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Some Systematics of the Garnet Structure
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Equations relating the positional parameters of the anion in the oxide garnets to the mean constituent
ionic radii of the cations occupying the {X}, [Y], and (Z) sites have been derived from published garnet
structures using multiple regression analysis:

x = 0.0278(22)r {X} +0.0123(28)r [Y] —0.0482(16)r(Z) +0.0141
—0.0237(25)r {X} +0.0200(32)r [Y] +0.0321(18)r(Z) +0.0523

= —0.0102(20)r {X} +0.0305(25)r [Y] —0.0217(14)r(Z) +0.6519

N

Variations of mean bond lengths with constituent ionic radius are examined for the garnet structures.
Deviations of mean bond length from the sum of the constituent ionic radii may be correlated with the

ionic radius of the cations at the other sites in the structure.

Introduction

The garnet structure is one of considera-
ble chemical compliance, and a large num-
ber of compounds are of this structure type.
Consequently the systematization of crys-
tallographic properties within this class of
materials is extremely useful. Such system-
atics may be used to demonstrate internal
consistency of crystallographic data, to
identify errors in assigned cation site-occu-
pancies, valence states and spin states, to
derive ionic radii, and to forecast the possi-
ble existence of new compounds (!, 2).

A detailed description of the garnet struc-
ture and a survey of known garnet com-
pounds is given by Geller (3) and a detailed
discussion and systematization of silicate
garnets given by Novak and Gibbs (4).
Langley and Sturgeon (5) have recently
related the cell edge of garnet to the ionic
radii of the cations and anions comprising

the structure, and have summarized pre-
vious similar studies.

Garnets have the general formula
{X3}[Y;)(Z3),, where {}, [I, ) denote do-
decahedral, octahedral, and tetrahedral co-
ordination respectively, and ¢ denotes the
anion(s); this representation is slightly
modified after Geller (3). The structure has
the space group la3d and all cation posi-
tions are fixed by symmetry. The anion
occupies the general position and thus has
three degrees of positional freedom. Varia-
tion in the anion positional parameters may
be correlated with the ionic radii of the
cations and anions constituting the struc-
tures. This was done by Novak and Gibbs
(4) for the silicate garnets, resulting in the
equations:

x = 0.022r {X} + 0.014r [Y] + 0.0059

y = —0.023r {X} + 0.037r [Y] + 0.0505
z = —0.009r {X} + 0.034r [Y] + 0.6431
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GARNET STRUCTURE
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where the ionic radii used were those of
Shannon and Prewitt (6). In the present
study, analogous equations are developed
for the whole class of oxide garnets;
fluoride garnets are not considered as only
the cryolithionite structure (7) is known in
detail.

Analysis of Observed Garnet Structures

The present study was based on 49 rea-
sonably precise structure refinements of
oxide garnets, pertinent data from which is
assembled in Table I, where they are
grouped together according to the identity
of the (Z) cation. Several additional struc-
tures are also listed in Table I. Some of
these are older refinements which have
been superceded by more recent work; the
others were used as a test of the resultant
equations (Table III). Ionic radii are taken
from Shannon (32). Multiple regression
analyses were performed on the positional
parameters and the mean ionic radii of the
{X}, [Y], and (Z) cations, respectively,
with the positional parameters as depen-
dent variables. One specific garnet listed in
Table I exhibited the maximum deviation
for all three regression equations, and these
deviations were considerably larger than
those exhibited by the rest of the data set.

F. C. HAWTHORNE

The relevant values for this garnet,
Mn;ALGe;0,,, (number 31 in Table I) are:
x-obs. = 0.0314, calc. = 0.0288; y-obs.
0.0497, calc. = 0.0526; z-obs. = 0.6470,
calc. = 0.6498. This suggests that the posi-
tional parameters for this garnet are consid-
erably in error, and shows the utility of this
approach in isomorphous groups of struc-
tures. Note that the unit cell parameter
given for Mn;Al,Ge;O,, in Table I is not
compatible with previous determinations
(11.902 A—(3)). The multiple regression
analyses were repeated, omitting the data
for Mn;Al,Ge,0,,; the results are given in
Table II. The mean deviations between the
observed and calculated parameters are
0.0005, 0.0007, and 0.0005 for x, y, and z,
respectively. Table III shows a comparison
of observed and calculated positional and
unit cell parameters for a typical selection
of precisely determined garnet structures.
The good agreement suggests that a differ-
ence of >2.5q0 (o = pooled standard devia-
tion) between observed and calculated po-
sitional parameters in garnet refinements
indicates significant error in the structure
refinements;  such is the case for
Mn,Al,Ge,0,, and Na,Sc,V;0,, (using esti-
mated o’s of 0.0005 for the observed posi-
tional parameters).

The prediction of cell parameters from

TABLE H
RESULTS OF MULTIPLE LINEAR REGRESSION ANALYSES

Dependent Independent Correlation

variable variable Slope Intercept coefficient 7]
x r{X} 0.0278(22) 12.6
r(Y] 0.0123(28) 0.0141 0.985 4.4

r(Z) —0.0482(16) 29.9

y r{X} —0.0237(25) 9.6
r[Y] 0.0200(32) 0.0523 0.969 6.3

r(Z) 0.0321(18) 17.8

z r{X} —0.0102(20) 5.1
r(Y] 0.0305(25) 0.6519 0.924 12.0

r(Z) —0.0217(14) 14.9

2 ¢t is the Student statistic for the slope.



TABLE III
COMPARISON OF OBSERVED AND CALCULATED PARAMETERS FOR SELECTED GARNETS

{Big3:Cag gs}Fex(Fe, eV 133012

{Y,.12Bi1gs}Fes0p

NaCa,Co,V,0,,

Pyrope Berzeliite

Ca,Fe,Ge, 0,

Y, Fe;O,,

0.0334(2)
0.0520(2)
0.6519(2)

12.489

0.0279(7)
0.0548(7)
0.6517(5)

12.531

0.0382(4)
0.0514(6)
0.6551(7)
12.430(3)
0.0379
0.0516

0.0391(3)
0.0522(3)
0.6568(3)

12.355(2)
0.0388
0.0508
0.6555

12.442

12.417

0.0329(1)
0.0502(1)
0.6534(1)

11.459(1)

0.0329

0.0342(2)
0.0510(2)
0.6517(2)

12.325(3)
0.0344
0.0512
0.6517

12.359

12.338

0.0271(1)
0.0567(1)
0.6504(1)

12.376(3)
0.0268
0.0568
0.6505

12.373

12.384

X
y

Observed

a
X

0.0326

0.0523

0.6508
12.446
12.435

0.0294

0.0545

0.6496
12.539
12.545

Calculated

0.0503

0.6535
11.527
11.470

0.6553
12.493
12.474

z
at

a?
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¢ Calculated from the equation of Langley and Sturgeon (5).
b Calculated from the equation of Novak and Colville (37).

the linear regression equations of Novak
and Colville (37) and Langley and Sturgeon
(5) is less successful (Table III). It is appar-
ent that the cell parameter cannot be accu-
rately expressed as a linear function of the
constituent cation radii in the garnet group
as a whole.

Structural Variation in Garnets

In many groups of isomorphous struc-
tures, the variation in the mean bond
lengths of cation polyhedra may be related
to the mean ionic radius of the cations
occupying the sites. Novak and Gibbs (4)
have shown that the variations in (X — O)
and (Y — O) are linear functions of r{X}
and r[Y] in the silicate garnets. Mean bond
length-constituent ionic radius relation-
ships for the garnets of Table I are shown in
Fig. 1. The solid lines in the diagram are not
regression lines but show the mean bond
length forecast from the sum of the cation
and anion radii. The agreement is fairly
close for tetrahedral coordination but the
scatter increases significantly with increas-
ing coordination number. These deviations
from a ‘‘hard-sphere’’ model are not ran-
dom, but seem to be related to the mean
ionic radii of the cations occupying the
other cation sites; this is most apparent for
the dodecahedrally coordinated site (Fig.
1). Using the equations of Table I and the
cell parameter equation of Langley and
Sturgeon (5), this effect may be examined
systematically by generating calculated
structures and examining mean bond length
variations with the mean constituent ionic
radius for two of the cation sites held
constant. The results of such a procedure
lead to the bond length—ionic radius rela-
tionships of Fig. 2. This figure shows for
each site, the mean bond length—constitu-
ent cation radius curves for specific con-
stant values of the constituent cation radius
for the other two sites; in addition, the ideal
*‘hard sphere’” model (M — O) = reaton +
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Fe
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Ga
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FiG. 1. Mean bond length vs constituent cation radius for the {X}, [Y], and (Z) sites in garnets. The

heavy lines correspond to additivity of ionic radii.

Fanion) 18 marked. These ideal curves bear a
marked similarity to those of the real struc-
tures in Fig. 1. This is hardly surprising as
the predictive curves were derived from the
real structures. However, they do illustrate
the inductive effect that the cations occupy-
ing two of the sites have on the mean bond
length of the remaining cation(s). Data for
the silicate and REE iron garnets are shown
on the (X — O) vs r{X} curve to illustrate
the trends of the data. The data does not
exactly follow the trends derived from the
calculated structures; this occurs because
the equation for the cell constant leads to
considerable error for certain values of
constituent cation radius.

It is apparent from Figure 2 that variation
in r(Z) has only a slight effect on (X — O).
Ignoring this effect for (X — O), the (X —
O) vs r{X} relationship can be considered
as contoured for r[Y]. Thus all synthesized
garnets may be plotted on this figure if r {X}
and r({Y} (i.e., the site-occupancies) are
known. This results in Fig. 3; not all garnets
have been plotted, but enough are shown to

indicate the salient features. Although indi-
vidual garnet series trend across the ideal
‘‘hard sphere’’ model relationship, the gar-
nets as a whole tend to follow an overall
trend that is parallel to the ideal ‘‘hard
sphere”” model relationship; stable garnets
exhibit r{X} and r[Y] values that do not
lead to too great a deviation from the ideal
‘‘hard sphere’” model for mean bond
length, The position of the data points
plotted in Fig. 3 is only approximate; how-
ever, if it is assumed that the cell parameter
equation will forecast a to within 0.1 A,
the data points of Fig. 3 should be within
+0.02 A. Thus the overall trend of Fig. 3
should not be significantly affected by any
errors in the model structure calculations.

Shannon (32, 33) has reviewed factors
that affect deviations of mean bond lengths
from additivity of ionic radii; these factors
are associated with specific bonding effects.
This does not seem to be the case in the
present situation, where such deviations
are correlated solely with the size of the
cations occupying the remaining sites in
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r [Y](;\) —

T T
0.6 0.7
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— M-OZrignic
r(2)=02 A
—— r(2)=054

FiG. 2. The variation of mean bond length with constituent cation radius for the three sites of the
garnet structure. The heavy lines denote the sum of the cation and anion radii. The light lines denote
the cation radii values (at the other sites) used to calculate the atomic coordinates and cell parameter
from which the mean bond lengths were calculated. For the {X} and [Y] sites, the full and broken lines
are forr(Z) = 0.2and 0.5 A, respectively, and the values marked on the graphs are the values of r[Y]
and r{X}, respectively. For the (Z) site, the full and broken lines are for r[Y] = 0.5 and 0.8 A,
respectively, with the r {X} values marked on the figure.

the structure. The results given above sug-
gest that for specific values of two of the
cation radii, there is an optimum value for
the third, where the mean bond length at
the third site approximates the sum of the
ionic radii. Cations larger and smaller than
this optimum value may occupy the site but
the mean bond length will show deviations
from the additivity relationship. A simple
model of compression and distension for
negative and positive deviations, respec-
tively, would seem to be appropriate. How-

ever, in this case one would expect the
compressibility of the garnet to be posi-
tively correlated with negative deviations
from the additivity reiationship. The Al
octahedra in pyrope and grossular have
deviations from additivity of —0.029 and
0.006 A, respectively; however, Hazen and
Finger (34) give the polyhedral bulk mod-
ulus for [A1] in both pyrope and grossular
as 2200 (500) kbar. This result suggests
that a simple model of polyhedral com-
pression/distension is not applicable, un-
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Fic. 3. The calculated relationship between (X -
O) and r{X} contoured for r[Y], ignoring the small
effect of r(Z) on this particular relationship. Synthe-
sized garnets are plotted on this figure using their r {X}
and r[Y) values. The central line corresponds to
additivity of constituent ionic radii and the heavy outer
lines mark the approximate limits of known garnet
compositions. Note the parallelism between the addi-
tivity relationship and the compositional limits.

less the differences in compressibility are
less than the standard deviation of the bulk
modulus.
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