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The authors of this paper, being intrigued by statements in the literature that the coefficients of
expansion of metals are proportional to the heat capacities, have put these statements to the test.
This paper shows that the experimental ratios of coefficients of expansion and heat capacities at
constant pressure are indeed a constant for each metal over wide temperature ranges and the con-
stants are in fair agreement with the values computed from theory.

Although it is well known that the coeffi-
cients of expansion of metals are inclined to be
proportional to the heat capacities, there are
no published tables of quantitative examples
to demonstrate to what extent this is so. The
purpose of this paper is to present such a table
for 13 metals over a temperature range from
25 to 1000°K and to develop a theoretical
equation to correlate with the experimental
results.

Regarding the theoretical relationship
Griineisen (/) derived the well-known equa-
tion

a=7yC,/3VB, (1)

where « is the coefficient of expansion, C, is
the heat capacity at constant volume, V is
volume, f is the compressibility, and y is the
Griineisen constant. With this equation and
other considerations, it can be shown that o
is approximately proportional to C,. Also
Fiirth (2) used the relationships between «,
C,, and B to determine the values of m and n
in the equation by Mie (3), Griineisen (/), and
Fiirth (2) of the following form:

-efiezlon o]
] o

where e is the energy required to separate
two atoms an infinite distance from one
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another, r, is the equilibrium distance at
which the potential energy is zero, while m
and n are constants with m greater than », the
values of which Fiirth (2) endeavoured to
determine and which he tabulated.

We will derive the ratio of a to C, by
starting with a derivation presented in a
textbook by Levy (4) who expressed the
interatomic potential as a function of the
displacement, Ar of atoms from their equi-
librium positions by a power series,

e(Ar)y=a(Ar)* + b(4r)*+- -+, (3)
where g and b are, as yet, undetermined

constants.

To get the mean displacement Ar, the
average is taken as

J‘ (4r)exp [_elg,r)] dAr,
Ar=== )

f exp [_iir)] ddr

or, using Eq. (3),

f Arexp [—a(4r)* — b(Ar)?] KiT(Ar)

Ar =

o

[ expl-a(ary> — b(4r)?] Eli,d(Ar)

)

ISSN 0022-4596



258

Rather than reproduce the procedures by
which the integrations in Eq. (5) are carried
out, we take Levy’s results (). He gets:

— 3b .

Ar= Z a—2 € (6)
where £ is the average energy of vibration per
atom per degree of freedom in a crystalline
solid.

Since

&= E/[3N,

Eq. (6) is

— 3\ b E

ar= (4) a?3N’ @
where E is the energy of vibration per mole.
(This is Levy’s equation.)

Fortunately the values of a and b needed
for Egs. (3) and (7) can be determined from
Eq. (2) as follows, since for small displace-
ments of the atoms from the equilibrium
positions,

r=r0+Ar=r0(1+£)- ®)
Fo
Then Eq. (2) becomes
e(dr)=
14— =
i (=]
r r
©)
Knowing that
1 2
d+x)"=1 _nx+n(n-+2-_—')x
nn+D@m+2)x
B 31 o
Eq. (3) approximates
mn (Ar\?
e(dr) = e"°-2_ (r—o)
mn ar\3
+em—-6—(m+n—3) (-;_:) .
(10)
Letting
mn
€y 5;(-)—2 =a, (1 la)
" m+n—3)=b,  (11b)

e 27
® 6ry°
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and introducing Egs. (11a) and (11b) into

Eq. (7) gives
ﬂ _ (m +n— 3) £
ro 6mne.,

(12)

Replacing E by H for convenience (since the
difference between them is less than the
combined errors in the assumptions and the
data to be used) and replacing e, by the well-
known relation

. 24H,
*“NW’

where AH, is the heat of sublimation and W is
the coordination number, then Eq. (12)

(13)

becomes
Ar m+n-—3
To (12mnAH,) H, (14)
and
5 Ar
(To)=(m+n—3)6_H. (15)
oT 12mnAH, ) 6T

Since the linear coefficient of expansion is

_ldr d(ro+4r) d ﬂ)
r)’

T rdl” " redl _dr
and the heat capacity at constant pressure is
oH,
Cp - ﬁ b

then Eq. (15) predicts that

a=(m+n—3)WCp

omnaH, = 2uCe

where B, is the theoretical value of the pro-
portionality constant in the « — C, relation,
ie.,
m+n-3)W
Byp=——rp—-
12mnAH;

The computed values of By, are given in the
bottom line of Table I for 13 elements. The m
and 7 values are taken from Fiirth (2) and the
AH, values are from Gschneidner (5). The
experimental values of B are defined as

By = (%) exp,
D,
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TABLE 1
6
Beyp % 108 = xx 10 AS A FUNCTION OF TEMPERATURE
P
Metal
T°K Al Cr Cu Au Fe Mo Ag Ta Ti w Pt Pb Be
25 455 1.82 260 25 1.82 — 327 — 133 — — 421 —
50 3.85 1.33 259 229 1.78 — 283 — 106 — — 424 —
100 385 1.05 2.75 232 198 0.87 3.00 1.10 128 0.68 144 434 3.02
200 391 1.06 281 233 197 089 310 109 139 076 144 446 295
300 395 090 286 234 197 088 314 1.10 1.52 0.78 144 451 285
400 398 1.33 289 238 202 086 322 1.06 149 077 146 4.69 2.88
500 412 1.40 292 242 201 083 329 108 152 076 148 4.89 292
600 420 144 296 247 198 085 335 1.09 154 076 148 — 296
700 434 149 301 251 195 085 341 1.10 153 0.77 149 — 3.04
800 454 151 308 257 182 087 348 1.10 152 075 150 — 3.14
1000 — 157 328 273 119 090 364 111 150 076 153 — 3.30
Average 413 135 289 245 1.85 0.87 325 1.09 143 0.76 147 448 3.02
Theory 366 1.81 3.54 272 196 1.09 395 — — 086 1.77 7.09 3.74

and are shown in the body of the table. The
Institute of Physics Handbook furnished the
experimental coefficients of expansion (6) and
the heat capacities at constant pressure (6).

This work tends to show that there is both
theoretical and experimental justification for
the general belief that the coefficients of
expansion of metals are approximately pro-
portional to the heat capacities.
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