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Controllability and Observability of the Photophysical System of
Intermolecular Two-State Excited-State Processes

1. Introduction

Time-resolved fluorescence is a valuable tool available to the
photophysicist for investigating the dynamics of excited-state
processe$: 3 When a specific model is proposed to describe
the kinetics of fluorescence relaxation, initially one should
investigate if the underlying parameters defining the model can
be determined unambiguously from error-free fluorescence
decay data. This is the topic of the deterministic (or a priori)
identifiability (or identification) analysi4-” The term a priori
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In this report, we focus on the consequences of controllability and observability on the number of distinct
exponential terms in the fluorescence decay and on the identifiability analysis of the photophysical model of
intermolecular two-state excited-state processes. Controllability and observability prove to be useful concepts
in photophysics for exploring methodically the conditions under which intermolecular two-state excited-state
processes lead to single-exponential fluorescén@sponse functions. A detailed discussion on the distinction

of the possible origins of monoexponential fluorescence decays is presented. We also show that the similarity
transformation approach to identifiability leads to erroneous conclusions concerning which model parameters
can be identified if this photophysical system is not controllable or not observable. The results obtained for
this relatively simple photophysical system can be extended in a systematic way to more complicated
photophysical models.

functions instead of the biexponential ones found for controllable
and observable systems. Controllability and observability are
useful concepts to investigate systematically the cases where
monoexponential fluorescence decays are observed. We will also
illustrate, using the same, relatively simple, photophysical model,
that controllability and observability are both required for the
similarity transformation criterion to identifiability to be ap-
plicable. Indeed, the identification analysis via similarity
transformation leads to erroneous results for this photophysical
system when it is not controllable or not observable.

indicates that the analysis can (and should) be done before a

proposed experiment is carried out. Identifiability is of great o Time-Resolved Fluorescence, Controllability, and
practical importance because it tells one which information is Observability of the Photophysical System of
theoretically accessible from the fluorescence decay surface andpiermolecular Two-State Excited-State Processes

therefore, it allows one to evaluate if the parameter estimation ) ) o ) o
can succeed at all. Consider a linear, time-invariant, dynamic, intermolecular

Since the first identification analysis of an intermolecular two-
state excited-state procesglentifiability studies of a broad
range of photophysical models of intermolecular as well as
intramolecular two-state and three-state excited-state processe

photophysical system, consisting of two different ground-state
species (labeled and 2), which is photoexcited with a pulse
u(t) as shown in Figure 1. Photoexcitation creates, in principle,
two corresponding excited species (labelédand 2*, respec-

have been reported (see refs 9 and 10 for literature data).tively)' As a response to that input, the concentratif{s) of

Recently, we have described identifiability analyses of models
for rotational diffusion monitored by time-resolved fluorescence
depolarizatioh 1> and of models for fluorescence quenching

the excited specie$* and 2* change as a function of time
and can be described by the following differential matrix
equationtt~618

in agueous micellar systerisl’
In this report, we introduce the important concepts of x*(t) = Ax*(t) + bu(t), x*(0 ) =0 (1)
controllability and observability into the field of photophysics.
It will be shown that the investigated noncontrollable or with x*(t) = dx*(t)/dt
nonobservable, intermolecular, two-state excited-state system

always leads to single-exponential fluorescericeesponse X,*(t) [14(1)
*(+) — (1 — 2
0= ) = 290 @
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M +| 1 pra— 2 M +] 1 _ 2
M= ! D 2 Figure 2. Noncontrollable photophysical systems. @) = 0 and
a1 = 0. (b) by = 0 anday, = 0. Photoexcitation at™ is symbolized

Figure 1. Kinetic model of an intermolecular, two-state excited-state by u(®).
process. The excited-state processes are described by the deactivation

rate constantko; andkoz, and the excited-state exchange rate constants a b

ko1 andki.. The transformation of specidsand 1* into, respectively, .@. .@.

2 and 2* is mediated by co-reactant M. Photoexcitation /& is

symbolized byu(t). R s . s
M+ 1 E—— 2 M+ 1 — 2

and b; = (by by)T, where T symbolizes transpose and the kiy

subscripti refers to the excitation wavelengili dependence uo) || b wo || & uo) || £ wo ||k

of b. [M] stands for the experimentally known concentration . o . o

of co-reactant.
In fluorescence decay experiments, one does not follow the
time course of the concentratioxy(t) of the individual excited

species, but one observes, within a selected emission banq:igure 3. Nonobservable photophysical systems.dg)= 0 andas

M+ 1 ’ 2 M +]1 — 2

around emission waveleng#tf", the composite experimental =0, () ¢;; = 0 andap = 0. Observation ai®™ of the fluorescence
fluorescence decay(t) originating from the contributing excited  from a specific, excited species is depictecf by an eye on top of that
speciesl* and 2* excited species.

d(t) = ¢ x*(t) (4) excited specie€* is not formed (i.e.,2* cannot be reached,

N o Figure 2a): the system is not controllable and this results in a
wherec; = (cy ¢cz)'° and the subscrifjtrefers to the emission  monoexponential fluorescenderesponse functiofi (t)1°
wavelength/Ijem dependence of the spectral emission coef-

ficientsc. f(t) = by ¢y exp(—koit) (8)
Integration of eq 1 yields*(t)*~%18 and substitution ok*(t)
in eq 4 gives (b) If by = O (i.e., ground-state specidsdoes not absorb

. " light at1™), we have deR = —ay2b,2 To have a controllable
dt) = [(ft—9u@ds= [(f(Juit—s)ds (5)  systemay, (=ki2) must be different from zero. b, = kip =
0 andby; = 0, excited specie* cannot be reached (i.el} is

with the fluorescenc@-response functior (t) given by*618 not formed, Figure 2b) and the system is not controllable under
these conditions. Then, a monoexponerttid) is found
f®)=ce*b (6)
f(t) = by ¢y exp=kozt) 9)

The triple @, bj, ¢) is called a realization of (t).

Now we intrqdu7cze() the important notions of controllability  The criterion for observability in terms of the matrices of the
and observability;"*% into photophysics. The photophysical photophysical system is analogous to that of controllability. The
system is controllable if an input can be constructed which ., rent photophysical system described by eqs 1 and 4 is

will bring x* to any preselected state in a finite amount of t#he.  jpservable if and only if the & 2 observability matrixO (eq
The 2 x 2 controllability or reachability matrixR for the 10) is of rank 2, requiring that ded = 0572021

photophysical system of intermolecular two-state excited-state
processes is defined in ecP#° o (C,- ) 3 (Clj ¢
by a,,by + a12b2i) a31Cyj T @510y a0y T 3,y

cA ) (10)
Dy a0y + Ay,

R=(b Abi)=( Q)
RankO = 2 if detO = cyj(ai2Cy + axCsj) — Cyj(a11Cy + aziCy)

with amn, defined by eq 3. The photophysical system is ™ 0. )
controllable if and only if the associated controllability matrix ~ 1he next two cases reduce the rank of ma@ixo 1:

R is of rank 257.2021or, equivalently, if deR = 0. (@) If ¢ = 0 (i.e., the fluorescence of only excited species
RankR = 2 if det R = by(agiby + apabs) — boi(awby + 1* is being monitored af™), we have deO = a;.cy?. To
apohy) = 0. have an observable system, must be different from zero. If
The following two cases reduce the rank of mafRixo 1: a2 = kiz = 0 andcy = 0, the photophysical system is not
(a) If by = 0 (i.e., ground-state speci@sdoes not absorb observable (becaus? is not observable, Figure 3a) and a
light at the excitation wavelengttf), then deR = aybyi2. To single-exponentia (t) is found

have a controllable systemy; (=kz1[M]) must be different from
zero. If ap; = 0 (i.e., koy = 0 and/or [M] = 0) andby = 0, f(t) = bycyy exp[—(ky; + ky[M]) 1] (11)
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(b) If cyy = 0 (i.e., the fluorescence of only excited species
2* is being monitored af™), we have deD = —aCy?. To
have an observable system; must be different from zero. If
ap1 = 0 andcy = 0, the photophysical system is not observable
(becausel* is not observable, Figure 3b) and the monoexpo-
nentialf (t) is given by?

f (1) = byicy expl (Ko, + kit (12)

Boens et al.

A=T1AT (17a)
b=T"h (17b)
c=c¢T (17¢)

whereT is a constant, nonsingular (i.e., invertible) matrix (det
T # 0) having the same (2 2) dimension ag\. The matrixT
should be independent of the experimental conditions £i:&.,
A", and [M]).° The equivalence relations (eqs ¥# show

In the previous paragraphs, the noncontrollable or nonobservabléiat an alternative triple(, b, G)) realizing the samel(t) [or
systems depended exclusively on the excited-state exchangg (t)] can be found by similarity transformation. For the

coefficients &p; or a;») and the parameters associated with
excitation py; or by, for controllability) or emissiondj; or ¢y,

for observability). By looking at the form of th& and O
matrices (and by creating rows or columns containing all zeros),

photophysical system considered heres given by

ar

(18)

it may appear that the cases discussed above, yielding a

noncontrollable systemdg; = 0, by = 0) and @12 = 0, by;
0)] and the parallel cases giving a nonobservable systam [(
= 0,c5 = 0,) and &1 = 0, ¢;; = 0)] are the only possible
cases reducing the rank of the matri€eandO to 1. However,
as the elementa;; anday; are dependent on [M], the rank of
the matriceR andO can be reduced to 1 at certain, nonzero,
co-reactant concentrations [M].

The unique concentration [M] leading to a noncontrollable
system is calculated from d& = 0 and is given by

b2i[b1i(k02 + k12 - k01) + b2i I(12]
k21bli(b1i + b2i)

M] = (13)

It is not evident if this [M] value is physically accessible. Indeed,
it is possible that [M] given by eq 13 (and by eq 15 for the
nonobservable system, see further) has a negative value or i
too high to be experimentally accessible. If [M] is given by eq
13, f () is single-exponential at all observation wavelengths
4™ and is expressed by

bykos + by
F(0) = (bycy + bycy) ex;{—t%t;k”) (14)

t; t,

Now we shall show that controllability and observability are
both required for the similarity transformation approach to lead
to correct conclusions. It must be emphasized, however, that
controllability and observability are not sufficient conditions
to guarantee identifiability of the model.

3.A. Noncontrollable System with a&; = 0 and by = 0.
Now we calculate the alternativé (eq 17a) andy; (eq 17b)
for the noncontrollable photophysical system wath = 0 and
by = 0. The matrix multiplication in eq 17a yields the following
three useful equations

—t Koy = —t1ky + Ky, (19a)
tiK, — to(Kop 1 Kip) = —tokgy + Ky, (19b)
tokip — ty(kop T Kip) = —ty(Kop + Ky (19¢)

From the multiplication in eq 17b, we obtain
t,by; = by, (20a)
b, =0 (20b)

From eq 20a withb;; = 0 we can conclude that = 0 andby;
= 0, so that from eq 20b we have thgt= 0. Therefore, both
t1 andt, should be different from zero (otherwise, we have a

The unique concentration [M] leading to a nonobservable system singular matrixT). Equation 19a now givelg; = koz, while eq

is derived from deD = 0 and is given by

_ Cyjl —Cyikap + Cy(Kop + Kip — Koyl
Kp1C5(Cyj — C)

M] (15)

For this particular [M], the functiofi () is monoexponential at
all excitation wavelength4™ and is specified by

tczj(koz + Kpp) = Cyikyp

CZj

f(t) = (bycy + bycy) exi{_ (16)

It should be noted that the monoexponential functi®gis,

described by eqs 14 and 16, have not been described before.

3. Identifiability via Similarity Transformation of the
Model for Intermolecular Two-State Excited-State
Processes which Are Noncontrollable or Nonobservable

_The true realizationsX, b;, ¢) and the alternative realizations
(A, bi, G) are similar if they produce the sardg) [or f (t)] and
are related as in eqs 17a>20

19c yieldskg; + k12 = koz + ki2. The alternativdny; (eq 20a) is
known up to a scaling factor.

Now we consider the fluorescenderesponse functioffi(t)

(eq 8) for this noncontrollable system. The only kinetic
information that can be extracted from the monoexponential
f(t) = aexp(y t) isy = — ko1. Sincef (t) does not includéo,

and kjp, it is impossible to identify Ko + ki) as the
identification analysis via similarity transformation wrongly
indicates.

3.B. Nonobservable System with a = 0 and ¢; = 0. For
the alternativeA of this nonobservable photophysical system,
we refer to section 3.A. The components of the alternatjve
calculated according to eq 17c are

0=14,

G =10,

(21a)
(21b)

From eq 21a, we have that= 0, so that from eq 21b we have
that the alternative, is known up to a scaling factots(must
be different from zero to have an invertiblematrix).

The single-exponentidi(t) (eq 12) for this nonobservable
system does not contakg,, so it is impossible to identifio;.
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Also for the nonobservable system, the identification via the
similarity transformation technigue leads to erroneous conclu-
sions.

3.C. Noncontrollable System with a, = 0 and by = 0.
Matrix multiplication in eq 17a for the noncontrollable system
with a;» = 0 yields the following three informative equations:

—ty(Koy + Koa[M]) + tko[M] = —ty(kgy + Kp[M]) (22a)
—takor + KnulM]) + tikyy[M] = tiko [M] — tokoy (22b)
—tgkor = tokor[M] — tikgy (22c)

From eq 17b, we obtain
t,b, =0 (23a)
tyo, = by (23b)

From eq 23b witthy = 0 we can conclude thaj = 0 andby;

# 0, so that from eq 23a we have that= 0. Now eq 22a with
t, = 0 (nonsingulai™ matrix!) simplifies toko1 + koa[M] = ko1

+ koa[M], from which we obtainko; = ko1 and ko1 = ko1
Equation 22c witht, = 0 givesky, = koz. Grouping the terms
in [M] in eq 22b shows that; = 0. Equation 22b simplifies to
takoa[M] = tikoa[M], from which we havet; =ty andT =t |,
(I2 represents the Z 2 identity matrix). Equation 23b shows
that the alternativéa,; is known up to a scaling factor.

The single-exponentidi (t) (eq 9) for this noncontrollable
system does not include; andk;. Hence, it is impossible to
identify these rate constants. Once more, the identification via
similarity transformation leads to incorrect conclusions for the
noncontrollable photophysical system.

3.D. Nonobservable System with # = 0 and ¢ = 0. For
the alternativeA of this nonobservable photophysical system,
see section 3.C. The components of the alterndiyeq 17c)
are

Cyy = 14Cy (24a)

0= t,Cy (24b)
From eq 24b, we have thgt= 0, so that from eq 24a we have
that the alternative,; is known up to a scaling factot;(must
be different from zero to have an invertiblematrix).

The monoexponential (t) (eq 11) for the nonobservable
system does not contakgz; hence, it is impossible to identify

J. Phys. Chem. A, Vol. 112, No. 12, 2008741

state processes is very similar to that already published;
shall only present the results here. As before, two cases are
found.

Case (i): Wherty = t4, t = t3 = 0, we haveT =t |2 The
matrix multiplication in eq 17a witil = ty |2 giveskor = ko,
ko1 = ka1, kiz = kip, andkoz = koz. The corresponding matrix
multiplication in eq 17b withl = t; I, for the noncontrollable
system giveshy = by/t; and by = byi/ti. The analogous
multiplication in eq 17c withT = t; |, for the nonobservable
system givegy; = cyjt; andTy = cyts. Hence, the alternative
{baj, by} and{cy, Tz} are only known up to the scaling factor
t;. However, the pre-exponential factor in eqs 14 and 16 is
uniquely defined:byCy + 2Ty = baicy + bacy.

Case (ii): Alternatively, we havky; = ko2 + ki, ko1 = koy,

kiz = ko1 — Ko, andko, = kop. The matrixT takes the form
_(tz 0
T= (t3 t,+ t3) (25)

Yet again, the identification via similarity transformation
indicates that for the noncontrollable and nonobservable,
intermolecular, two-state excited-state systems more distinct
parameters could be identified than is possible from the
monoexponentiaf (t) = a exp t) (egs 14 and 16). Indeed,
for the noncontrollable system, it is impossible to determine
the separate model parameters frprs —(baikor + baiko2)/(bai

+ by) (see eq 14). Similarly, for the nonobservable system, the
individual model parameters cannot be determined fyom
—[cyi(koz + ki2) — cajkidl/cy (See eq 16).

4. Discussion and Conclusions

In the deterministic identifiability analysis, the central ques-
tion is whether it is possible to find a unique solution for each
of the unknown parameters of the proposed model, assuming
perfect (i.e., without noise) data. Identifiability is also of
importance in the design of time-resolved fluorescence experi-
ments (choice of excitation}™ and emission/™, wave-
lengths; the number and the nature of the used co-reactant
concentrations; the need to add quencher to the photophysical
system; etc.) that lead to unique solutions. A number of
alternative approaches to identifiability analysis are available
and have been employed for the analysis of the identification
of common photophysical models. We have extensively used
Markov parameters and elementary functions of the rate
constants for this purpose (see literature references in 9 and
10). This identifiability method is closely related to the Laplace

ko Once again, these results are in disagreement with thosetransform approach (or transfer function approdcte Taylor

from the identification via similarity transformation.

3.E. Noncontrollable and Nonobservable Systems with [M]
Given by eqs 13 and 15, Respectivel\Now we investigate
the identification via similarity transformation of the noncontrol-
lable, intermolecular, two-state excited-state system with [M]

series expansion of the fluorescenteesponse functiof (t)

is an alternative method, which was used in the identifiability
of fluorescence quenching of stationary probes by mobile
quencher molecules in micellé$The advantage of the Taylor
series expansion éf(t) is its applicability to nonlinear models.

given by eq 13 and of the corresponding nonobservable system  Similarity transformation is a powerful identifiability tech-

with [M] expressed by eq 15. In ref 10, we have studied the nique because it offers an excellent method of finding an
identifiability of the controllable and observable, intermolecular, alternative realizationX, b;, g) of f(t) and of determining

two-state excited-state system via the similarity transformation \whether the model is uniquely or locally identifiable or not
approach. The identifiability analysis for the noncontrollable identifiable at all. In time-resolved fluorescence, a model is
system is formally equivalent to that described in ref 10, but uniquely identifiable if all parameters can be uniquely deter-
one has to exploit the required independencet;obf the mined fromf (t). If there are several parameter values that

excitation wavelengtii™ (i.e., throughby and by). For the

correspond to exactly the sanfdt), the model is locally

nonobservable system, one should use the necessary indeperidentifiable. An unidentifiable model is found when there is an

dence oft of the observation waveleng#i™ (i.e., throughcy;
andcy). Since the identifiability analysis for the noncontrollable

or nonobservable systems of intermolecular two-state excited-

unlimited number of alternative model parameter values cor-
responding to the sanfdt). In the latter case it is problematic
to attempt to estimate the parameter values, because the solution
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found is only one of many and has no reason to be favored. An exclusively excited specie$* is being monitored ¢; = O,
extra bonus of the similarity transformation approach is that Figure 3a, eq 11) dky; = 0 and only the fluorescence &f is
the relationships between the true and alternative model being observedcf; = 0, Figure 3b, eq 12). In the former case,
parameters are explicitly provided by egs +taHowever, the the fluorescencé-response functiofi(t) depends on [M] (eq
disadvantage of this identifiability technique is that one should 11), while in the latter cask(t) is independent of [M] (eq 12).
not apply it when the conditions for its validity do not hold (c) When a monoexponentidl(t) is observed at a single,
(i.e., both controllability and observability)One can convinc-  “critical”, nonzero [M] and at alli™, this [M] is given by eq
ingly argue that, since there are several other identification 15 andf (t) by eq 16. At [M] values different from that given
methods, one can always use a quite straightforward techniqueby eq 15,f (t) is biexponential.
(e.g., transfer function approach) for which controllability and To summarize, single-exponential fluorescence decays ob-
observability are not an issue. served for intermolecular two-state excited-state processes are
There is, however, another important feature to controllability always the consequence of noncontrollability or nonobservability
and observability in photophysics without direct relation to of the photophysical system. For controllable and observable
identifiability methods. Indeed, noncontrollable or nonobservable systems, fitting of the experimental fluorescence decay data
systems are found whenever the rank of the matitesdO, requires the same number of distinct exponential terms as the
respectively, is reduced. For the intermolecular, two-state number of excited species. Conversely, if the number of
excited-state system studied, reRk= 1 for the noncontrollable  exponential terms irf (t) is less than the number of excited
system and rank = 1 for the nonobservable system. For the species, the photophysical system is not controllable or not
controllable and observable photophysical system, one alwaysobservable. The importance of controllability and observability
observes two exponential terms fift) representing the two  to the field of photophysics lies in the fact that these concepts
eigenvalues of matriA (eq 3), whereas the noncontrollable or  allow one to systematically investigate the origins of the reduced
nonobservable system always leads to single-expondi{til number of exponential terms fr(t), and to extend the study to
at all observation wavelength’ﬁrn or at all excitation wave- more complicated photophysical systems than that considered
lengths 17, respectively. If one observes a monoexponential here.
f (), while expecting a biexponenti&lt), controllability and
observability are useful, systematic tools to explore the reasonReferences and Notes
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