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Energy levels, eigenfunctions and magnetic moments of rare earth ions in a crystal field of hexagonal 
symmetry have been obtained using a Hamiltonian of the form, 2 = psgJ. H + B400a0 + Bh0(060 + 77/S 
OG6):Rmlts are presented for allJvalues appearing in the rare earth series and for values of the parameters 
covering the situations in which the crystal field interaction is dominant, in which the interaction with 
the magnetic field is dominant and in which the two interactions are comparable in magnitude. 

I. Introduction 

In the first paper of this series (I) hereafter 
referred to as SWI, energy levels, eigenfunctions 
and magnetic moments were obtained and 
presented for rare earth ions in a hexagonal field 
using the Hamiltonian, 9Y = BdOO,O + B,0(060 + 
77/8 Oh6). These zero-field results are useful in 
assessing the influence of the crystal field inter- 
action on the heat capacity behavior of rare earth 
systems, an area of investigation being actively 
pursued in this laboratory. The earlier results are 
not useful in determining the magnetic charac- 
teristics (susceptibilities, etc.) of rare earth 
systems, another area of inquiry engaging the 
attention of investigators in this laboratory. The 
present work, which supplies the information 
needed in this latter connection, is like SW1 in 
that it is for a crystal with an ideal axial ratio 
so that the second order interaction vanishes and, 
moreover, B6’/Be6 is taken as 8/77, the value 
expected from the point charge model for a 
crystal in which the axial ratio is ideal. In paper 
III of this series the stipulation of an ideal axial 
ratio will be relaxed and the second order 
interaction will be included. 

* This work was assisted by the U.S. Atomic Energy 
Commission. 

t The major portion of the work was performed during 
the period of residence of E. S. at the University of 
Pittsburgh. 

Recent calculations made (2) for J = 4 indicate 
that the parallel component is the dominant 
contribution to the susceptibility. Hence present 
calculations have been limited to the case in 
which H is applied along the hexagonal axis. 
There may be instances in which the perpendicular 
component is important. In this case the present 
results will have to be supplemented by similar 
calculations made with H applied perpendicular 
to the hexagonal axis to deal with the suscepti- 
bility behavior of polycrystalline materials. 

II. The Calculations 

A. The Hamiltonian 
The general Hamiltonian for a paramagnetic 

ion situated in a combined hexagonal crystal 
field and a uniform magnetic field is : 

3 = pagJ- H + BZOOZO + B400d0 + B60060 
+ B66066. (1) 

When the assumptions of SW1 (I) are valid, this 
Hamiltonian reduces to : 

S’? = pa gJ* H + B,OO‘,O + B6’(06’ + 77/8 069 
(2) 

or 

&‘=pBgJ.H+ W[++(l - In@]. (3) 
4 6 
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Results are obtained in terms of three para- 
meters : W, x and c. W is the energy scaling factor 
used in SWI. x is a parameter which establishes 
the relative importance of the fourth and sixth 
order crystal field interactions. x and W are the 
same as the parameters originally introduced by 
Lea, Leask and Wolf (3) in their treatment of 
rare earth ions in a cubic field. c is newly intro- 
duced. c = E,,,,,IE,, where E,,,,, and EC, are 
splittings of the energy of the ion by the magnetic 
and crystal field interactions, respectively, acting 
separately and alone. Emas = 2p* H = 2pLsgJ. H. 
EC, is denoted as WC,, where WC, is the overall 
splitting of the energy states due to the crystal 
field interaction, expressed in units of the para- 
meter W. Values of WC, can be obtained in the 
tables and graphs of SWI. 

In the present calculations, as noted above, the 
magnetic field is assumed to be applied along 
the hexagonal axis. Thus : 

J~H=J,H,+J,,H,+J,H,=J,H,,, (4) 
where H,, = IHI. 

Introducing c and Eq. (4) into Eq. (3) the 
Hamiltonian becomes : 

cGJ,+x;+(l -\x/); . (5) 
4 6 I 

This is the form of the Hamiltonian used in the 
calculations. It is taken to be applicable not only 
for an applied magnetic field but also for ferro- 
magnetic or ferrimagnetic materials with H 
representing the exchange interactions via the 
molecular field approximation. In this case the 
field strength H = H, = 2[(g - l)/g]Hexch. Here 
Hw is the Weiss field, Hexch is the exchange field 
acting between the paramagnetic ions and g is 
the g-factor of the ionic level involved. 

B. Eigenfunctions and Magnetic Moments 
In the Hamiltonian in Eq. (5) we are assuming 

that the spin orbit coupling energy is strong 
compared to both the crystal field and magnetic 
energies. Eigenfunctions are then presented in 
the LSJM scheme and are given in the form: 

#= i aiMP (6) 
M=-.I 

where ]M) = ILSJM). The nomenclature of the 
levels and eigenfunctions are identical with that 
of SWI. 

The magnetic moment is given by : 

p =f<hW = f<#lJiS). (7) 

The division by gJ allows the magnetic moment 
to be given in “free ion” units. The magnetic 
field induces in each of the energy levels a 
magnetic moment parallel to its direction. The 
combined permanent and induced magnetic 
moment of the energy level is obtained from 
Eq. (7) and is given by the expression: 

p,, =i 2 A4aM2. 
M=-J 

(8) 

The degenerate levels will split under the 
influence of the magnetic field. Since there are 
no levels which contain cross terms corresponding 
to nil4 = fl, such as occurs in the pure crystal 
field case, permanent moments perpendicular to 
the hexagonal c-axis will vanish. 

Singlets which have no magnetic moment in 
the pure crystal field case will develop an induced 
moment under the influence of a magnetic field. 
This leads to the Van Vleck paramagnetism if 
the singlet is the ground state. A singlet composed 
of only I M = 0) component is not polarized by 
a magnetic field applied along the hexagonal 
axis. If ]M = 0) is the ground state, the sus- 
ceptibility along the hexagonal axis will vanish 
at low temperatures. 

III. Results and Discussion 

Results are summarized in Tables II through 
VII’ and in Figs. 1 through 30. Information is 
given concerning the energy levels, nature of the 
eigenfunctions and the magnetic moments. The 
data in the tables are copied directly from the 
computer sheets. The presentation of results has 
been arranged to conform as far as possible with 
the practice employed in SWI. 

A. The Tabular Data 
Calculations have been made for all J values 

appearing in the ground state multiplets of the 
rare earth series. The parameter x gives the 
relative importance of the fourth and sixth order 
interactions [see Eq. (3)]. c = 2pH/CFOAS = 
2pHl WC,; it defines the relative importance of 
the magnetic and electrostatic perturbations. In 

i Tables of Energies, Eigenfunctions and Magnetic 
Moments have been deposited as Document No. NAPS- 
01898 with the ASIS National Auxiliary Publications 
Service, c/o CCM Information Corp., 909 Third Avenue, 
New York, NY 10022. A copy may be secured by citing 
the document number and by remitting $6.60 for photo- 
copies or $2.00 for microfiche. 
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FIG. 1. Energies versus c for J = 8, x = 1. 
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FIG. 4. Energies versus c for J= 8, x = -0.2. 
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FIG. 5. Energies versus c for J = 8, x = -0.6. 
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FIG. 7. Energies versus c for J = 15/z, x = 0.8. 
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FIG. 13. Energies versus c for J= 6, x = 0.8. 
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FIG. 14. Energies versus c for .7 = 6, x = -0.6. 
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FIG. 15. Ground state moments versus c for J = 6. 
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FIG. 17. Energies versus c for J = 9/2, x = 0.6. 

FIG. 18. Energies versus c for J= 9/2, x = 0.2. 
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FIG. 19. Energies versus c for J = 912, x = -0.8. 
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FIG. 25. Ground state moments versus c for J = 4. 
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FIG. 26. Energies versus c for J = 7/2, x = 1. 

column 1 of Tables II-VII energy in units of W 
are given for the 2J-t 1 crystal field states. 
Column 2, headed “HEPAL” or “HEFF,” gives 
the corresponding magnetic moment in units of 
gJp,. The remaining columns under Ml (M* 
ranging from -J to +J) give the normalized 
coefficients in the eigenfunction = z&=-J aiMJ M). 

No tabular data for J= 5/2 are given. In this 
case the Hamiltonian given in Eq. (9) (vi& infra 

TABLE I 

OVERALL CRYSTAL FIELD SPLITTINGS (IV,,)’ 

J 8 1512 6 912 4 712 512 

w,, 637 494 195 56 39 22 5 

“This is the quantity EC, expressed in units of W. 
WC, is designated CFOAS in the legend of the diagrams. 

applies and energies are linear with c, moments 
are constant (see Fig. 30) and the eigenfunctions 
are independent of c. 

B. Graphical Presentations 
For cases in which x # 4, a logarithmic scale 

for c, which is proportional to the magnetic field 
strength, is used in the graphical presentations to 
enable a wide range of this parameter to be 
included-from a dominant crystal field (c = 0.01) 
to a dominant magnetic field (c = 100). When 
x = il the Hamiltonian is diagonal : 

1 =psgH,,Jz+ W$. (9) 
4 

With the Hamiltonian of Eq. (9), the eigen- 
functions do not depend on c and energies are 
linear with c. In this case, the crystal field doublets 
are of the form I&M) and under the influence of 
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FIG. 27. Energies versus c for J = 712, x = 0.6. 

a magnetic field the degeneracy is lifted, forming tation of data are in conformity with the 
two levels corresponding to +M and -M. A 
linear scale for c is used when x = fl to emphasize 

procedure in SW1 insofar as possible. Specifically 

the linear dependence of energy on magnetic field. 
we note, in respect to the diagrams, the following 
practice is employed : 

Since the Hamiltonian in Eq. (9) is diagonal, 
the energies, eigenfunctions and magnetic 
moments are very easily obtained. For con- 
venience, the values of WC, energy in units of W, 
are given in Table I. These are obtained from 
SWI. F4 = 60 for allJvalues. The J, matrices are, 
of course, 

-M 0 \ 

1. When the eigenfunction of a level does not 
depend on c or when there is a dominant M value 
for which aMz > 0.99 (aM 2 0.995), a solid line 
follows the level and the dominant Mis indicated 
on it. Otherwise the line is broken. If the eigen- 
function is composed of more than 80% of a 
certain M (aM >0.9), the dashes are short and 
dense. When the eigenfunction is less than 80 %, 
the dashes are long. 

2. The lines in the graphs follow the dominant 
M value. In this case of combined crystal and 
magnetic fields the r, are no longer good quantum 
states. Although M is also not a good quantum 
number we use the dominant M value in charac- 
terizing the energy levels since this turns out to 
be simpler and more useful, in the sense of being 
more directly related to physical properties of 

*. 
0 ‘M I 

\ 
*. 

‘J / 

The O4 matrices are readily constructed from 
tables given by Hutchings (4). 

As noted above, the nomenclature and presen- 
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J = 5/2 (Ce3+) 
Hexagonal 
x=1 

FIG. 30. Energies versus c for J = 5/2. Moments, which are independent of c, are also shown. 

the system, than other procedures that might be 
employed. With this procedure of characterizing 
states it sometimes becomes necessary to jump 
from one energy level to another. For example, 
in Fig. 5 for J= 8 the level M = t-8 (which 
originated in r,h) jumps at c = 0.66 from 
E = -60 W to E = -40 W, continuing at the level 
M = $2 (which originated in r,b). Then the 
same level M = +8 jumps once more at c = 1.2 
from E = 56 W to E = 67 W continuing at the 
level M = -4 (which originated in r, d). 

It is not possible to present results obtained 
for all values of the parameters c and X. Only a 
sampling is presented of the results of the 
calculations. These have been chosen with the 
aim of maximizing utility to experimentalists. 
Since crystal field effects are most noticeable at 
reduced temperatures at which the ground state 
is preferentially populated, we focus attention in 

the results presented on the ground state. Values 
of x were chosen so that all ground state possi- 
bilities are covered. For instance, an ion with 
J = 15/2 in a hexagonal crystal may theoretically 
have as ground state the levels h, a, g,f, e and d, 
but the two levels b and c can never be the ground 
state. In this case, i.e., J= 15/2, we have chosen 
x = 0.8, which covers possibilities f or h as the 
ground state, x = 0.1, which covers g or d, and 
x = -0.5, which would make a or e the ground 
state. 

It would be too cumbersome to present 
diagrams for the magnetic moments of all the 
levels computed. Only the ground state moments 
were drawn; these are, of course, the moments 
which are relevant when the substance is at low 
temperature. For every J value the moments of 
all possible ground states were drawn as a 
function of the parameter c. At low c, the value 
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of the magnetic moment of the ion in the sub- 
stance is characterized by the crystal field ground 
state. At high values of c, in all cases the free ion 
value is attained because the levels cross with the 
increasing magnetic field until at very strong 
magnetic fields the level +J or -J (depending on 
the sign of W) is the ground state. Once the 
magnetic moment of a substance at low tempera- 
ture is known, the magnetic moment diagrams 
enable one to ascertain possible combinations 
for the parameters x and c and to establish the 
sign of W. These graphs are calculated for 0 K. 
At finite (but low) temperatures the graphs would 
appear continuous. 

A simple computer program is given in the 
Appendix to calculate the energy levels, magnetic 
moments and eigenfunctions in the LSJM 
scheme, for any desired J, x and c values not 
given in the tables or graphs. The program is 
divided into the following steps : 

1. The data, including the matrices, is placed 
into the computer. (The program given is for 

J= 8. For other J values one should put in the 
matrix elements of the appropriate J value (4). 
At this point the cards indicated by ‘J = 8” may 
need to be changed.) 

2. A diagonalization program. This portion 
computes the energy levels and the eigenfunc- 
tions. 

3. Computation of the magnetic moment. 
4. Printing of the results. The results are 

printed in the form given in Tables II-VII. 
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Appendix. Program for Computing Energies, Eigenvaloes and Magnetic Moments 
~IrEhs,e\ 4(17,17~,YAY1L1~17,17~,sl17~17~~V~(~~17~ 

~,H~P~(~~),~~~C(~~),~~(~~,RCOT~,~(CO),~~~~?~~~~~~~~ 
C CAlA ILFLT 
C G=J VALLE. F4,FE’L.L.W. GONSTLNTS. hC=NCWPFF OF C VALLES. NX=NO. OF X VALUES. 
C k=ENERtV SCLLC. ,,COrCQV31ALFI~LC CVERCLL SFLIl1NT.S IN UNITS OF b. 
C THE VALLFS CF YCR SYOUL') AE TAKEN ,FOE EACI' VALUE CF B, FRflr S.C.1 . 
C TH(E 1 SIGN I~CI~ATES A NEW sTAIr5vI 

G-e. P F4=61. P F6=1386'!. J=cl 
N=2..C,.l.5 ( AN=N S YQlrN-1 I hFl=h+l S J=NWlIZ 9 JP=NFl/Z 
,':;;J;f:' I JFM3=JP-b/2 I W=l. f NC =? f tX=l S FfiIhl IPI 

fC~ICI,IC=l,NC~ ? FQINT 201, lCIIC1,TC=l,Nt) 
REAO 2Cl: (YCR(IXJ,IX=l,NX) 0 "PINT 2@1 , (WCQ(IXl;IX=l,NX) 
WAC 2C1, ~~(IX~,IX=l,NX) f FRINT 2Cl , (X(IY),IX=l,NX) C PRIl'l lC2 
00 4@ IX=l,NZ 
R4F4=U.IfIX) I E6FI=U*fl. -APSF(XIIX)l~ S CFOAS=X*WCRIIY) 
"0 3C IC=l,NC S UHDAL=SfIC)~CFOA2/(2..~~ 
fl0 24 I=l,y*l S IPl=I+l 'J IYl 24 Y=IPl,N 9 HAHILTII,Io=C. 

24 COYTINLE 
C THF rAlPIX ELEMEhTS 

0011)=3t4,~~4F4+104,~96F~ I C0(2)=- 'l.*P4F4-169.*'6FC J=C 
00(1l=-273.*E4C4- 78.*RIFt 9 OO(4)~-27?,.94F4+ CC,.P&FC J=l 
00(51=-lEO,~44F4*12~.~96FS t O',(t)=- 21,.94F4+ 9?,.Q6Fe J*S 
00~7)=11'.~'4F4+ 2.+96FC 9 03CC)=217..PIF4- OS.*C.LFt J=9 
MArILT(P,9)n 252..94F4-l20.*!!6F6 JIO 

C DC 25 IAll,JP J 000 
OC 25 IA=l;J J EVFN 
AI=IA S hPl*IA=NPl-IA S hWPALW*(G*l.-AIl.YYPAL 
HArILI(IA,IA)=-WHPALW,dO(IA~ t WAYILl(NPl~IA,,NFl~IA~=YCPALY~CIlIA~ 

25 COhlIfiLE 
0=~77.IC.l~~?EO.IF6~*~SFE J=C 
~ArIL7(1,7)=C~2.*SPQlll4.~l43.l ? CA~ILT~2,F~=C.7..sCRl~l3.~9~.~ JIL! 
HA~ILT(3,9l=C.l4..SQQl~3. +I*?.) $ ~ArILT~4,l~~=C'lI.~2C~l~l?.*77.~J=~ 
HArfLlf5,ii)=C+42.*soQlfiic.~ s tarIL~f6,i2~=0~4~2. J=O 

C 00 21 I=l.Jnr3 J GO9 
00 2C I=i;J": J EVER 
NPlrIrhPl-I I HAYILl~~~lrI-6,N~lrI~=~A~IL~~I~I*~~ 

26 COLlIIILE 
CC 27 I=2,h; j IfqlrI-1 $ 00 27 w=irIHl s ~ArILlII~~~=HA~ILT~III~ 

27 COITINCE 
"0 29 Irl,N 1 00 20 K=l,h Y I~I,Io=~A~ILl~t,~l 

28 CONIINCE 
29 COP;TIhCE 
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Appendix, continued 

C 

1 
2 
3 
4 
5 
6 

I 
0 
9 

IO 

Ii 
12 
13 
14 
15 

16 
17 
10 

C 

C 

DIACOhAlI7AlICN PPI)GPAW 
SOrO. S S(l,llrl. S 00 3 I=Z,N S S(I,IB=I. S Ihl=I-1 S CO 3 Y=l,It! 
IF~A2SF~4~I,X~~-lO.E-I5~ Z,Z,l 
SQ=SC+b~I,Kl.1(I.Y) 
S(I,K)=O. 
S(K,I)=,,. $ V=SPQTF(SP+SO) t lCl~V'l.E-9 t FN=N ’ IF (V) 14,14,4 
V=V/FN 
JJ=O S OC lEP:2,N P '4M=Y-1 5 OCl2L=I,FW S fF~APZF~~fL,~~~-Vlli,6,6 
ALFr-A(L,H) S UNr,5~(4(L,L)-AfP,~)I ! ~CGA=ALM/S~Q1~ALF~ALP*L~.~~~ 
IF(Al?SFtCllCA)-lO.E-15) 12,12,7 
JJ = 1 S IFww 6,919 
OHGA=-CPCA 
SNTsCYCA/SCRlF(2.~(l.*S~RTFIl .-Of'Cd*tMtP~)l *CST=SSRfF(l.-ShT'SNT) 
00 10 I=l,N 5 COYI=AlI,Ll P COt'2=4(1,*) E A~I,ll:CC~l~CST-CC~2~SNl 

A~I,Fl=CC~l~SNT+COH2~CSl t CCMl=S~f,l~ Y COM2=S(I,Cb 
S(I,L)=CCHl*CST-COf42CSNT 
S~I,F~=CC~l.~kt*C0~2+CST 
A~L~llrAIL~L)~CST-A(Y,LlrSNT t AlH~W~=Al~~~~~CS1*A~L,P~~SNl 
A(l,Y)=O. 0 IfH,L)*A(L,Nl I 00 11 I=l,N Y A(l,ll=l(I,L~ 
A~*,l)=Dlf,~~ 
COhTINLE S TF (JJ-1) 13,5,13 
IF(V-TCL) 14,14,4 
CCkTINUE t r)C 15 I=l,N 3 ROOTlI~=AII,Il 
ILCC(I1.1 S CC I8 I=ltNWI t IPl=I*i I IL=ILOC(Il S TEMF=ROoT(:L) 
00 17 K=Ipl,k 3 KL=ILOC(K) S IF(TEPP-ROOT~KLBI 1f,17,17 
TECP=RCCT(KLb S ITEWp=ILCCfI) S ILCC~I~+ILOC~Kl S ILOCfKl=ITFbP 
COhTINLE 
COkTIhUE S Il'AX=ILOC~l) P IMIN=ILOClC~ 

OAS=CCCT(IPAK)-QOOT(ININB 
CALCULATING TWE I’AGNETIC HCHENTS 

OC 34 L=l,N P SUYZ=O. 
OC 31 I=I,N f AI=1 S SU~Z=SUCZ*S~I,L~~.2.~AI-(Gli.)) 

31 CCLTINLE $ HFAL(L)=SUYZ/G 
C PRINTING TCE RFSULTS 

34 CCLTIWE S PRINT 1031 X(IXl,C(IC),kCR(IX),OAS S PRINT 164 
00 35 I=l,N f 00 35 L=l,J S NPIWL=hPI-L $ VS(L,I)rSfNPl,,l,I) 

35 CCkTIkLE S OC 36 I=l,N S IT=ILCCfI) 
PRIhT 105, QCCT~IT~~H~AL~II~~~S~K~II~~K=~~JP)~(VS~L,II~,L~~,JI 

36 CONTINUE I RRINT 104 S PRILT 146 
30 COkTIkCE 

PRINT IOE $ PRINT llJ6 
101 FORPDT(////tB 
102 FCRHLT(l~l~ 
103 FORHPT~IC ,?bX=,F6.3,5X,2t‘C=F7.2,lOX,6HCFOAS~,F6,3,2H~~;3X 

1,4HCPS=,E13.F,2H’N) 
104 FORPILT(ll' ,41,6HENERGV,7X,4HHPAl,,lOY,3~~=6,7X,3~N~7,7X 

1,3WH=E,7X,2rr=5,7X,3HM=4,7x,3nr= ?,7X,3HC=2,7X,3PK=l17X,3HM=O~ 
105 FORYATtlP 1Ell.4,3X1F7.4,4X,2H-H,F?.6,6F10.6,2~-P~~N ,24X 

1,2~*P,FS.6,7F10.6,10X,2~+~1 
106 FORPlT flCO1 
201 FORCIT (EFl0.S.) 

40 COkTTNCE S QTCP $ EN0 

J=6 

J=l 

IC 

J=R 
J=6 
J=O 
J=6 

IX 


