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We present a time-dependent density functional theory (TDDFT) study on the electron dynamics of small
carbon clusters Cn (n ) 9, 10) exposed to a linearly polarized (LP) or circularly polarized (CP) oscillating
electric field of ultrafast laser with moderate laser intensity. The multielectron dynamics is described by
propagating the reduced one-electron density matrix in real-time domain. The high harmonic generation (HHG)
spectra of emission as well as the time evolution of atomic charges, dipole moments and dipole accelerations
during harmonic generation are calculated. The microscopic structure-property correlation of carbon chains
is characterized. It is found that the electron responses of Cn to the laser field oscillation become nonadiabatic
as the field intensity is larger than 1.4 × 1013 W/cm2. The nonadiabatic multielectron effect is displayed by
an explicit fluctuation on the induced atomic charges and the instantaneous dipole acceleration and by observing
the additional peaks other than those predicted from the spectral selection rule in HHG spectra of Cn as well.
The origin of these additional peaks is elucidated. The atomic charges of Cn in LP and CP laser pulses
experience different type of oscillations as expected. In the linear structure C9, the atomic charges at the two
ends experience larger amplitude oscillations than those near the chain center whereas the induced charges
on each atom of C10 experience the equal amplitude oscillations in the CP laser pulse.

1. Introduction

The natural time scale of electrons falls into the subfemto-
second or attosecond regime, which is much shorter than the
vibrational periods of atoms in molecules. Therefore, the
progress of laser technology capable of reaching subfemtosecond
or attosecond pulse durations has enabled us to capture and steer
the electron motion inside atoms and molecules that are
undergoing photoionization or chemical change. Currently a new
field called attosecond science, which probes the dynamical
behavior of matter on the attosecond time scale, has thus formed.
The recent advances in the attosecond science have been
reviewed by a few groups.1–6

The quest to probe atomic and molecular electron dynamics
on ultrashort timescales inevitably leads to the use of extreme
ultraviolet (XUV)/X-ray radiation. High-harmonic generation
(HHG) and stimulated Raman scattering, which generate
frequency components over a wide range,7 are two techniques
to produce attosecond light pulses. The HHG process, in which
visible or infrared laser light is converted to vacuum ultraviolet
radiation, was known nearly two decades ago.8 High harmonics
from atoms have been extensively studied. An elegant and

simple three-step quasi-static model, (1) tunnel ionization by
an intense low-frequency laser field, (2) acceleration of the free
electron, and (3) recollision, has successfully interpreted atomic
HHG.9 However, it is still a challenge to explain the high
harmonics generated from polyatomic molecules because the
electron dynamics of molecules is more complicated than that
in isolated atoms due to the multiple nuclei and their relative
motions.10 Besides, molecular harmonics are very sensitive to
the molecular orientation, the spatial arrangement of atoms in
the molecule, and dynamic motion of the electrons.11,12 The
experiments on HHG of polyatomic molecules are thus far
sparse. A few of theoretical works have investigated the
mechanism of HHG from polyatomic molecules using a variety
of theoretical approaches. For example, Zhang13 calculated HHG
of the C60 molecule using the time-dependent Hartree-Fock
(TDHF) theory with a semiempiricial Hamiltonian and con-
cluded that HHG are mainly from the multiple excitations and
are intrinsic to the system. Averbukh et al.14 showed that
molecular HHG by CP laser field is a result of “bound-bound”
transitions rather than “bound-continuum′′ transitions, which
dominate in the Corkum-Kulander recollision mechanism for
atoms in a LP field. A more careful investigation on benzene
has been performed by Baer et al.15a with respect to time-
dependent density functional theory (TDDFT) with the adiabatic
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local-density approximation. They found that for very strong
fields (maximal strength larger than 3.5 × 1014 W/cm2)
ionization ceases well before the pulse reaches maximum and
the recollision event is not observed, while for the pulse with
the moderate laser intensity (maximal strength smaller than
1 × 1014 W/cm2) the ionization continues throughout and the
recollision event is observed. Therefore, the conjecture of
Averbukh et al.14 is that the dominant contribution to molecular
HHG comes from the bound-bound transitions by using their
model and that can only apply for stronger fields, above
1 × 1014 W/cm2.

The goal of our work is to apply the TDDFT scheme to study
the time-resolved electron dynamics of bare carbon chain
systems driven by ultrashort laser pulses. TDDFT or TDHF
theory, in its full extent without linear restrictions, can be applied
directly to monitor the laser-driven electronic motion of
multiphoton excitation with arbitrary laser pulse shape and
duration. They, therefore, have been extensively used to study
the intense field processes recently13,15–24 although TDDFT with
the adiabatic local-density approximation (LDA) may not be
fully suitable for the strong field process.25

In the past decade, carbon chains of increasing complexity
have been investigated by using a variety of spectroscopic
techniques. One incentive for studying their electronic spectra
has been their relevance to astrophysical observations, specif-
ically, the absorptions toward reddened stars, discovered ap-
proximately one century ago through diffuse interstellar clouds.26,27

The recent advances in the spectroscopy of carbon chains have
been reviewed by Maier’s group.26 To date, no studies on the
time-resolved electron dynamics driven by intense ultrashort
laser pulses are found to the best of our knowledge. It is
therefore interesting and meaningful for us to perform some
studies on the laser-driven electron dynamics of Cn. Another
motivation of our work to perform study on bare carbon chain
systems Cn is due to their abundant conformations. Linear
structures are stable for the small neutral carbon clusters with
the cumulenic configurations (:CdC · · ·CdC:), and the even-
numbered species, C4, C6, C8, and C10, are recognized to have
cyclic structures of comparable or even greater stability
compared to the linear species.28 Possibly different spatial
arrangement of atoms in Cn provides us a chance to study how
much the strong field response of a given molecule depends on
the important properties such as molecular geometry and
bonding.

To characterize the microscopic structure-property correla-
tion of carbon chains, we calculate harmonic spectra generated
by Cn in LP and CP fields and the time evolution of atomic
charges, instantaneous dipole moments and dipole acceleration
as well. The effects of molecular conformations, field intensities
and field polarizations on HHG spectra and electron population
are analyzed. In our simulations, Gaussian-type atomic orbital
basis sets or the effective core potential (ECP) with its matching
basis sets for valence electrons are used. This type of atom-
centered localized orbitals may be inadequate to describe large
amplitude motion of electrons. Thus, our simulations are in the
case where no significant ionization is allowed. We avoid strong
multiple ionization and subsequent Coulomb expansion by
limiting the field intensity I < 1014 W/cm 2 and the Keldysh
parameter γ ∼ 1. The Keldysh parameter,29 defined as γ )
ω0[(2Ip)1/2/Emax], provides a scalable gauge of the interaction
dynamics and defines the limits between tunnel (γ < 0.5) and
multiphoton (γ . 1) ionization. Here Ip is the ionization
potential, Emax and ω0 are the amplitude and frequency of the
laser field, respectively. The atomic units are used throughout

the paper. The range of intermediate γ ∼ 1, which is typical
for most current intense field experiments, is the regime of
nonadiabatic tunnelling. At this regime, the popular quasi-static
tunnel models of strong field molecular ionization, based upon
the adiabatic response of a single active electron, may be
inadequate for a molecule with delocalized electrons.

The paper is organized as follows. In section 2, we summarize
the TDDFT scheme using the density matrix and atom-centered
basis functions. In section 3, the electronic properties of small
carbon clusters Cn, such as harmonics and the laser-induced
atomic charges are calculated and reported. The laser parameters,
i.e., the external field polarizations, frequencies, and intensities
are varied to check how HHG and atomic charges change
accordingly. Finally, conclusions are given in section 4.

2. Computational Method

HHG can be viewed as the power radiated by a system in
the strong field, which depends on the acceleration of atomic
electron.30 It is proportional to the square of Fourier transform
of the time-dependent dipole acceleration, which is defined as

d̈(t)) d2〈Ψ(r, t)|µ̂|Ψ(r, t)〉

dt2
(1)

where µ̂ is the molecular dipolar operator and Ψ(t) is the time-
dependent wave function which can be obtained by solving the
time-dependent Schrödinger equation directly in real-time and
real-space. With the one-electron reduced density matrix F, the
dipole acceleration can be alternatively written as

d̈(t)) d2

dt2
Tr(F(t)µ) (2)

The finite difference method is used to calculate d̈(t) in this
work. The density matrix version of TDHF/TDDFT equation
with the generalized nonorthogonal basis sets can be expressed
as31

ipS
dFAO

σ (t)

dt
S)FAO

σ (t)FAO
σ (t)S- SFAO

σ (t)FAO
σ (t) (3)

where FAO
σ denotes the one-body effective Hamiltonian. It relates

to the density as follows:

FAO
σ (r))-1

2
∇ 2 +Vext(r)+∫ FAO(r′)

|r- r′| dr′ +Vxc
σ (r) (4)

Vxc
σ (r) is the exchange-correlation potential. In eq 3, the AO

basis overlap matrix S comes from the nonorthogonal basis set.
Utilizing Löwdin orthogonalization procedure, i.e., F ) S-1/2

FAOS-1/2 and F ) S1/2 FAOS1/2, the TDDFT equation in the
nonorthogonalized basis set can be casted into

ip
dFσ(t)

dt
)Fσ(t)Fσ(t)-Fσ(t)Fσ(t) (5)

Numerically, we employ the second-order Magnus integration
method with the matrix polynomial expansion of the evolution
operator to solve eq 5. The detailed description has been given
in ref 32. With obtained F(t), we calculate d(t) ) Tr(F(t)µ), and
the finite difference method is adopted in the calculation of d̈(t).

In the present work, we investigate the interaction of both
the LP and CP laser pulses with linear and cyclic structure
carbon clusters. The polarized laser pulse is specified by E(t)
) Emax s(t)(cos(ωt)ı̂ + λ sin(ωt)ĵ) with the pulse shape function
s(t) ) sin2(πt/tp). Here tp denotes the total duration of the laser
pulse. λ ) 0 is for the LP laser pulse and λ ) (1 for the left/
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right CP laser pulses. The polarization direction of LP laser
field is set along the long chain and that of CP laser field is set
to be perpendicular to the N-fold rotational symmetry axis of
cyclic structure C2N.

3. Results and Discussions

We implemented the TDDFT scheme in the development
version of the Q-Chem software package.33 The hybrid exchange-
correlation functional B3LYP34 and the effective core potential
(ECP) CRENBL35 are applied. In Q-Chem, each of the built-in
ECPs comes with a matching orbital basis set for the valence
electrons. B3LYP partially includes the exact HF exchange term
and may partially overcome the self-interaction error while LDA
suffers a severe deficiency, namely, the corresponding xc
potentials do not possess the correct long-range behavior which
may lead to the ionization potentials and the excited-state
energies to be 30-40% low.23,36 The reduced one-electron
density matrix is propagated with a time step-size of 0.2 au
(1 fs ) 41.34 atomic unit time). The molecular equilibrium
geometries and the electronic structures in the ground-state are
taken as the initial condition. The phase of the laser field is
chosen to be zero and the nuclei are not permitted to move.

3.1. Harmonics Generated by the Cyclic Structure C10

and Linear Chain C9. Figures 1-3 show the calculated
harmonics spectra generated by the linear chain C9 and cyclic
structure C10, respectively. When C9 and C10 are exposed to a
LP laser field directed along the long chain, without exception,
we only observe the odd-order harmonics due to the inversion
symmetry of molecules. A relatively weak laser pulse can
generate efficient HHG for carbon chains. The maximal
harmonic orders can be extended to 10th in C9 even if the laser
intensity is weak to 1.4 × 1013 W/cm 2 (|Emax| ) 0.02 au).

Unlike harmonic spectra in LP laser field, harmonics gener-
ated by C10 in CP laser field show quite different spectral
characters (see Figures 2 and 3). They include both odd- and
even-order harmonics. For instance, 4th, 6th, 9th, 11th,..., order
harmonics are observed. The dynamical symmetry of the time
periodic Hamiltonian combined with Floquet formalism has been
applied to predict which order of harmonics are allowed in the
cyclic molecules.37 The approach assumed that the system driven
by a periodically time-dependent field is in a pure field-dressed
Floquet state. Therefore, the probability of getting the nth
harmonic in a Floquet state ΨW(rb, t) of a system (ΨW(rb, t) )
Φ(rb, t)e-iWt, where W is the quasi-energy, Φ(rb, t + τ) ) Φ(rb,
t), and τ ) 2pπ/ω) can be written as

σW
n ∝ n4| 〈〈 Φ(rb, t)|µ̂e-inωt|Φ(rb, t) 〉〉 |2 (6)

where the double braket notation, 〈〈 · · · 〉〉 stands for the integra-
tion over spatial variables and time. When the Hamiltonian H(t)
) H(t)-i∂/∂t is invariant under dynamical symmetry of order
N, ref 37 derived the HHG spectral selection rule, the nth order
harmonic emits only when n satisfies the condition n ) kN (
1. Therefore, the higher the symmetry order N, the less the
generated harmonics within a fixed frequency interval.

The point group of C10 belongs to D5h. When it interacts with
a CP laser pulse with sufficiently long duration, its molecular
Hamiltonian has the symmetry group G5. Therefore, one can
derive the spectral SR: n ) 5k ( 1 for C10 with respect to the
Floquet formalism. However, the system may not be in a pure
field-dressed Floquet state for the subfemtosecond laser pulse.
This may result in additional peaks other than those predicted
from the spectral selection rule to be present.38,39 For instance,
the peak near the 7th order appears in HHG spectra of C10 in
both LP and CP field (see Figure 2) and the peak near 9th order
is observed in HHG spectra of C9 in LP field.

To identify the origin of these additional peaks, we calculate
the absorption spectra of C9 and C10 in a relatively weak field

Figure 1. Harmonics generated by C9 in LP field with ω0 ) 0.02,
Emax ) 0.02, and the pulse duration tp ) 50τ (τ ) 2π/ω0). The inset is
the absorption spectrum. For comparison, the absorption energy is scaled
by a factor of 1/ω0. Except the results in Figure 2, all other results are
produced by using the ECP CRENBL with its matching orbital basis
set for the valence electrons.

Figure 2. (a) Harmonics generated by C10 in LP and CP fields with
ω0 ) 0.04, Emax ) 0.03, and tp ) 120τ. The overall harmonic spectrum
of C10 in LP laser field is upwardly shifted by 4. (b) Harmonics
generated by C10 in CP field with ω0 ) 0.04, Emax ) 0.05, and tp )
50τ. The Pople full-electron basis 6-31G** is applied to produce the
results in this figure.

Figure 3. Harmonics generated by C10 in CP field with ω0 ) 0.04
and tp ) 50τ. The field amplitude is changed from Emax ) 0.01 to
0.02. The inset is the absorption spectrum.
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(Emax ) 0.001 au). Comparing the HHG spectra with the
absorption spectra, we observe that the additional peaks prefer
to being generated near the positions with the excitation energies
corresponding to the strongest absorption peaks. For example,
the absorption peak with the excitation energy ∆ ) 7.56 eV
and the transition dipole moment |µ| ) 3.35 au for C10 and that
with ∆ ) 4.7 eV and |µ| ) 6.4 au for C9. Lezius et al. in ref 40
called the excited-state which is most strongly coupled to the
ground-state as the doorway state. Through it, electrons are
excited to a quasicontinuum (QC) of excited-states. The QC is
formed as the intense laser field shifts and mixes the energy
levels of the excited-state manifold, thus allowing electrons to
rapidly climb up and ionize. When the electron response to the
laser field oscillation becomes nonadiabatic, Landau-Zener type
nonadiabatic transitions become increasingly probable, allowing
population to evolve toward higher-lying (bound) electronic
states. At ω0EmaxL ∼ ∆,2 this nonadiabatic transition which
corresponds to charge transfer across the molecule is quickly
saturated, leading to strong nonresonant absorption by all
delocalized electrons involved in this coupling,40 where L is
the characteristic length of system.

The electrons which transit to the doorway state via the
nonresonant absorption may quickly back to the ground-state
by emitting a radiation or rapidly climb up to QC and ionize. It
is apparent that the peaks near 9th order in HHG of C9 and 7th
order in HHG of C10 originate from the population of the
doorway states. Because of fast saturation of the nonadiabatic
transition, in this limit, nonresonant energy absorption becomes
only weakly sensitive to laser intensity. This explains the reason
why the relatively intensities of these additional peaks reduce
(see the peak near 7th order in Figure 2) as the field intensity
increases. They may not be observed in the HHG spectra when
one further increases the intensity of laser pulses. The ionization
probabilities may be predicted by the nonadiabatic multielectron
(NME) theory.40 The Landau-Zener-type nonadiabatic transi-
tion probability, defined as PLZ∼ exp(-π∆2/(4ω0EmaxL)),
respectively predicts an maximum ionization probability 2 ×
10-5 and 1.7 × 10-3 for C10 at ω0 ) 0.04 au, Emax ) 0.03 and
0.05 au during one-half a laser cycle, where L is set to �2.0 µ
by considering the effect of LP pulses. It is apparent that, under
the conditions of our simulations, NME predicts no significant
ionization.

As Emax increases to 0.05 au, more higher-lying excited states
can be populated and the ionization probability increases. More
electrons can be ionized. The ionized electrons recollide with
the atomic nuclei and create additional emission channels even
for molecular HHG in CP fields at this moderate laser intensity.
The effect of basis set is checked. Figure 3 shows the harmonics
generated by using ECP CRENBL with a matching orbital basis
set for the valence electrons. Comparing HHG in Figures 2 and
3, the effect of basis set on electron spectra is significant. Even
with a weaker field Emax ) 0.02 au, the maximum order
harmonic generated by using ECP is same with that using the
Pople basis set 6-31G** at Emax ) 0.05 au. Larger basis set
including diffuse functions and continuum functions is expected
to more exactly describe HHG of polyatomic molecules.

3.2. Instantaneous Electron Population Analysis. To obtain
the detailed knowledge of the laser-driven electron dynamics,
we display the time evolution of atomic charges. The data offer
the underlying information about the evolution of the electron wave
function during harmonic generation. The field-induced effective
charge on the Nth carbon atom is defined as PN(t) ) Σp∈NδFpp(t).
At time t, the total field-induced effective charge on molecule
should be zero. The field-induced density matrix δF(t) ) F(t) -

F(0) is obtained by solving eq 5 in real-time domain. In Figure 4,
we plot the charge movement for the linear structure C9 cluster in
the LP laser pulse. Löwdin population analysis reveals that the
predominant amount of charges induced by the field locate at two
ends of C9 with opposite charge values. It indicates that the induced
charges at two sides experience larger amplitude oscillations than
those near the chain center, and there is a phase difference π
between the phases of oscillating charges of two atoms which are
symmetrically located at two sides of the chain center in C9. Figure
5 displays the charge movement for C10 in CP laser pulses. Unlike
C9 in the LP pulse, the induced charges on each atom of C10

oscillate in both x and y directions following the external fields.
The oscillating amplitudes on x and y directions depend on the
coordinates of C atoms. However, the total amplitude of the induced
charges on each atom of C10 is same in CP pulses. One may expect
to observe unidirectional valence-type electronic ring currents in
C10 cluster driven by a ultrashort CP laser pulse within the pulse
duration. The similar behavior has been observed by Barth et al.
in the oriented molecule Mg-porphyrin excited by a ultrashort
laser pulse.41,42

3.3. Nonadiabatic Effects of Electron Response to the
Ultrafast Laser Pulses. To further understand the interaction
between the external field and the system, we investigate the
dependence of the instantaneous dipole d(t) and dipole accelera-
tion d̈(t) of C10 on the intensities and frequencies of laser fields.
It can be seen from Figure 5 that the electron response follows
the external field adiabatically when a relatively weak field

Figure 4. Field-induced atomic charges of C9 in LP laser pulse with
ω0 ) 0.01, Emax ) 0.01, and tp ) 8τ.

Figure 5. Field-induced atomic charges of C10 in CP laser pulses with
ω0 ) 0.04, tp ) 8τ, and varied Emax. Emax ) 0.02 in the upper panel
and Emax ) 0.05 in the lower panel.
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(Emax ) 0.02 au and ω0 ) 0.04 au) is applied; that is, when the
field strength passes through zero and after the field is turned
off, the induced charge on each carbon atom is close to zero.
Meanwhile, both d(t) and d̈(t) follow the field adiabatically, too.
As Emax increases to 0.04 au, however, electron response of
C10 to the external field is more complicated. An explicit
fluctuation of the induced atomic charges caused by the
oscillation of the molecular orbital populations are observed and
when the field returns to zero, small oscillations of the charge
continue. At this level, although d(t) adjusts instantaneously to
the time-varying electric field E(t) of the laser, the nonadiabatic
effect starts to show on d̈(t) (see Figure 6). One observes small
oscillations to be present on d̈(t) after the 4th optical cycle of
the field. In this case, a maximal field intensity of 5.62 × 1013

W/cm2 (|Emax | ) 0.04 au) yields a Keldysh parameter of γ )
0.86 (Ip of C10 is estimated to be ca. 10.0 eV28), indicating that
the strong field ionization is near the tunnel ionization regime.
At this regime, for the molecules with larger delocalized electron
path length L, the nonadiabatic multielectron effect is still
pronounced,40 which gives rise to the higher-lying (bound)
electronic states populated during the laser duration and results
in small oscillations in d(t) and d̈(t). Furthermore, these higher-
lying excited states remain populated after the pulse passes over.
Therefore, d(t) and d̈(t) keep oscillations and do not return to
zero when the field is turned off. The corresponding fluctuations
in the instantaneous dipole acceleration are more drastic than
in the dipole moment (see Figure 6).

Figure 7 displays the laser frequency dependence of the
nonadiabatic effects. As expected, when the laser frequency is

close to the resonant frequency of the molecule, more electrons
are transited and the fluctuations in the instantaneous dipole
acceleration become more pronounced.

4. Concluding Remarks

We have numerically investigated the electron dynamics of
small carbon clusters in the short LP and CP laser fields
systematically based on TDDFT. Both harmonic generation and
laser-driven electron dynamics are studied and displayed. We
find that electron response of small carbon clusters to the fields
is complicated. When the field is weak, the electron response
follows the external field adiabatically. When the electron
response to the laser field oscillation becomes nonadiabatic, we
observe the explicit fluctuations of atomic charges and the
instantaneous dipole acceleration resulted from the population
of the higher-lying (bound) electronic states during the laser
duration. The superposition of excited states also result in the
additional peaks other than the spectral selection rule to be
present on HHG of small carbon clusters at the moderate laser
intensity. The origination of additional peaks has been explained
with respect to the nonadiabatic multielectron dynamics.
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