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The defect rock-salt type materials Zrr-,S, Scr-,S, and Lur-,S have been shown to exhibit a complex 
variety of ordered superstructures. These superstructures are reviewed within the context of Landau’s 
theory of symmetry and phase transitions, and it is concluded that there is a significant similarity in the 
transitions when they are considered from the point of view of reciprocal space. 

1. Introduction 2. Vacancy Ordering 

The early transition-metal sulfides with 
the NaCl-type structure have been found to 
exhibit superconductivity and nonstoi- 
chiometry, and have been shown with one 
exception (Zri-,S) to exhibit a maximum in 
Tc at the 1 : 1 composition (I). Several 
structural investigations over the years 
have shown that three of the compounds in 
question, Zri-,S, Scr-,S, and Lui-,S ex- 
hibit long-range vacancy ordering, and that 
some features of the resulting ordered 
structures are remarkably similar. It is the 
purpose of this paper to call attention to 
and characterize these common features. 
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One feature common to the defect struc- 
tures is that the deviations from stoichi- 
ometry arise from vacancies on the tran- 
sition-metal sublattices. The vacancy 
concentrations in all 3 cases are observed 
to extend to very high values (in excess of 
20%)) and the defect orderings have in com- 
mon, along with other features to be devel- 
oped below, the fact that loss of symmetry 
(compared with Fm3m space group sym- 
metry of the Nael-type substructure) 
results almost entirely from the distribution 
of vacancies on the metal sublattice with 
negligible distortion of the lattice as ob- 
served in diffraction experiments. The de- 
fect orderings also have in common the 
characteristic that they can be described in 
terms of population waves, which at their 
simplest are formed by the ordering of va- 
cancies such that the fractional occupan- 
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ties of sequences of nearest neighbor paral- 
lel planes containing only metal atoms vary 
periodically with distance, with the vacan- 
cies within the planes distributed randomly 
with the appropriate fractional occupancy. 
The occurrence of population waves of this 
type has been reported for the sulfides of 
titanium with structures based upon differ- 
ent stacking sequences of plane hexagonal 
sulfur layers for different stoichiometries 
(2). 

This concept of population wave struc- 
tures can be elaborated by allowing for fur- 
ther orderings within the planes based upon 
periodic variation of site occupancy. The 
simplest population waves correspond to a 
single reciprocal vector (k) (if T is a transla- 
tional symmetry operation of the substruc- 
ture then k * T is integral for all translations 
that remain and exp(2rik * r) is a basis 
function for the irreducible representation 
to which the order-disorder transition cor- 
responds). The k vector in question might 
be commensurate or incommensurate with 
the reciprocal lattice of the parent substruc- 
ture. More complicated structures result 
from combinations of population waves 
which correspond to wave vectors equiva- 
lent by symmetry (in the same star), and 
thus corresponding to the same irreducible 
representation, and to combinations of 
wave vectors which are inequivalent by 
symmetry. According to Landau’s theory 
of symmetry and phase transitions (3) the 
defect ordering can occur via a continuous 
process only if the ordering corresponds to 
a single wave vector or to two or more 
wave vectors in a star, whereas defect or- 
derings corresponding to two or more in- 
equivalent wave vectors result from first- 
order transitions or from a succession of 
second-order processes. 

3. The Lu& Structure 

Figure 1 shows the structure found for 
Lu& (5) which was prepared by high-tem- 

0 Lu positions 01 X=0, IV2 

0 
Lu positions at X= ‘/4, 4 

FIG. 1. The Lu& structure viewed down the 
orthorhombic a axis. The population wave runs .L to 
the cubic (420) planes marked by A, B, etc. The sites 
have fractional occupancies as follows. (A) 0.54 at X = 
0, 3/4 and 0.84 at X = l/4, l/2; (B) 0.75 at X = 0, 3/4 
and 0.83 at X = l/4, l/2; (C) 0.83 at X = 0, 3/4 and 0.75 
atX= l/4, 1/2;(D)0.84atX=0,3/4and0.54atX= I/ 
4, 112. 

perature techniques. The high-temperature 
experiments demonstrated that stoichiome- 
tric Lu& vaporizes congruently in the 
range 1670 < T < 1970°C (6) and that the 
melting temperature of Lu& is approxi- 
mately 1970°C. The Lu& structure was as- 
sumed to have Fddd symmetry with the lat- 
tice parameters: a = 10.747 (3) A (= 2 x 
5.374 A), b = 22.813 (6) H, (= 3X5 x 5.377 
A), and c = 7.602 (2) A (= V? x 5.375). 
The structure can be described in terms of 
Lu-atom population waves on the negligi- 
bly distorted NaCl-type lattice. The metal 
atom layers in sequential (42O),,bic planes 
have average fractional occupancies in the 
sequence 0.54, 0.75, 0.83, 0.84, 0.83, 0.75, 
0.54 . . . ) with 0.84 fractional occupancy 
at x = l/4 and x = l/2 in the (420) planes 
which have minima at x = l/2 and x = 0. 
Thus the population waves along the [420] 
direction occur in pairs of layers along a 
(two such layers are shown in Fig. 1) and 
the waves are out of phase or sheared for 
adjacent pairs of layers. From the unit cell 
we can derive that the ordering corre- 
sponds to k = a*/2 + 2b*/3 + lc*/3. This k 
belongs to a set k* = {1/2a* + 1/2b* + I/ 
2c*} + p {b* - c*} and the group of k is Cz. 
This k point does not satisfy Landau’s 
fourth condition and should therefore lead 
to a noncommensurate structure, that is the 
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value of /J has no reason of symmetry to be 
precisely l/6. It is thus distinctly possible 
that the X-ray data have been forced into a 
commensurate space group symmetry 
framework which is slightly incorrect, the 
true structure being noncommensurate 
along the b-axis. The true symmetry would 
only contain a twofold in the b-direction 
and translational symmetry in the ac-plane 
and the symmetry would therefore not form 
a space group but instead one of the plane 
groups. Nevertheless, particularly if p is 
very close to l/6, the structure obtained 
probably gives as accurate a picture as ob- 
tainable by X-rays since all intensities were 
well explained assuming Fddd symmetry. 

Two features of this order-disorder tran- 
sition are remarkable. One is the lack of 
significant distortion of the cubic lattice in 
spite of the fact that 25% of the metal sites 
are unoccupied. This feature is common to 
Sci-,S and Zrl+S as well. The second re- 
markable feature is the fact that while Lu3S4 
is an expected stoichiometry, known for 
the rare-earths generally (e.g., in the Th3P4- 
type structure), it is obtained in this case in 
the form of a defect structure with no dis- 
cernable reason for the fixed 3 : 4 stoichi- 
ometry . 

It is interesting to note that SC& also 
crystallizes in a structure with Fddd sym- 
metry and lattice parameters 2 times (=a), 
e times (=b), and 32/2 times (=c) the 
NaCl-type lattice parameter. The S& 
structure occurs with a tripling of the peri- 
odicity perpendicular to the (42O),“w, planes 
resulting from an ordered 50% occupancy 
of the pairs of adjacent (42O)cubic planes in- 
terspersed by 100% occupied (42O)c”bic 
planes. The ordering in the half-occupied 
planes is such that, as in Lu&,, a sheared 
population wave results. The wave con- 
sists, at heights 114 and l/2, of the sequence 
of populations: four (420) planes fully occu- 
pied, two (420) planes empty, four (420) 
planes fully occupied, two (420) planes 
empty . . . , and at heights 314 and 0 the 

same sequence occurs shifted by three in- 
terplanar spacings. 

4. Tbe Sq-$3 Structure 

Defect scandium monosulfide has been 
prepared by high-temperature vaporization 
of the monosulfide. The high-temperature 
experiments showed that SC~.~S vaporizes 
congruently in the interval 1600 < T < 
1950°C (7). A second-order order-disorder 
process at ca. 700°C has been shown to 
yield a population wave structure (k = (a* 
+ b* + c*)/2) in which the vacancies are 
radomly distributed within the scandium 
containing planes perpendicular to the [ 1111 
direction, and the fractional occupancies 
within these planes alternate along the [ 1111 
direction (8, 9) resulting in the rhombohe- 
dral cell shown in Fig. 2. This process has 
been found to meet the Landau conditions 
for a second-order phase transition (see Ap- 
pendix). An analysis of the order-disorder 
process, in comparison with other single k 
order processes, using a point charge ionic 
model (8) shows that several alternate or- 
derings would have lower Madelung ener- 
gies and lower free energies, and thus that 
the driving force for the ordering has its 
origin in effects other than those associated 
with Madelung energies. 

FIG. 2. Lattice of the k = (a* + b* + c*)/2 (rhombo- 
hedral) superstructure and the cubic structure corre- 
sponding to the star of k. 
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Electron diffraction and lattice images of 
Sci-,S slowly annealed to room tempera- 
ture from 700°C give evidence of further or- 
dering at temperatures in this interval (10). 
A variety of orderings are indicated. In one 
of the cases satellite diffractions in the (111) 
and (200) zones occur at incommensurate 
points nearly l/3 (actually 0.346) of the dis- 
tance between the substructure reflections 
indicating the occurrence of incommensur- 
ate population waves with the average 
repeat distance along the waves in the 
directions perpendicular to the [ 11 l]cusic 
directions corresponding to 2.89 interplanar 
spacings along those directions (10). The 
diffraction patterns, and their behavior 
upon electron beam annealing, as discussed 
in Ref. (IO), suggest that the principal low- 
temperature ordering effect is the formation 
of a single k population wave perpendicular 
to the cubic body diagonal with a wave- 
length slightly less than 3 times the inter- 
planar spacing and that the observed dif- 
fraction patterns exhibited threefold 
rotational symmetry because of diffraction 
maxima arising from domains correspond- 
ing to different k vectors in the star of k. As 
has been pointed out by Haas (II) a transi- 
tion corresponding to an incommensurate 
wave vector is not subject to the fourth 
condition of Landau (3) and since pure, sin- 
gle k ordering will always correspond to a 
single irreducible representation of the 
space group, the transition can be continu- 
ous provided there are no third-order invar- 
iants. 

The question of third-order invariants 
raises an interesting point. The wave vector 
corresponding to an order-disorder transi- 
tion in a rhombohedral lattice is equivalent 
by symmetry to two vectors related to it by 
rotation by 120 and 240” about c*. If the 
wave vector is perpendicular to c* the sum 
of these three vectors is zero, and thus the 
three degenerate basis functions for the 
translational subgroup form a product 
which is invariant under the translations of 

the group. Since the basis functions for the 
order-disorder process are symmetric un- 
der the rotational symmetry operations of 
the point group of the wave vector, i.e., 
they transform as the totally symmetric 
small rep, it follows that there is a third- 
order invariant corresponding to processes 
with ordering perpendicular to c*. Thus if 
the vacancy ordering process is to occur 
continuously then it must correspond to a k 
point not in the basal plane. This fact per- 
haps explains the observation (IO) of dif- 
fuse streaking between_the satellite reflec- 
tions observed in the (220) zone, i.e., there 
occurs a stacking disorder in the population 
waves along the [ 1111 direction. 

Some electron diffraction patterns from 
some of the Scr-,S crystals exhibited dif- 
fraction maxima characteristic of doubling 
of lattice periodicities. Since this doubling 
is a prominent feature of Zri-,S the discus- 
sion of the ordered structure corresponding 
to the doubling is left for the next section. 

5. The Zrl-$3 Structure 

Recently X-ray analysis of Zri-,S sam- 
ples annealed at 1400-1500°C for 8-10 hr 
yielded the result that vacancy-ordered 
Zrl-,S exists over a rather narrow range of 
homogeneity with ZrlS = 0.775 + 0.010 
(12) a result which is in excellent agreement 
with the value 0.77 obtained previously 
(23). The structure has been determined by 
X-ray diffraction (13) and the lattice param- 
eters of the vacancy-ordered structure (C21 
m symmetry) were found to be a = 10.35 8, 
(= 2 x 5.185 ii), b = 10.31 ii (= 2 x 5.16 
A), c = 7.33 A (= fi x 5.18 A), and /3 = 
135.1” (undistorted /3 = 135.0”). A reexami- 
nation of the data reported in Ref. (13) sug- 
gests (taking slight liberties with the occu- 
pancy data of Table I) that the sites labeled 
c, d, e, and f can be taken to be equally 
populated (within error limits), and thus the 
structure could be described by a: 100% oc- 
cupied, b: 27% occupied, c,d,e,f: 74% oc- 
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TABLE I 

PERCENTAGE OF OCCUPANCIES OF Zr SITES IN 

Zh 77s 

Site % occupancy 
(Wyckoff notation) (Ref. (13)) Error 

107 28 
27 28 
63 +8 
79 +8 
69 *7 
85 t7 

cupied. This structure is face-centered cu- 
bic with a = 10.4 A, twice the rock-salt 
value. The large cubic structure arises from 
alternate ordering of vacancies in the metal 
containing planes along the body diagonals, 
i.e., corresponds to the vectors in the star 
of k = (a* + b* + cm)/2 (see Appendix). 
This ordering doubles the periodicity in di- 
rections perpendicular to the [ll l] direc- 
tions as well as along that direction. Elec- 
tron diffraction patterns for ZrlJ (14) 
show a doubling which corresponds to this 
structure, as well as a tripling similar to the 
near tripling found for SC,-$3. It can be 
concluded that the ordered structures of 
both Scl-,S and Zt--,S can be considered 
to have originated from essentially the 
same two subsequent second order pro- 
cesses. The first process can be labeled by 
the star kl = (a* + b* + c*)/2 the second by 
the star of k2 = (a* - b*)/3. As shown in the 
Appendix the first process can either lead 
to a R3m cell if the ordering corresponds to 
one k in the star of k, or else in a larger 
cubic cell if it corresponds to a function in 
which all k’s in the star of k, are linearly 
combined. (In SC,-,S the single-k, kl transi- 
tion dominates, in Zt-_,S the all-k transi- 
tion dominates.) The subsequent kl transi- 
tion destroys the threefold symmetry in 
either case and allows the structure to go 
noncommensurate since its k is not forced 
by reasons of symmetry to maintain a com- 
mensurate value. 

Again, we should note that in “solving” 
the Zri-$3 structure the X-ray data may 
have been forced into a commensurate 
framework that was not strictly justified. 
Moreover we may note that a “mono- 
clinic” departure from the large cubic cell 
in Zri-$3 could be associated with the de- 
struction of the cubic symmetry by the non- 
commensurate k2 wave. 

The Landau theory of symmetry and 
phase transitions allows second-order tran- 
sitions to both the large cubic and the Rjrrz 
structures from the NaCl-type (disordered, 
NaCl-type, Zr,-$3 was not observed by 
Nguyen (12), although it seems likely that it 
does exist at highly temperatures and not in 
the quenched samples). 

6. Conclusions 

Scr-$3, Zr,-,S, and Lui-$3 show some 
notable similarities in their defect chemis- 
try. All occur with an excess of 20% vacan- 
cies on the metal sublattice of the NaCl- 
type structure. All are stable at elevated 
temperatures and exhibit vacancy ordering 
at lower temperatures. A striking feature of 
the three materials is that in spite of the 
very large concentrations of vacancies and 
the marked lowering of symmetry, the cu- 
bic lattices remain basically undistorted. It 
has, as a result, only been possible to sug- 
gest plausible structures for the vacancy- 
ordered solids because under this circum- 
stance it is not possible to unambiguously 
differentiate diffraction effects arising from 
more than one domain. Nonetheless the fol- 
lowing conclusions regarding the periodici- 
ties of the various ordered structures indi- 
cate an interesting similarity in their 
origins. 

The low-temperature structures of the 
defect-monosulfides mentioned above: (a) 
the R3m (Fig. 2a) structure that results 
from the k = (a,X + b,* + c3/2 ordering in 
alternate (111) planes, (b) the idealized tri- 
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pling of this structure that corresponds to k 
= (a,* - b:)/3 (equivalent to tripling along 
the [42O],“bic direction), (c) the large cubic 
structure that results from a superposition 
of orderings of type a, i.e., corresponding 
to vectors in the star of k = (a? + b,* + cZ)/ 
2, (d) the incommensurate structure of 
Sc,J that results from a long period mix- 
ing of b and c, and (e) the Fddd structure of 
Lu& and SC&, are clos$y related. The 
relationship between the R3m and the large 
cubic structures corresponding to one or 
more than one k vector of the (a* + b* + 
c*)/2 type has been discussed. 

A mixing of cases b and c results in a 
sextupling of the periodicity perpendicular 
to the [ll l]cubic direction (along the [220] 
direction). Examination of an atypical 
(224)cubic electron diffraction zone photo- 
graph from the pervious study (10) shows 
rows of diffraction maxima midway be- 
tween those arising from the NaCl sub- 
structure, as well as those at roughly l/3 
and 213 of the distance between the sub- 
structure rows and some weak reflections 
at l/6 of the distance, providing clear evi- 
dence for this sextupling. Therefore in the 
case of Lu& it is interesting to note that 2/ 
3a* + 1/3b” + 1/2c* = (a* + b* + c*)/2 + 
(a* - b*)/6 which also has a sextupling 
component perpendicular to a [l 1 l]cubic di- 
rection. It is thus apparent that the Lu& 
structure is one (simultaneous) way to or- 
der vacancies corresponding to doubling 
along [ 11 l]c,-bic and doubling/tripling along 
the perpendicular to [ 11 l]cubic, in addition to 
the other ways in which this can be ac- 
complished, i.e., through two subsequent 
second-order transitions leading to the in- 
commensurate structures of SC,-,S or 
Zr,+S. 

Studies of soft-mode behavior in YS, a 
related NaCl-type, superconducting early 
transition-metal sulfide, showed a softening 
of the longitudinal frequencies (15) which 
could be correlated with population wave 
formation of the type described here. 

Appendix 

The orderings corresponding to doubling 
of the periodicity along the cubic body diag- 
onals [ill], [Ill], [ill], and [Ill] are con- 
sidered. The discussion is limited to the to- 
tally symmetric small rep of the star of k = 
(a* + b* + c*)/2. If the differences between 
the disordered electron density and that in 
the ordered structure are labeled $i, $2, &, 
and &, according to the diagonal along 
which the ordering occurs, then the most 
general form for the ordered electron den- 
sity is 

P 
ordered = 

pdisordered 

+ (r,$, + Y242 + Y343 + Y4+4h 

where 71 is a disorder parameter and the yi’s 
are normalized such that X$ = 1 (3). Ex- 
pansion of the Gibbs free energy yields 

G = G” + Aq2 + C, Zy; 

+ c2 2 hi’ + c3YIY2Y3Y4 v4 
i<j 1 

where it has been recognized that Cyf = 1 is 
the only second-order invariant, there are 
no third-order invariants in this case, and 
the several fourth-order invariants are as 
shown. Minimization of G with respect to 
the y’s yields yl = 1, y2 = y3 = y4 = 0 as the 
stable solution if C1 > 0 and C2 > 0, and two 
solutions if C, > 0 and C2 > 0, namely yl = 
y2=yX=y4= 1/2ifC3<Oandy,= y2= y3 
= -y4 = l/2 if C3 > 0. The first solution, 

p- 
ordered = pdisordered + 74, corresponds to the 

R3m ordering in Scr_,S, the second solu- 
tion corresponds to a Fm3m cubic-ordered 
structure, with “large” cubic unit cell, and 
the third solution, pordered = pdisordered + 71 

(4, + & + r$3 - $4) corresponds to an alter- 
native large cubic structure with Fd3m 
symmetry. The relationship among the cells 
is shown in Fig. 2. 
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