable to even larger systems with the next

generation of computers, each pair, which can assume any @fpossible orientations
The practical application of the method is limited to systems ) . :
P bp y whether it is hydrogen-bonded or not. The third term is the

where the interactions of the two components can be separated, . . . :
satisfying the requirement of conditional independence. The numper of orientations then ava{lablq o the secopd bondlmg
approach is most suitable for binary lattice models, which arm in each of the bonding arm pairs, given that the first bonding

generally have local interactions that can be enumerated easily2™M orientation is already specified. The bulk hydrogen-bonding
for the set of interfacial conditions. It is also well suited for ~Criterion states that a hydrogen bond is formed when the
studies of solvation at infinite dilution, where the interfacial Orientations satisfy the relatidm — oj| =< p. Thus, for, =
region is limited in size and the degrees of freedom are limited 1. if i = 9, 0j has 3 available orientations that form hydrogen
in number. bonds (i.e., 8, 9, or 10). The final term on the right-hand side

There are many possible applications of the method, including 'S the number of orientations available to the second bonding
larger and more complex simulations of a mixture of lattice &M in €ach of the nonbonding pairs, given that the first bonding
polymers with structured monomers than have been previously @M orientation is already specified. This is just the remainder
possible®® Another possibility is to extend a recent study that Of orientationsq — (24, + 1) that would not form hydrogen
examined the effect of a single-site ionic solute on the energy bonds, according to the criterion discussed above.
landscape of a dipolar solvent on ax99 lattice3” Studies of The degeneracy of interfacial bonding arm pair orientations,
polyelectrolytes on a larger lattice could be performed using Qi shows the same form as eq 20, given by

Q ,0 = QW,wa,iQw,u (19)

W,

NMonomersz-

The first term in the product on the right-hand side of eq 20 is
the number of ways of distributingxg » bulk hydrogen bonds
amongNpairs,p bUlk hydrogen bonding arm pairs, wheXgairs b

= Nugp + Nnuep. The second term on the right-hand side is
the number of orientations available to the first bonding arm in



12658 J. Phys. Chem. A, Vol. 111, No. 49, 2007

Qw,i(NHB,i' NNHB,i) =

N, )!
% quairs,i(zlh —+ 1)NHB'i(q - Zj.h - 1)NNH&i (21)
NHB,i' NNHB,i'

Patel et al.

(11) Berg, B. A.; Neuhaus, TPhys Rev. Lett 1992 68, 9—12.

(12) Bachmann, M.; Janke, W. Chem Phys 2004 120, 6779-6791.
(13) Wang, F. G.; Landau, D. PPhys Rev. E 2001, 64, 056101.
(14) Wang, F. G.; Landau, D. Phys Rev. Lett 2001, 86, 2050-2053.
(15) Lee, L. W.; Wang, J. SPhys. Rev. E 2001, 64, 056112.

(16) Shell, M. S.; Debenedetti, P. G.; Panagiotopoulos,./RI¥%/s. Re.

whereNyg; is the number of interfacial bonding arms properly E 2002 66, 056703.

oriented for hydrogen bonding andyys, is the number of

interfacial bonding arms that do not form hydrogen bonds. The

(17) Yan, Q. L.; Faller, R.; de Pablo, J. 3. Chem. Phys2002 116

8745-8749.
(18) Marques, M. I.; Borreguero, J. M.; Stanley, H. E.; Dokholyan, N.

terms in the product on the right-hand side are analogous toV. Phys Rev. Lett 2003 91, 138103.

those in eq 20 for bulk hydrogen bonding arms.

(19) Rathore, N.; de Pablo, J.J1.ChemPhys 2002 116, 7225-7230.
(20) Rathore, N.; Knotts, T. A.; de Pablo, J.0 Chem. Phys2003

Finally, there are a number of hydrogen bonding arms which 118 42854290
are unpaired, and are associated with protein monomers at (21) Vorontsov-Velyaminov, P. N.; Volkov, N. A.; Yurchenko, A. A.
nearest-neighbor sites. The protein does not interact directly with J. Phys A 2004 37, 1573-1588.

the water bonding arms, and thus the unpaired bonding arms

(22) Calvo, F.Mol. Phys 2002 100, 3421-3427.
(23) Nielsen, B.; Jeppesen, C.; Ipsen, JJHBiol. Phys2006 32, 465—

can assume any @f orientations. The number of orientations 472,

available to the unpaired bonding arms is given by

Q, (N =" (22)
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