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Using LCAO-tight bonding methodology the band structure of rare earth chalcogenides and pnictides is
determined under a variety of simplifying conditions. The analysis shows that one cannot in general separate
cation—cation from cation-anion—cation interactions. Schematic energy band diagrams based on the secular
determinantal equation are presented for directions of high symmetry in reciprocal space. These are used to
rationalize the observed metallic or semiconducting properties of the rare earth chalcogenides and pnictides.

1. Introduction

This paper deals with the problem of developing a
qualitative band structure scheme for the rare earth
chalcogenides (excepting the oxides) and pnictides;
as indicated in recent reviews (I, 2), their electrical
properties are under active investigation. The fact
that these materials are either metallic or semi-
conducting calls for the use of band models in the
interpretation of their electrical characteristics.
Considerable emphasis will be placed on the system-
atic exploitation of the LCAO-tight binding
methodology to achieve this aim.

Early attempts (6, 7) to interpret the electrical
properties of this class of materials were based on
Pauling’s approach involving resonating bond
structures. Later interpretations (8~11) corres-
ponded more closely to the zone theory of metals,
but the various investigators referred only vaguely
to what they termed 54 or 6s bands, and were
concerned more with a description of the transport
phenomena than with band structures.

Studies by Bilz (4) and Goodenough (12) have
dealt with the characterization of band structures for
materials crystallizing in the rocksalt structure.
However, neither publication addressed itself to
the problem discussed below, and the approach as
well as some of the conclusions are different.

The analysis offered here is restricted to the range
above any magnetic ordering temperature in the
lanthanon chalcogenides or pnictides; this sidesteps
various complications arising from magnetic order-
ing effects.

1 This work was supported through NSF Grant GP 8302,
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2. Fundamentals

The LCAO-tight binding scheme represents a
convenient analytical tool for determining the band
structure of any solid from its crystal structure;
details may be found in publications by Slater and
Koster (3) and by others (3, 13). Following their
methodology, the band structure will be set up
subject to several important restrictions: (1) The
choice of basis functions will be limited to the 5d, 6s,
6p orbitals of the lanthanons (hereafter designated
by the symbol Ln) and to the ns and np orbitals of the
chalcogen or pnicogen (hereafter designated as X,
excluding the oxides). (2) The 4f states will be con-
sidered as noninteracting and thus, as nonbonding
states. (3) Interactions among atoms in the rocksalt
lattice will be restricted to nearest neighbors
(Ln-X type interactions) and to next-nearest
neighbors among the cations and anions (Ln-Ln
and X-X type interactions). (4) Any effects arising
from the existence of lattice defects or nonstoichio-
metry will be ignored; spin-orbit effects are also
left out of account.

In the LCAO-tight binding approximation infor-
mation on the band structure is conveyed through a
secular determinantal equation of the form

|<Bu, [H — €| by>| =0.

Here, H is the Hamiltonian operator, for one
electron in the crystal lattice, € is the one-electron
energy, and b,., or b,, represent the Bloch functions
appropriate for a description of the wave functions
for electrons in a periodic lattice structure. Further,
J' and j designate the distinct types of atoms in the
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lattice, while /;; and /; index the atomic orbitals
used to construct the Bloch functions. When this
construction is carried through one obtains the
secular determinantal equation in the form

Iqu Sy ik, Q<3| HII @) — 5| 1(@)>]]
= |§ S.i'j(k> q)El’j' lj(q)l =0

In the above, E is a parameter expressed in terms of
the transfer integral </;|H|/,(q)> and the overlap
integral {/;-]/,(q)> involving the atomic orbitals as
basis functions. §' is a corresponding structure
factor which contains appropriate exponential
phase factors or trigonometric terms in the wave
number vector k for the electron. The triplet
q = (4,,92,93) pertains to the relative orientation of
atoms in the lattice as detailed below. The solution of
the secular determinantal equation, when expressed
in the functional form e(k), specifes the dispersion
relations or the band structure for the crystal.
Under assumptions (1)-(3), / and j* designate
either the Ln (/,j' =c) or X (j,j" = a) atoms. The [
and /., index the cationic wave functions s p,
(xc,}’c,zc), eg(xz —yz,zz)a and t23(xy,xzayz); l; and la
index the anionic wave functions s, and p,(x,, ,,2,).
The exact form of the secular equation is un-
important for the present ; one should note, however,
that with the orbitals selected earlier, one obtains a
13 x 13 secular determinant whose nonvanishing
entries indicate which types of atomic orbitals inter-
act in the formation of bands. Furthermore, from
the nature of the transfer and overlap integrals one
can decide whether any given interaction is of o,
m, 8, or mixed character. Where by reason of
incompatible symmetry the transfer or overlap
integral between two centers is zero, the correspond-
ing entry in the secular determinantal equation
vanishes identically. All remaining entries generally
depend on k; along directions of high symmetry in
reciprocal space, however, some structure factors
S;-; may also vanish identically, in which case the
secular determinantal equation simplifies further.
The nonvanishing entries of the secular determin-
ant may be set up by examining the appropriate
parts of Table II in Ref. (3) in light of the above
discussion. One should be aware of minor differences
in the set of basis functions employed by Slater and
Koster and those used here.tf As a result, the

T The basis functions used by Slater and Koster are ortho-
gonalized atomic orbitals, which have the virtue of eliminating
most of the overlap integrals, since under their use, /;|[,> =
8(1}-,1,). Orthogonalized atomic orbitals are, however, not as
readily visualized as the ordinary atomic orbitals employed
in the present treatment.

symbol E;- ., (q), which designates only the transfer
integral in Ref. (3), denotes the more complex
function enclosed in square brackets in the
above secular determinantal equation, including the
quantity e. This explains why the energy parameter
appears nowhere explicitly in the tabulations
provided below. In now considering all Ln-Ln or
X-X interactions, a given Ln or X atom in the crystal
is surrounded by twelve others of the same kind
whose lacation relative to the atom under study is
specified by the (110) Miller indices. Hence, one must
pick out from the tabulation all entries with the
E(000) or E(110) labels. As regards the Ln-X or
X-Ln interactions, a given Ln or X atom in the
crystal is surrounded octahedrally by nearest neigh-
bors of the opposite type, whose location relative to
the atom under study is specified by the (100) Miller
indices. Here one must pick out from the tables all
entries associated with E(000) or E(100). The
trigonometric factors in these tabulations that occur
with a given E symbol represent the quantities S, ;.
In the present study the number of E parameters
exceeds that specified in Ref. (3), all of which pertain
to atoms of a given type. Here, there is one set
E;-,, for Ln-Ln interactions, a second set E,-,;, for
X-X interactions and two sets E;,; and E,- ;, =
E, . * for X-Ln and Ln-X interactions. Non-
vanishing entries missing from the table may be
constructed by the “method of advancing the
indices” as explained in the article. The secular
determinantal equation constructed in this manner
must be hermitian. Finally, the effect of the 4f
orbitals on the binding scheme must be considered
separately.

Unfortunately, the 13 x 13 secular determinantal
equation constructed in accord with the above
commentary is exceedingly complex: It contains
152 nonvanishing elements characterized by 36
distinct E parameters. As a consequence, all elements
are interconnected and all types of interactions are
scrambled; thus, one cannot distinguish bands
arising from o-type or m-type interactions, nor is it
possible to separate out the effects of direct cation—
cation or anion-anion orbital overlap from the
effects due to cation-anion interactions. The
schemes suggested by Bilz (4) and Goodenough (12)
must therefore correspond to lower levels of
approximation in the LCAO-tight binding scheme.
Some of these are examined in the next section.

3. Approximation Schemes

The first problem taken up here deals with the
possibility of splitting the bands into a subset
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characterized by direct cation—cation interactions
along the {110} directions and into another subset
characterized by cation-anion interactions along the
{100> directions. This matter is of interest since this
classification scheme has been used at least implicitly
in all prior work. Examination of the secular
determinant indicates that such a step cannot
generally be justified. To show this, introduce
further simplifications by neglect oft (5) all X-X
interactions, (6) all =-type Ln-X interactions, (7)
all 8-type or mixed & interactions characterized by
parameters such as E,, ;2 (110), E, ;2 (110), E,
(110), E,,, (110), E.,, (110).

The excised secular determinantal equation is
shown in Table 1. The various symbols are defined
in Table II. It is seen that even under the rather
drastic approximations just introduced, the deter-
minantal equation fails to split into two parts
corresponding to {100>- and to {110>-type inter-
actions (hereafter termed rectilinear and diagonal-
type bonding). Examination shows that the problem

T These simplifications are numbered consecutive to those
introduced in Section 2.

TABLE II

DEFINITION OF SYMBOLS

Symbol Parameter Symbol Parameter
a E,y, xy (000) @ E;, ., (000)
c E,,, <y (110) € E.,,, (001)
e E,y, xy (011) £ E.,. (001)
k E;, s, (000) 7 E;.s. (000)
! E,, s, (110) 4 E;.s. (110)
P Exa xa (000) P Esc Sa (100)
2 E,.x. (000) 4 E; ., (100)
4 EXc!n (100) lod Esu, xy (110)
H E,. . (100)

&4 E, .. (000)

sa Anionic wave function of s-type character.

s. Cationic wave function of s-type character.

Ppa. Anionic wave function of p-type character; angular
dependence given by x,, y,, Or z,.

p. Cationic wave function of p-type character; angular
dependence given by x., y., oOr z..

1,4 Cationic d-type wave function; angular dependence
given by xy, xz, or yz.

e, Cationic d-type wave function; angular dependence
given by x? — y?, or 322 — r* = 22,

Erp@= % Ky H @) — ' plLA@>] Sy Kk, q).

Cr=cos kpa, Sy=sin kya, (Lattice constant: 2a)

resides in the Ln 65 orbitals which strongly engage in
both types of bonding. A splitting is achieved only
by neglect of either (8a) the E,_ ,, (100)and E,_,, (100)
or (8b) the E,,, (110) parameters. Neither of these
possibilities appears physically realistic. If one,
nevertheless, proceeds as indicated under (8a) one
obtains subbands arising out of (i) interactions
among the s, and the three ¢,, orbitals participating
in diagonal bonding and (ii) interactions among the
x*—3?, 22, x,, ¥., 2z, orbitals interacting with the
Sas Xa, Vas Z, Orbitals. Under (8b) the t,, orbitals split
off to form three equivalent #,, cation—cation bands,
and all remaining orbitals participate in rectilinear
bonding. In this particular case the dispersion
relations for the #,, bands may be read off from the
last three diagonal entries of the table: For the 5,
bands in the approximations (5)—(7), and (8b) one
finds that (the lattice constant is 2a)

e=E,, ,,(000) +4E,, ,(110)cos(k,a)cos(k,a)
+4E,, ,,(011)cos(k;a)[cos (k,a) + cos (k, a)]

specifies the band structure ; two additional relations
are found by cyclic permutation of the x, y, z sub-
scripts to the k-vector. The remaining 10 x 10
secular determinant for the cation-anion inter-
actions does not simplify further.

Since there seems to be no real justification for
introducing condition (8) it is desirable to use other
methods which simplify Table I. These consist in
deriving the secular determinantal equations for
specific directions of high symmetry in reciprocal
space, namely the (100> (k, =k, =0), <110> (k, =
k,=k,k,=0)and (111> (k, =k, = k, =k)directions.
In each instance one obtains determinants of smaller
dimensions which are displayed separately in Tables
I1I-V. These results are obtained by carrying out
standard operations in combining rows and columns
of the original determinant in Table I, after introduc-
ing the simplifications in k described above;
assumptions (5)-(7) must also be utilized.

4. Qualitative Band Structure Scheme

The band scheme offered below is based in Tables
11I-V. One may generally distinguish the following
sets of bands: (a) The 4f levels (not included in the
tables since they are presumed nonbonding),
(b) t,; bands, representing cation-cation bands, of
which at least one set is doubly degenerate; these
are expected to be relatively narrow as they involve
diagonal bonding. (c) Three separate bands deriving
from the 3 x 3 matrix with basis functions p., p,, €,
(in the {100 case the ¢, band happens to be split off);
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TABLE III

SECULAR DETERMINANTAL EQUATION FOR LnX COMPOUNDS FOR THE
<{100> DIRECTION IN RECIPROCAL SPACE

atdc+8C=0
a+4cC+4e(C+1)=0
2+ 68C+2y2+C)=0 (e

(tZI)

B = E,.(110) -0

(124; doubly degenerate) 8 = Ej:.pe 50.,2(110) > 0

9 2 +25(1 + C)
20 + 251+ C) y/] | = 0 (doubly degenerate)
(ps) (pa)

| 3« 0 0 -2V3d1-C) 2V3iES |

7+ 41 +2C) 0 202+ C) 2icS ‘

@ 2i9S 2#C+45 =0
, k+4I(1 +2C) 0 ‘
p
(ep) (s (po) (s2) (pa)

these bands arise from strong o-type overlap between
the indicated wave functions. (d) A maximum of six
bands arising from primarily o-type interactions
involving the wave functions s., p, 134, €, 5,, P, (the
t,, band is split off for the {100} case; thee,statedoes
not participate in this set of band formations in the
{11 case).

Diagrams depicting these findings are shown in
Figs. 1-3. It must be emphasized that these are
highly schematic, but they are satisfactory for the

purpose at hand. On the left and right are indicated
the atomic cationic and anionic energy levels of the
two constituents. In the center are shown the various
bands formed through the interactions. These
states are designated as f, t§,, o/', or ap’, according
as they represent the 4f levels or the bands derived
from the interactions described in parts (b)-(d) of
the preceding paragraph; where appropriate, e,
bands are also sketched in. The index i enumerates
successive bands associated with the same secular

TABLE 1V

SECULAR DETERMINANTAL EQUATIONS FOR LnX COMPOUNDS FOR THE (110> DIRECTION IN
RECIPROCAL SPACE

a+4cC+4eC(1+C)=0

(#24; doubly degenerate)

2 2# +45C  |_,
2 +45C P -
(po) (pa)
« 0 2V3 itS
29 A#C+451+C) |=0
2p
(e;) (pe) (Pa)
« 0 0 2¢(1 - C) —2iES 0
n+46CR+C) 0 20(1 + 2C) 4icS —4uS?
29 0 4HC + 451 + C) 0 ~o
k+4IC(2+ C) 0 0
2p 0 ~
a+4cC? + 8eC |
(eu) (sc) (pc) (sa) (pn) (tZg)
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TABLE V

SECULAR DETERMINANTAL EQUATIONS FOR L.nX COMPOUNDS FOR THE
{111> DIRECTION IN RECIPROCAL SPACE

a+4cC?+8eC*=0

(t24; doubly degenerate)

29 0 4#C + 85C J
P 2V3itS = 0 (doubly degenerate)
2p
(Po) (eg) (pa)
n+12{C* 0 —12u8? 6pC 6iaS
32 0 6i%9S 64°C+ 1249C
3a + 12¢C? + 24eC? 0 0 =0
k + 12iC? 0
3p
(sc) (Pc) (tlg) (sa) (pa)

determinant in order of increasing energy. The 4f
levels are actually split by the crystal field but this
effect will not be taken into account here. Each band
is exactly filled by two valence electrons per formula
unit, except where double degeneracies occur which
allow occupancy of corresponding bands by four
valence electrons per formula unit. The #,,, oc and oy
bands lying near or above the 4flevels are probably
so closely spaced as to give rise to considerable
overlapping, in the manner indicated in Fig. 4.

It is presumed that the band structures exhibited
for the directions of high symmetry will remain

applicable, with minor adjustment of relative
spacing and bandwidths, for arbitrary directions in
reciprocal space. In general, the various degeneracies
are then also lifted.

5. Correlation with Electrical Properties

The electrical properties to be discussed below
may be rationalized by arrangement of the bands as
shown in Figs. 1-3. These are drawn so that the four
bands derived primarily from the anionic s and p
states lie below the 4f levels, the latter being on par

{I00>  Direction
T = =4 oéz
pc . ™ e,
% — _
eg t?::::“j’,: —_— —
g == = {72 ]
f — T B

=S

Fi1G. 1. Schematic diagram for the band structure in LnX along the <100> direction of reciprocal space. The various bands
may be correlated with the several secular equations displayed in Table III,
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FiG. 2. Schematic diagram for the band structure in LnX along the (110} direction of reciprocal space. The various bands
may be correlated with the several secular equations displayed in Table IV.

with the lowest of the sets of levels derived from
primarily cationic-type orbitals. This scheme which
is rough conformity with the aufbau principle of the
elements is probably incorrect in detail, though it
does not appear to be forced. The energy gap
between cationic and anionic bands is designated
as €.

<y Direction

e
——
—

D
N
_ o e—m—x Py
%
7 Sa
/
|
“p

FiG. 3. Schematic diagram for the band structure in LnX
along the <111) direction of reciprocal space. The various
bands may be correlated with the several secular equations
displayed in Table V.

Each formula unit LnX provides five or six
electrons deriving from the ns and np valence shells
of the pnicogen or chalcogen, respectively. The
lanthanon retains its normal complement of the 4f
electrons and provides three valence electrons when
in the tripositive state, and two if in the dipositive
state. Of the above total, eight electrons can be
accommodated in the four low-lying bands deriving
from the anionicstates ; the remainder are distributed
among the 4f states and the low lying #,, or o¢ or op
states of primarily d-type character.

For chalcogenides with tripositive Ln cations a
ninth valence electron must thus be accommodated
in a band or a set of bands which remain incompletely
filled. The electrical properties of this class of
materials is thus readily rationalized. For LnX
where the cation is in a dipositive state, an electron
is removed from the o band into the 4f level; the
material should now be a semiconductor. This
appears to be the case for Ln=Sm, Eu, Yb and
X =S8, Se, Te. In all instances discussed so far it is
necessary to place the partially occupied 4f levels
very close to the Fermi level.

To explain the metallic properties of the pnictides
it is necessary to make another assumption, namely
that e, is negative. Thus, at least in some parts of
the Brillouin zone, a band which would otherwise be
filled is assumed to overlap with one or more bands
which would otherwise be empty. As depicted
schematically in Fig. 4, this leads to partial occupa-
tion of the lower lying band by holes and of the
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Fermi Level

L

Gap Overlap

FiG. 4. Diagram illustrating the overlap phenomenon.
Shaded area represents filled electron states. Observe
simultaneous generation of holes and electrons.

higher lying band(s), by electrons. As before, the
partially occupied 4f levels lie close to the Fermi
level. Under this scheme, all rare earth pnictides
should be metallic, as seems indicated by the work
cited in Ref. (8). However, pnictides of the dipositive
lanthanons are reported to have much higher
resistivities than pnictides of the tripositive rare
earths. For the former the extent of overlapping
between bands may be much smaller than for the
latter.

The above schemes thus hinge on two postulates.
First, to explain the semiconducting characteristics
of dipositive lanthanon chalcogenides, a gap must be
present which separates the primarily anionic band
states from the remainder. Second, to explain the
metallic properties of the pnictides, overlapping must
occur in at least a limited region of reciprocal space.
Since the chalcogenides are likely to be more ionic
and thus to have smaller band widths and larger
gaps, these postulates seem reasonable. Considera-
tions such as the relative positions of the bands, their
widths, and their associated dispersion relations are
of importance only when one undertakes a quantita-
tive treatment of the problem.

6. Discussion

Subject to assumptions (1)-(7), the above discus-
sions and tabulations are derived from basic princi-
ples inherent in the LCAO-tight binding method-
ology. Speculations enter only at the point where the
relative arrangement of the various bands on the
energy scale must be decided. Although this last step
is crucial to the interpretation of the data, it is felt
that the electrical properties were fitted to a sensible
band structure scheme without undue difficulty.

In amplification of earlier statements the following
items should be noted: There is experimental
evidence that band overlap does occur in some of the
rare earth chalcogenides and pnictides. Thus, it is
reported (/7) that the Seebeck coefficient in some of
the chalcogenides changes sign as the temperature is

altered. This may be ascribed to a variety of factors,
but itisalso consistent with the overlapping of bands.
For, when electrons and holes are simultaneously
present, the overall Seebeck coefficient is given
by (14)

a = (—|ay| oq + o, 0,)/ (0, + o)

where «,, «, are the Seebeck coefficients and o, o,
the conductivities for electrons and holes. The sign
of « is thus determined by a delicate balance
between the contribution of electrons to || o, and
of holes to o, 0,. If |a,| o, rises sufficiently fast with
increasing 7, « becomes negative in the room tem-
perature range, as is the case with the preponderant
majority of the LnX compounds under study.
Another fact consistent with the assumed overlap-
ping of bands in the pnictides is the observation (8)
that YbN has a small negative temperature co-
efficient of resistivity despite the fact that the
material is metallic, as judged by its Seebeck co-
efficient. This situation can arise if the degree of
overlap increases with rising temperature at such a
rate that the concomitant increase in carrier
densities outweighs the decline in their mobility.
Admittedly, considerably more work is required to
demonstrate conclusively that required overlapping
occurs in the pnictides. One method which has been
advocated (15, 16) for this purpose involves measure-
ments of magnetoresistance as a function of
magnetic field. In most cases one can thus arrive at
an unambiguous decision whether holes and
electrons in approximately equal concentrations are
simultaneously present.

One should also note that assumption (6) concern-
ing the neglect of 7-type interactions is always risky.
For, it frequently happens in o-type bonding that a
very diffuse cationic wave function covers the
positive and negative lobes of a less diffuse anionic
wave function almost to the same extent. In this
case, the assumption that =»-type E parameters are
smaller than o-type E parameters may not hold.
However, it has been verified by the author that
abandonment of assumption (6), while somewhat
altering the entries in Tables ITI-V, does not invali-
date the scheme of Figs. 1-3 and does not invalidate
the conclusions drawn here.

Finally, it is evident that in favorable instances,
the present approach provides analytic solutions for
the band structures. Thus, there is no problem in
obtaining the (k) dependence for the 1 x 1 and
2 x 2 entries of Tables III-V. Even for higher order
determinants the situation is by no means hopeless,
provided only that the various E parameters in
off-diagonal entries are small compared to the
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differences in energy corresponding to the diagonal
entries they connect. For, one may then use standard
first and second order perturbation theory for
approximate diagonalization of these higher order
determinants. The specification of analytic solutions
is a significant advance over the schematic presenta-
tion of the data, and represents an alternative
approach to numerical machine calculations.
Furthermore, knowing the e(k), one can make
detailed predictions concerning transport properties.
The above material represents a first step in this
direction.
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