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State-of-the-art first-principle all-electron density functional theory calculations on small sodium clusters are
performed to study the temperature dependency of their polarizabilities. For this purpose Born-Oppenheimer
molecular dynamics simulations with more than 100 000 time steps (>200 ps) are recorded employing gradient
corrected functionals in combination with a double-� valence polarization basis set. For each cluster 18
trajectories between 50 and 900 K are collected. The cluster polarizabilities are then calculated along these
trajectories employing a triple-� valence polarization basis set augmented with field-induced polarization
functions. The analysis of these calculations shows that the temperature dependency of the sodium cluster
polarizabilities varies strongly with cluster size. For several clusters characteristic changes in the polarizability
per atom as a function of temperature are observed. It is shown that the inclusion of finite temperature effects
resolves the long-standing mismatch between calculated and measured sodium cluster polarizabilities.

For many years static polarizability measurements have been
used to gain insight into the electronic structure of small
clusters.1 Because the polarizability is very sensitive to the
distribution of the valence electron density it can also be used
as an indicator for chemical reactivity.2 Therefore, the study of
the size dependency of the polarizability of simple clusters yields
results of fundamental importance to chemistry and physics.
Particular examples are the polarizability studies on sodium
clusters which were of paramount importance for the derivation
of the so-called jellium model.3 Today, this model is used with
great success in cluster science.4 Several reliable experimental
data series of sodium cluster polarizabilities are nowadays
available in the literature.5 In the pioneering work of Knight et
al.5b the static polarizabilities of sodium clusters in a size range
from 2 to 40 sodium atoms were studied. Later on Rayane et
al.5c repeated these measurements for a smaller size range from
2 to 22 sodium atoms. Most recently, Tikhonov et al.5d measured
the polarizability of selected sodium clusters up to 93 atoms.
The overall agreement between these different experiments is
quite satisfying. Nevertheless, discrepancies exist. In particular,
the pronounced oscillating behavior observed by Knight et al.
up to the hexamer (Figure 1a, circles) was not confirmed by
the more recent study of Rayane and co-workers (Figure 1a,
squares). To emphasize the spread between these two experi-
mental data sets we have connected the data points in Figure 1
by lines. This figure also shows that for the larger sodium
clusters with 7, 8, and 9 atoms excellent agreement between
the reported data sets exist. The heptamer and octamer polar-
izabilities were also measured by Tikhonov et al.5d and are in
good agreement with the depicted experimental data in Figure
1, too. To resolve the discrepancy in the measured polarizabili-
ties of the smaller sodium clusters many theoretical studies have
been performed over the last two decades (see refs 1a and 6

and references therein). Most calculations employed density
functional theory methods7 but wave function based studies are
also available.6a A comparison of these theoretical studies reveals
that the static polarizabilities of sodium clusters are severely
underestimated at all reliable levels of theory. For comparison,
we depict in Figure 1a the calculated polarizabilities with the
theoretical methods employed in this work, too. These calcula-
tions are performed with the linear combination of Gaussian-
type orbital density functional theory (LCGTO-DFT) deMon2k8

code. The crosses refer to all-electron polarizabilities calculated
with the local density approximation (LDA) employing the
exchange functional from Dirac9 in combination with the
correlation functional proposed by Vosko, Wilk, and Nusair10

(VWN). The stars denote polarizabilities obtained with the
gradient corrected exchange-correlation functional proposed by
Perdew, Burke, and Ernzerhof11 (PBE). The cluster structures
were optimized at the corresponding level of theory employing
a double-� valence polarization (DZVP) basis set.12 For the
polarizability calculations a triple-� valence polarization (TZVP)
basis set augmented with field induced polarization (FIP)
function was used.13 All calculations are performed in the
framework of auxiliary density functional theory14 (ADFT) with
A2 or GEN-A2* auxiliary function sets. The latter was used in
the analytical calculation of the cluster polarizabilities. It is well
established in the literature that calculated DFT polarizabilities
at this level of theory differ by no more than 5% from
experiment. Figure 1a, however, shows that the calculated
polarizabilities are not only considerably too low but that even
at the level of the gradient corrected PBE functional differences
of more than 10% to the experimental values can occur. By
and large these results are confirmed by many other theoretical
calculations. Over the last two decades different corrections have
been proposed to resolve this long-standing discrepancy between
theory and experiment, but until now the situation remained
unsolved. More recently, it has been speculated that the
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mismatch between calculated and measured sodium cluster
polarizabilities is due to finite temperature effects.6b-d In fact,
this idea was already mentioned in the original experimental
work.5b However, a systematic study of the temperature
dependency of sodium cluster polarizabilities at a reliable first-

principle all-electron level of theory has, so far, never been
performed. In this work we address this question. Therefore, to
study the dynamics of small sodium clusters at finite temper-
atures Born-Oppenheimer molecular dynamics (BOMD) cal-
culations are performed at the above-described PBE/DZVP/A2
level of theory. For each cluster, from the dimer to the nonamer,
18 trajectories are recorded in a temperature range from 50 to
900 K with intervals of 50 K. Each trajectory has a length of
220 ps and was recorded with a time step of 2 fs. Similar
statistics already have been successfully applied to determine
the melting temperatures of sodium clusters with LDA pseudo-
potential DFT molecular dynamics. The temperature in the
canonical BOMD simulation was controlled by a Nosé-Hoover
chain thermostat.15 To study the temperature dependency of the
sodium cluster polarizabilities the polarizability tensor was
calculated along the recorded trajectories. For this purpose the
first 20 ps of each trajectory were discarded and r was then
calculated in 100 fs time steps along the remaining 200 ps. Due
to the computational demand of the analytical polarizability
calculation along the BOMD trajectories we employed the LDA
kernel. Thus, the computational level for the calculation of the
temperature-dependent part of the cluster polarizabilities is
VWN/TZVP-FIP/GEN-A2*. The temperature-dependent mean
sodium cluster polarizability is then calculated as:

Rj(T))RjPBE(0)+ δRjVWN(T) (1)

with

Rj(T)) 1
3

[Rj xx(T)+Rj yy(T)+Rj zz(T)] (2)

This approximation assumes that the temperature dependency
of R(T), namely δRj(T), is the same at PBE and VWN levels of
theory. It should be remembered that the geometries are of
course always resulting from PBE BOMD calculations. In Figure
1 the calculated cluster polarizabilities at 0 (a), 300 (b), 500
(c), and 700 K (d) are depicted. As this figure shows the
individual cluster polarizabilities increase with temperature.
Somewhere between 500 and 700 K the calculated Rj(T) per
atom match into the experimental data sets. In particular, the
comparison of the calculated and experimental Rj(T) per atom
at 700 K for Na7, Na8, and Na9, for which excellent agreement
between the different experimental data sets exist, is very
satisfying. It is important to mention that the cluster temperature
in experiment is estimated to be between 400 and 800 K.
Moreover, it is interesting to note that the oscillating behavior
of the Rj per atom for the smaller clusters, which was observed
in the original measurement5c and also appears, less pronounced,
in the T ) 0 K PBE calculations (Figure 1a, stars), disappears
at higher temperatures. Instead, the Rj per atom decreases
monotonically from Na3 to Na8. Therefore, the finite temperature
polarizabilities show no characteristic oscillations for open and
closed shell systems. Instead, they only reflect the shell closing
at the dimer and octamer consistent with the jellium model.
Our BOMD calculations also show that cluster fragmentations
are not important for the cluster polarizabilities. Such fragmen-
tations occur in our simulations above 800 K. The change in
the trend of the Rj per atom for the small sodium clusters with
increasing temperature is due to the different temperature
dependencies of the individual cluster polarizabilities.

In Figure 2a the temperature dependencies of the individual
cluster polarizabilities are presented. In this graph the behavior
of Na4 is particular. Over a large temperature range up to 600
K the δRj(T) value for this cluster changes almost ideally linear
with the temperature. A closer analysis reveals that in this

Figure 1. Experimental (atom, Molof et al.;7,8 circle, Knight et al.;9

square, Rayane et al. 10) and theoretical mean polarizabilities per atom
[au] of Nan (n ) 2-9) clusters. The theoretical values are calculated
at the VWN/TZVP-FIP/GEN-A2* (crosses) and PBE/TZVP-FIP/GEN-
A2* (stars) level of theory. These values are connected to guide the
eye. The individual graphs display calculated polarizabilities at 0 (a),
300 (b), 500 (c), and 700 K (d). The cluster temperature in the
experiment is estimated to be between 400 and 800 K.
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temperature range the D2h rhombic structure of Na4 rearranges
only in the molecular plane. At 600 K and above three-
dimensional rearrangements occur. In this case the temperature
dependency of the polarizability reflects directly the dynamics
of the cluster rearrangement. In Figure 2b typical snapshots of
the highest occupied Na4 molecular orbitals at 200 (left) and
750 K (right) during the cluster rearrangements are shown. At
low temperature the s-type Na4 orbital (nodeless) remains
delocalized over the full system (lower orbital on the left side
of Figure 2b), whereas at higher temperature this orbital
correlates with the HOMO forming two Na2 s-type orbitals. As
a consequence the two Na2 fragments can rearrange over three-
dimensional transition states. Figure 2a also shows that δRj(T)
increases considerably faster with temperature for Na4 than for
Na5. As a result, the bump in the static T ) 0 K PBE
polarizabilities at the pentamer (Figure 1a) disappears for the
finite temperature polarizabilities.

In conclusion we have shown that the calculated Rj(T) per
atom match well with the available experimental data sets at
around 700 K. Thus, the long-standing discrepancy between
theory and experiment is resolved by inclusion of finite
temperature effects in the electronic structure calculation. The
calculated finite temperature sodium cluster polarizabilities show
characteristic minima at the dimer and octamer as expected from
the jellium model. However, individual molecular structures
besides these two are not resolved in the calculated finite
temperature sodium cluster polarizabilities.
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Figure 2. (a) Change of the mean polarizability per atom with
temperature for Nan clusters with n ) 2-5. (b) The two highest
occupied orbitals of Na4 at 200 (left) and 750 K (right), respectively.
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