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The relations between the heats of allotropic transitions A3 --~" A I ,  A, --~" A2,  As --~" A2,  and the 
transition temperatures of polymorphic metals were established. The ratios of the heats and 
entropies of the transitions are respectively : 

AH~ 3~A1 : AH~2 ~Az : AHta~'a2=Tti : 3Tt2 : 4Tt3, 
AS~ 3~'4x : ASta21"A2 : ASt a3~a2= 1 : 3 : 4. 

The total difference of enthalpies and entropies between the allotropic phases is merely dependent 
on the structural difference of the phases across the transition points. The energy and entropy 
of the phases are termed the "structural energy" and the "structural entropy." 

Introduction 

The importance of the allotropism of 
metals is well known both in the field of the 
theory of metals and alloys as well as in the 
development of fabrication technology (1-7). 
The formulation of a relationship between 
allotropism and other physical properties 
would be of great help both in theory and 
application. 

In a very recent paper (8), a linear relation 
between the temperature of allotropic transi- 
tions, A 3 ~-A2 and A~ --> A2, and the fusion 
temperature of metallic elements was estab- 
lished. Considering the expected uncertainty 
involved in the experimental data, the majority 
of experimental points could be fitted by the 
approximate equation : 

T, = f ( T : )  ~_ 0.9T:. (l) 

Where 7", is the allotropic transition tempera- 
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ture and T: is the fusion temperature of the 
elements in degrees Kelvin. 

A relation between the change in energy 
involved with the transition and the transition 
temperature may be of more fundamental 
interest in understanding the basic phenomena 
of allotropism. Such relations, although not 
perfect, have already been established for 
the phase transition, solid--+ liquid and 
l iquid->gas,  and are widely known as 
Richards' rule for the former and Trouton's  
rule for the latter (9, 10). The fundamental 
idea of the relations are based on the energy 
changes in the state of the environment of 
atomic coordinations and the degree of 
disorders between the phases (9-11). Based 
on the same reasoning it would be of value to 
establish a hitherto nonexisting empirical 
relation between the heat of allotropic 
transition (AH,) and the allotropic transition 
temperature. Based on the present knowledge 
of allotropic transition there should be 
sufficient data at present date to form such a 
rule for allotropism relevant to that of 
Richard's or Trouton's, an attempt has, 
however, not yet been done. 
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Empirical Relations 

Since, thermodynamically, the change in 
Gibbs free energy of transition (AGt) is zero at 
the transition temperature, the relation be- 
tween the AH, and T, becomes 

AHt = T.AS,. (2) 

Using this simple formulation, and the 
experimental data available one should be 
able to formulate simple empirical relation- 
ships for All, as a function of 7",. Relation (2) 
is applied to various elements. The A H, 
values reported by various authors (7, 9, 
13-17) differ by only a few percent, for some 
elements the reported values differ greatly. 
In the latter case, the AH, values used are the 
ones that are more frequently reported and, 
in a few cases, the ones that provide a value 
closer to the empirical relations sought. 
The employed AH, and 7", values are presented 
in Table I. The metals, whose phase relations 
are still in the state of  controversy, are also 

5000 

listed in Table I. They are identified with 
references in the Table. For these metals the 
phase relations and values that provide 
proper scheme to the empirical relations 
sought are chosen. The plots of the data in 
AH, vs 7', is represented in Fig. 1 along with 
the plots of  Richards' relation of the same 
metals for comparison. Considering the 
possible errors present in the experimental 
data, the AH, and T, values used appear to 
lie along the straight lines for the allotropic 
transitions A3 --+ At and A3 -+ A2. By com- 
parison with the degrees of  the scattering 
of the data points along the Richards' line, 
the present data fitting is reasonable for the 
allotropic transitions for a large number of 
metallic elements from various parts of the 
Periodic Table and over a wide range of AH, 
and 7", values. The experimental points for 
the elements of the type A1 --+ A2, however, are 
spread widely random. These elements could 
not be represented by a similar form at present 
with the data available. Conceivable reasons 
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for the scattering of the data values may be 
either due to the basic nature of  the metals 
themselves or to the experimental uncertainty 
involved either with the divergence in purity 
or with the measurement errors, or both. 

Discussion 

The allotropic phase transition is accom- 
panied by the change in lattice structure. The 
changes in atomic environment; symmetry, 
coordination number and coordination poly- 
hedron of bonding atoms, and interatomic 
spacing as well as the state of  order at the 
interface between the phases due to the 
structural modification across the transition 
temperature, should affect the frequency 
distribution of the lattice vibration, the density 
of states of electrons at the Fermi level, the 
binding energy between atoms, and the 
exchange energy of magnetic interaction 
between electron spins, etc. The allotropic 
phases with different structures across the 
transition points should thus have different 
energy contents, consequently different en- 
tropies, because of the different degrees of 
contributions of the above mentioned factors 
to the respective phases. For example, even 
in the allotropic reaction for paramagnetic 
titanium, c~-Ti (HCP) ~/3-Ti(BCC),  the differ- 
ence in two important contributing factors, 
0o, the Debye-Characteristic temperature and 
~,, the electronic specific heat coefficient, 
between the phases are noticeably large (•8): 
0o ~ = 365 > O f  = 300 and 7~ = 8.25 > 7~ = 5.7. 
In general, for an allotropism, c~ ~ / 3 ,  the 
total energy contents of the phases at constant 
pressure and at the transition point can thus be 
expressed in terms of the various contributing 
factors associated with the transition by 

H, ~ = ~ H,.i and H, B = ~" H,.j. (3) 
i j 

The heat and entropy of transition are 

A H , = H , O - H , ' = ~ H , . j - ~ H t . ,  (4) 
j i 

and 

AHt ~ H t . j -  ~ H,.~ 
A S , -  - ~ ~ (5) 

7", 7", 

I f  the absolute values of the contributing 
factors and their participating degrees to the 
energies are known for the phases, the 
AH, and ASr can readily be calculable 
through the Eqs. (4) and (5). Although the 
data presently available are not sufficient 
enough to test the present observation in 
terms of the Eqs. (4) and (5), the empirical 
relations shown in the Fig. 1 reveal interesting 
relations between the different allotrops as: 

A 3 (HCP) ~ A 2 ( B C C ) ,  Agt3 A3~Az = 0.68, 

(6) 

A3(HCP) =~ A~(FCC), AS,, A3~A, = 0.17. 

(7) 

Upon subtraction of the entropy changes one 
obtains 

A~ (FCC) -> A2(BCC), AS,,_ A,~A2 = 0.51. 

(8) 

As stated before, because of the wide spread 
of the data points for the transition A t ---> A2, 
a tentative broken line is drawn for the transi- 
tion in Fig. 1. I f  one takes account of this 
line, the ratios of the energies and entropies 
of the transitions 

(A3--+Ax) : (At-+A2) : (A3--+A2) 

are, respectively, 

AHtlns~'lt : AHtzAI~A2 : AHt3 A3~A2 

= T,, : 3 L ,  : 4T,~ 

ASI I  A3~AI : ASt2 AI~A2 : 3313 A3~A2 

= 1 : 3 : 4 .  

Since the total difference ofenthalpies between 
the phases appears to be merely dependent on 
the structural difference of the phases across 
the transition point the energy and entropy 
of the phases concerned may be termed 
"structural energy" and the "structural 
entropy." 

Klement and Jayaraman (3) state that the 
order of increasing entropy is HCP < S m  < 
D H C P <  FCC < BCC or in terms of the 
Strukterbericht symbols used in this paper, 
A 3 < A 1 < / t 2 ,  where the present paper lumps 
HCP, double HCP (DHCP) and Samarium 
(Sm) structures together under A 3. The 
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greater lattice vibration of the BCC (A2) 
structure with lower coordination number 
produces a higher entropy when two structures 
have comparable energies (4). The exception 
to this general behavior of Fe due to its great 
ferro ~+-para magnetic contribution to the 
specific heat, consequently entropy, has been 
extensively analyzed and discussed in detail 
in the Refs. 1, 5, and 12. Because of this 
anomalous behavior of Fe, the iron is elimin- 
ated from the present discussion. 

Although the consequences of the relations 
given in the present paper are the subject of 
turther studies, it is hoped that the implication 
of the present study could lead to a better 
understanding of the physical nature of matter 
and allotropism. 
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