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For compounds of the type M,Xj (BizTe3, Bi*Se,, SbZTe,), doping with Ge (Sn or Pb), as well as 
addition of excess cations, leads to the formation of continuous series of 1 D superstructures which 
can now be characterized by means of electron microscopy. The systems GesBizTel and Bi,+,Se, are 
discussed as model systems. Analysis of the electron diffraction patterns with the fractional shift 
method suggests the superstructures are built up of sequences of five- and seven-layer lamellae. This 
interpretation is confirmed by direct (high resolution) images. From a comparison between experimen- 
tal high resolution iwages and computed images, a model for the five- and seven-layer lamellae is 
presented. A modified “cut and projection” method is described and applied to derive the sequences 
of “5” and “7” bands from the (approximate) q-values of the (quasi)commensurate diffraction pat- 
terns. 0 1990 Academic Press. Inc 

1. Introduction 

The compounds of the type M2+sX3 with 
M = Sb, Bi and X = Te, Se have been the 
subject of intense study, especially since it 
was found that the diffraction patterns and 
therefore the crystal structures seem to 
change rapidly and nonsystematically with 
the metal excess 6, very long period super- 
structures being formed (1). Also the effect 
of the substitution of Bi and Sb by other 
metal atoms such as Ge, Pb, Sn . . . on the 
structures has been studied because these 
doped compounds are of interest for ther- 
moelectric applications. In particular struc- 
tures were proposed for compounds such 
as PbBi4Te7 (2, 3), PbBizTe4 (2), SnBizTed 
(2), SnSbzTed (2, 4), GeB&Te7 (2, 5), Ge 
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B&Ted (6), GeSb2Te4 (9, and GeSb4Te7 (8). 
However, some of the structures deter- 
mined from textured electron diffraction 
patterns (3, 4) have not been confirmed by 
X-ray diffraction (2). 

It was proposed that in the compounds 
Bi2+&Te3 and Biz+$e3 excess bismuth is ac- 
commodated in the 15layer structure by 
the periodic insertion of bismuth double 
layers (I, 9). However, this model does not 
seem to provide a satisfactory explanation 
of the observations (I, 10). 

“Modulated structures” in Ge-doped 
BizTej were reported by Predota et al. (II). 
Some uncertainty remains concerning the 
way germanium is incorporated in these 
compounds. In this paper we will show that 
the structures in the system (Bi, Ge)2+8Te3 
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FIG. 1. Schematic representation of (a) the BiTe and (b) the Bi2Te3 structure. 

can be considered as one-dimensional be considered to be an interface-modulated 
quasi-crystals built from two structural structure derived from the NaCl-type struc- 
units, i.e., two types of lamellae with differ- ture, the interfaces being the pseudo Van 
ent thicknesses. der Waals gaps. Extracting every sixth 

close packed bismuth layer from the (hypo- 

2. Structural Considerations thetical) BiTe structure (2) and closing the 
gaps created in this way by a displacement 

The structures of compounds of the type over Q [OOOl], one obtains the structure rep- 
i&X3, such as Bi2Te3, can be represented resented below as (3) (Fig. la) 
by the stacking symbol (Fig. lb) 

APCaB CaByA BrA/3C A. . . . (1) 
A/3C aBy A/K cyBy AfiC CZBY. . . (BiTe) 

(2) 
The capital letters represent layers of tellu- 
rium atoms (X) and the Greek letters stand 
for layers of bismuth atoms (M). There are 
three five-layer lamellae in the repeat dis- 
tance along the threefold axis, because the 
symmetry is rhombohedral. The bismuth 
atoms occupy the octahedral interstices in a 
cubic triplet of tellurium layers, forming 
ionically bonded five-layer lamellae. The 
five-layer lamellae themselves are held to- 
gether predominantly by Van der Waals 
forces, but the bonding has also partly ionic 
character (12). Formally the structure can 

A/3&B A/3&B ADCaB . , . (BizTej). 
(3) 

Further shifting of succes$ve five-layer la- 
mellae over the vector 5 [ 1 1001 results in the 
sequence (l), i.e., the observed structure 
represented by the stacking symbol “5” or 
15R. The M2XJ structure can thus be de- 
rived from the NaCl-structure MX by shift- 
ing successive five-layer lamellae limited by 
Xatom layers over a displacement vector Q 
[2201], when referred to the hexagonal de- 
scription of the NaCl-type structure. In the 
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structure so formed, the stacking mode is 
cubic, but the separation of successive 
atom layers is modulated with the five-layer 
period (13). 

Similarly one can generate from the MX 
compound a structure with composition 
M3X4 by extracting every eighth M layer 
and closing the created gap in the same way 
as described above. One thus obtains a 21- 
layer rhombohedral structure consisting of 
three seven-layer lamellae represented by 
“7” or 21R. 

Structures with a composition intermedi- 
ate between those of M2X3 and M3X4 can 
formally be obtained by mixing MIX3 and 
M3X4 lamellae in the appropriate propor- 
tions. We shall present evidence that this 
happens in compounds such as Bi2+*Te3, 
Bi2+8Se3, and (Bi, Ge)z+sTej. It is further- 
more possible to extend at least formally 
this kind of reasoning to the formation of 
nine-layer lamellae with a composition 
M4XS and also, for decreasing M content, 
to structures MX2 of the cadmium iodide 
type. 

3. Sample Preparation 

Compounds with overall compositions 
(M, Ge)2+8X3 and M~+sX~, 0 % 6 5 0.4, 
were synthesized by mixing the constituent 
elements, subsequent melting in a quartz 
tube, annealing during 5-8 days at 400- 
450°C) and quenching to room temperature. 
Samples suitable for electron microscopy 
were obtained by depositing crushed mate- 
rial on copper grids dipped in glue. Gener- 
ally, the as-prepared compounds were 
found to be inhomogeneous, containing dif- 
ferent superstructures. Variation of the an- 
nealing conditions did not significantly im- 
prove the homogeneity of the samples. 

4. Diffraction Patterns 

4.1. The BizTe3 Structure 

We shall now illustrate how the diffrac- 
tion pattern of BizTe3 can be related to that 

of the NaCl-type structure, based on the 
formal way of deriving the structure of 
Bi2Te3 from that of BiTe as described 
above. According to the literature, BiTe 
and BiSe can adopt the NaCl-type structure 
(14). However, our results are independent 
of the actual occurrence of this structure 
for BiTe. 

The reasoning is based on the geometry 
of the diffraction pattern of an interface- 
modulated structure. For such a structure 
the superstructure spots arise at positions 
given by (15) 

g = H + l/d (m - H . R)e,, (4) 

where H describes the positions of the 
spots caused by the basic structure (i.e., the 
unshifted structure); d is the average dis- 
tance between the interfaces, which are as- 
sumed to be all of the same type and which 
have a displacement vector R; e, is the unit 
vector perpendicular to the interfaces; m is 
an integer. 

The [lOTO]-zone diffraction pattern of 
Bi2Te3 is shown in Fig. 2a. The distance 
between the most intense spots along the 
[OO.l]* row corresponds to the average in- 
terlayer spacing d, = 0.2032 nm. The dis- 
tance between the weaker superlattice 
spots corresponds with an interplanar spac- 
ing equal to the thickness of the five-layer 
lamellae, i.e., d5 = 1.01 nm. The second 
and third reflections in the sequence are the 
most intense superlattice reflections. These 
features can be understood, at least qualita- 
tively, by the fractional shift method on 
which the expression (4) is based. 

The basic NaCl-type structure would 
produce a [lOiOJ zone pattern with spots at 
the positions indicated by crosses in Fig. 
2b. The central 0001 row perpendicular to 
the layer planes would exhibit spots at HO = 
0002 (corresponding to dl = l/H,,) and at 
0001 (corresponding to d2 = 2d,). 

The superstructure generated from the 
NaCl-type structure in the way described 
will produce sequences of equidistant su- 
perstructure spots, their spacing being l/d5 
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FIG. 2. (a) Diffraction pattern of pure B&Te, . (b) Schematic representation of the diffraction pattern 
shown in (a). Small, medium, and large dots correspond to the BizTe3 pattern. Large dots and crosses 
correspond to the BiTe pattern. 

= (4) (l/d,). Along the 0001 rows the frac- 
tional shifts H * R are 0 (mod 1) for H = 
0000, 0002, and 4 (mod 1) for H = 0001, 
0003. The second and third spots can be 
considered as being generated by the sym- 
metrical splitting of the 0001 spot, the mag- 
nitude of the splitting being given by q = 
(A) (1 /dJ = 1 /d5 and the fractional shift by 
B. The first and fourth spots are derived 
from the basic spots 0000 and 0002 by a 
shift over 0 (mod 1) of the same magnitude 
q. These relationships are shown schemati- 
cally in Fig. 2b. The second and third spots 
are more intense than the first and fourth 
because the former are closer to the posi- 
tions of the associated basic 0001 spot than 
the latter to the 0000 and 0002 spots (15). 
The hKO1 rows of spots all have the same 
geometry as the 0001 row, but they are 
shifted by 3 of the interspot spacing along 
the c*-direction, in agreement with the dis- 
placement vector and with the rhombohe- 
dral symmetry. 

This somewhat formal way of interpret- 
ing the diffraction pattern of BizTeX may 

look unnecessarily complicated; however, 
the same method “mutatis mutandis” also 
allows us to interpret the more complex su- 
perstructure diffraction patterns, commen- 
surate as well as incommensurate. 

4.2. Commensurate Diffraction Patterns 
in (Ge, Bi)z+aTe3, Biz+aTej , and Bi&?e3 

We shall first discuss the diffraction pat- 
terns due to commensurate structures. The 
diffraction patterns along the zone perpen- 
dicular to the cleavage plane do not exhibit 
any superlattice spots in any of the com- 
pounds, suggesting that the germanium at- 
oms in the germanium-containing com- 
pounds are either distributed at random in 
the layer planes or that they occur as com- 
plete close-packed layers, parallel with 
those of the parent structure. Since there is 
evidence for superstructure formation from 
diffraction patterns along other zones, also 
in the compounds with excess Bi, we con- 
clude that presumably the Ge (or the excess 
Bi) are taken up either as full layers or that 
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FIG. 3. Central rows (0001) of the diffraction patterns 
of different commensurate phases in the (Bi, Ge)?+,Tez 
system. (a) 66R with stacking sequence “5557.” (b) 
51R with stacking sequence “557.” (c) 12H with stack- 
ing sequence “57.” (d) 21R with stacking sequence 
“7.” (e and f) Incommensurate patterns. (g) (0001) 
Row of the 12H phase in Bi,+,Se,. The q-value is indi- 
cated in (b) and (e). 

Ge is incorporated in the Bi-layers in a ran- 
dom fashion. 

Representative 0001 rows of diffraction 
spots for different phases are represented in 
Fig. 3, wheress a complete diffraction pat- 
tern along [lOI for one of the structures is 
shown Fig. 4a. We shall analyze only the 
latter pattern in detail, the others being 
analogous. The most intense spots still cor- 
respond with an interlayer spacing d, . The 
interspot distance 0000-0002 is divided into 
17 equal intervals by superstructure spots 
in the manner shown schematically in Fig. 
5c. Moreover, superstructure spot se- 
quences in rows parallel to c* (Fig. 4a) are 
shifted by 4 of the interspot separation as 
indicated by white lines, showing that the 
superstructure is rhombohedral, as is the 
basic structure (Fig. 2). In Fig. 5c we have 
indicated by crosses the positions of the 
spots caused by the basic BizTej structure. 
It is clear that the most intense superstruc- 
ture reflections occur close to spot posi- 
tions of the basic structure. The linear se- 
quences of superstructure spots connected 
by brackets in Figs. 5a and c are fraction- 

FIG. 4. (a) Diffraction pattern of the SlR phase in (Bi, Ge)2+sTeS along a zone parallel with the close 
packed rows of atoms. Note that the distance between two basic spots is divided in 17 intervals. (b) 
Diffraction pattern along the same zone of the 138R phase. The pattern is pseudo-incommensurate. 
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FIG. 5. Schematic representation of the (0001) row of some diffraction patterns of Figs. 3 and 4: (a) 
138R; (b) 12H; (c) 51R. The respective q-values and the satellite sequences are indicated. 

ally shifted with respect to these basic 
spots; the fractions are indicated. These ob- 
servations suggest that the superstructure 
still predominantly consists of five-layer la- 
mellae of the Bi2Te3 structure, which are 
displaced one relative to the next over R 
such that H . R, the fractional shift at H, is 
equal to the observed fractional shift at the 
reflection H of the “basic” structure which 
is now the M2X3 structure. The component 
of R along the c-axis can be deduced imme- 
diately from the observed shifts. Let R 
[U u * w] be the displacement vector refer- 
ring to the superlattice. Then for H = 0003 
(M2X3), we must have H * R = 3w = g; i.e., 
w = &. This value of w also leads to the 
observed fractional shifts for all reflections 
in the sequence. Since the basic structure 
contains 15 layers, this shift corresponds to 
the insertion (or the extraction) of 2 layers. 
High resolution images (to be discussed be- 
low) indicate that the stacking mode of all 
layers, including the inserted one, remains 
cubic. Inserting 2 layers is thus only possi- 
ble if at the same time also a relative shear 
between two lamellae over 5 [liOO] occurs 
(referred to a hexagonal reference frame). 

In the literature it is suggested that in 
Biz+8Te3 and in Bi2+$e3 compounds a con- 
tinuous series of phases is formed, accom- 
modating the excess bismuth atoms as dou- 

ble Bi-layers inserted between the 5-layer 
lamellae (2, 9). On the other hand, in the 
Ge-containing compounds it is suggested 
that 7-layer lamellae occur with a layer se- 
quence Te-Bi-Te-Ge-Te-Bi-Te in a 21- 
layer rhombohedral structure (7). One 
could imagine the excess bismuth being in- 
corporated in a similar way, i.e., by the for- 
mation of 7-layer lamellae Te-Bi-Te-Bi- 
Te-Bi-Te (and similar for the Bi-Se 
system). Both models introduce two excess 
layers between the MzX3 lamellae and thus 
give rise to the same observed fractional 
shifts and to the formation of 5- and 7-layer 
lamellae. In one case a bismuth double 
layer is inserted to form the 7-layer lamel- 
lae, in the other case a BiTe layer is in- 
serted. The 7-layer lamellae therefore have 
different compositions, i.e., BizTej + Bi2 = 
Bi4Te3 and Bi2Te3 + BiTe = Bi3Te4, respec- 
tively . 

Assuming the “B&” model, the 17-layer 
sequence for the 51R structure is 

Te Bi Te Bi Te 
5 

Te Bi Te Bi Te 
5 

Te Bi Te Bi Te Bi Bi, 
7 
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whereas for the “BiTe” model the se- 
quence is 

Te Bi Te Bi Te 
5 

Te Bi Te Bi Te 
5 

Te Bi Te Bi Te Bi Te. 
7 

Both sequences can be generated from the 
NaCl-type structure of BiTe by the periodic 
extraction of metal layers and closing of the 
gaps. For the first model the 6th and the 
12th bismuth layers and the 19th tellurium 
layer have to be extracted from the NaCl- 
type structure. For the second model the 
6th, the 12th, and the 20th bismuth layers 
have to be extracted. In both cases the dis- 
placement vector is Q [ 11 l]N,ci for all inter- 
faces and the average distance between the 
interfaces is also the same, i.e., 17/3d, (the 
q-value is A (1ldJ). The geometry of the 
[hk . 0] diffraction patterns will thus be the 
same for the two models. In the “BiTe” 
model the midplanes of the lamellae are 
mirror planes in the sequence, whereas in 
the “Bi2” model this is not the case. More- 
over, in the latter case it is not clear to 
which of the two adjacent S-layer lamellae 
the Bi2 layers have to be attached in order 
to form the 7-layer lamellae. It is thus not 
possible to distinguish between “557557 
. . . ” and “755755 . . . ,” but this is irrel- 
evant anyway since these sequences repre- 
sent the same structure. 

Without deciding at this stage between 
the two models, we can analyze the ob- 
served diffraction patterns in terms of 
structures built from two basic units: a five- 
and a seven-layer lamella. 

In all (commensurate) diffraction pat- 
terns discussed so far, the distance between 
the spots 0000 and 0002 of the basic NaCl- 
type structure is divided into a number of 
intervals which can be written as the sum of 
5s and 7s. The 0001 rows of some observed 

patterns are reproduced in Fig. 3; for some 
of them the q-value is indicated; the num- 
ber of intervals is 5 (Fig. 2), 7 (Fig. 3d), 12 
(Fig. 3c), 17 (Fig. 3b), and 22 (Fig. 3a), re- 
spectively. This suggests that a description 
of the structures in terms of 5- and 7-layer 
lamellae is meaningful. In particular in Fig. 
3b the distance between 0000 and 0002 is 
divided into 17 equal intervals. The spots 
“7” and “10” are the most intense ones, 
because they are closest (at a distance [Hq) 
to the 0001 spot positions (marked by 
crosses in Fig. 5c) from which they are de- 
rived. The fractional shift is thus + (mod 1) 
for H = 0001. The spots “3” and “14” are 
the second most intense ones because they 
are satellites derived from the basic spots 
0000 and 0002, but they are separated from 
these spots by a distance q, i.e., the frac- 
tional shift is 0 (mod 1). The intensities of 
all superstructure spots in a sequence (con- 
nected by brackets in Figs. 3 and 5) de- 
crease with increasing separation from the 
basic spot from which they are derived. 
This is in accordance with the predictions 
of the theory on which the fractional shift 
method is based (25). These considerations 
allow us to deduce the q-vector; in the 0001 
row this vector joins the origin with the first 
intense satellite. The same q-vector also 
connects the two symmetrically located in- 
tense spots around the 0001 positions. The 
diffraction patterns of the other commensu- 
rate phases have the same general charac- 
teristics as the 51R pattern. Some of the 
patterns are represented schematically in 
Fig. 5, in which also the fractional shifts are 
indicated; the fractional shifts are the same 
for all phases, but the interspot separations 
in the satellite sequences, i.e., the q-values, 
are of course different for the different 
phases. 

In some germanium-rich compounds 
commensurate diffraction patterns such as 
the one shown in Fig. 6b were found. The 
distance between 0000 and 0002 is now di- 
vided in nine intervals; i.e., within experi- 
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FIG. 6. (a) Central row of a pseudo-commensurate pattern observed in the same specimen as (b). The 
measured q-value is about &. (b) Central row (0001) of a commensurate pattern in a Ge-rich specimen. 
The distance between basic spots is divided in nine intervals, suggesting a (Bi, Ge)4Te5 structure. 

mental error one finds q = ($)H,,. This sug- 
gests the existence of nine-layer lamellae. 
The most obvious explanation is to con- 
sider lamellae with the following sequence 

X-M-X-M-X-M-X-M-X, 

where the M layers contain germanium as 
well as bismuth. The positions and relative 
intensities of the spots are consistent with 
this interpretation; the two most intense 
spots symmetrically situated around the 
center again result from the splitting of the 
0001 basic reflection. 

4.3. Incommensurate Diffraction Patterns 

Some of the patterns, such as that in Fig. 
4b, can be indexed as commensurate pat- 
terns, but this would imply the use of a 
large repeat distance and moreover the 
monotonic decrease in intensity in the sat- 
ellite sequences would not be obeyed. It is 
therefore more realistic to consider these 
diffraction patterns as incommensurate and 
based on a q-vector which is not very dif- 
ferent from that found in the commensurate 
structures. The q-vector is indicated in Fig. 
5a. A rational approximant is q = (&Ho. A 
hint as to the choice of the q-vector is pro- 
vided by the separation of the two intense 
spots symmetrically located with respect to 

the center (i.e., the 0001 basic position) of 
the satellite sequence. The pattern is ana- 
lyzed further below. 

In the germanium-rich compounds in 
which the ninefold period was discovered, 
one also finds incommensurate patterns of 
the type reproduced in Fig. 6a. The inter- 
satellite spacing within a sequence is 
smaller than (+)H,,; it is thus not possible to 
construct a sequence based on five- and 
seven-layer lamellae and have an average 
spacing that would lead to the observed in- 
terspot spacing. Therefore it is necessary to 
introduce lamellae with more than seven 
layers. As a consequence, it seems reason- 
able to mix seven- and nine-layer lamellae. 
We discuss this case further below. 

5. High Resolution Images 

High resolution images were obtained 
along the close-packed directions in the 
close-packed layer planes; in this way atom 
columns can be imaged as bright (or dark) 
dots and the layer stacking can be deduced 
directly from the images. Both Bi and Te 
atom columns are imaged. Along the direc- 
tions 1 and 2 indicated in Figs. 7 and 8, the 
rows of bright dots are straight, showing 
that the stacking mode of the layers is cubic 
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FIG. 7. High resolution image of the 51R phase (sequence “557”). 

close-packed. The image corresponding to 
a 51R diffraction pattern is reproduced in 
Fig. 7, and a more complicated sequence is 
reproduced in Fig. 8. It is clear that rows of 
extra-bright dots, forming bands with two 
different spacings, are present; they are in- 
dicated in both figures. The narrow bands 
contain four roughly equidistant rows of 
dots between the two outer rows of extra 
bright dots. The wide bands are often visi- 
bly separated in three narrow bands; they 
contain six roughly equidistant rows of 
bright dots between the two limiting rows of 
extra-bright dots. Among these six rows, 
two rows usually consist of somewhat 
brighter dots; these are separated from the 
limiting rows by one row of weaker bright 
dots. 

Associating bright dots with atom 
columns, the narrow bands can be regarded 
as images of the five-layer lamellae (repre- 
sented by the symbol “5”) and the wider 
bands as images of seven-layer lamellae 
(represented by the symbol “7”). The suc- 
cession of lamellae is clearly “557,” 
whereas in Fig. 8 it is “55755757” with 
some faults, even though it is not always 
unambiguous which is the 5-band and 
which is the 7-band in adjacent bands. In 
this respect it is in fact often more conven- 
ient to limit intentionally the resolution and 
form a one-dimensional fringe pattern using 
a central row of 0001 reflections for imaging. 
Such a one-dimensional image is shown in 
Fig. 9, where 5- and 7-bands can clearly be 
distinguished as fringes with a different 
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FIG. 8. High resolution image of the 138R phase (sequence “55755757”) which produces the diffrac- 
tion pattern of Fig. 4b. 

spacing. The image of Fig. 9 represents the difference in brightness of the dots imaging 
sequence “57” = 12H. Figure 10 shows a the two kinds of atomic columns is ex- 
high resolution image along the same zone pected to be larger in this case. The dots in 
of the 12H phase in Bi2+8Se, (the 0001 row Bi2+$e3 have indeed two significantly dif- 
of the corresponding diffraction pattern is ferent brightnesses in Fig. 10. This is con- 
reproduced in Fig. 3g). The image clearly sistent with the atomic column approxima- 
exhibits the “5” and “7” lamellae which tion (16). In a five-layer lamella there are 
alternate in the 12H structure (“57”); this two rows of bright dots sandwiched be- 
image also confirms the overall cubic stack- tween three rows of less-bright dots, 
ing. Since Se and Bi have a larger differ- whereas in the seven-layer lamellae there 
ence in atomic weight than Te and Bi, the are three rows of bright dots sandwiched 



FIG. 9. Lattice image of the 12H phase, wide (“7”) and narrow (“5”) bands alternate. 

FIG. 10. High resolution image of the 12H (“57”) phase in Bi,,, Sej. All atom columns are resolved; 
the brightest dots image Bi columns. 

324 
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between four rows of less-bright dots. Such 
an image can consistently be interpreted 
only if the brightest dots are associated 
with Bi columns and the less-bright dots 
with Se columns. These observations were 
made in a compound with nominal compo- 
sition B&Se,, . After a long annealing treat- 
ment (2~ at 350°C) we obtained predomi- 
nantly the 12H phase. With the 5-bands 
having the composition B&Se3 and the 7- 
bands the composition Bi$e4, the overall 
composition of the 12H structure would be 
B&Se7 or BigSe12.6. If on the other hand the 
7-band contains a Bi double layer, its com- 
position would be B&Se3 and the overall 
composition of the 12H structure would be 
Bi6Se6. It is quite evident that the central 
layer model leads to a composition which is 
much closer to the macroscopic composi- 
tion than the Bi double layer model. How- 
ever, according to the macroscopic compo- 
sition, the expected structure should be 
“5557.” The excess selenium in BigSe13 is 
possibly present in separate 5-lamellae, the 
material being two-phase “57” + “555.” 
Alternatively, antistructure defects may be 
present. In B&+&Se3 the 12H phase seems to 
be particularly stable, since it is apparently 
found in a wide composition range; this is 
the subject of further research. 

The high resolution images thus strongly 
support the assumption that the diffraction 
patterns have to be interpreted in terms of 
five- and seven-layer bands. The phases 
discussed here form a simple model system 
producing structures consisting of lamellae 
with two different thicknesses (5 and 7) and 
in which the relative abundances of the two 
types of lamellae are composition-depen- 
dent. 

6. Derivation of Layer Sequences 

Sequences of lamellae of two different 
thicknesses l(arge) and s(mal1) can give rise 
to diffraction patterns consisting of sharp 
snots. provided such seauences are aener- 

ated by an appropriate algorithm, ensuring 
the best approximation to an equidistant se- 
quence which can be achieved with the two 
types of lamellae. Such an algorithm is well 
known for ordered alloys, where use is 
commonly made of the Fujiwara square 
wave method to derive the stacking se- 
quence of cubic unit cells with a cell edge 
a,,, belonging to a given M-value and con- 
sisting of bands with widths ma0 and (m + 
1)~ (m is an integer) (17). In the present 
case this algorithm does not apply. In 1D 
superstructures consisting of two different 
lamellae with arbitrarily related thick- 
nesses, an algorithm was described by Katz 
and Duneau (18) for quasi-crystals, and by 
several other authors (e.g., 19, 20). We 
shall describe here a related approach 
which can be applied to incommensurate as 
well as to commensurate sequences. It is 
based on a geometrical construction in 2D. 
In direct space the construction proceeds 
as follows (Fig. 11): 

(i) Construct a lattice with a rectangular 
unit mesh based on (a, b). In this particular 
case la( = s = 5 and lb1 = 1 = 7 units (or 7 
and 9 units); but s/l can be incommensur- 
ate. 

(ii) Generate a “strip” by translating one 
such rectangle along a line with a direction 
enclosing an angle (Y with the u-direction, 
Figs. lla, llb, and llc. This angle (Y is re- 
lated to the q-value deduced from the ex- 
perimental diffraction pattern through the 
relation (see Appendix for the derivation of 
this expression): 

(Y = arctan {-[l(qs - l)]/[s(qZ - l)]}. (5) 

(iii) Construct a zig-zag path by connect- 
ing the lattice points within this strip, ap- 
proximating in this way in the best possible 
manner a straight line with slope aI, through 
the origin. The points are allowed to coin- 
cide with one of the limiting lines of the 
strin onlv: Figs. lla. llb. and llc. 
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FIG. 11. (a) Geometrical construction used to derive the stacking sequences of the five- and seven- 
layer lamellae for the different q-values observed: (a) 51R: “557,” q = (&)I&; (b) 138R: “57557557,” 
q = (&H,,; (c) 66R: “5557,” q = (&&; (d) Construction of the positions and the relative intensities of 
the diffraction spots of the patterns caused by the different phases. The directions of the lines (e) along 
which the slit function extends on both sides of each reciprocal lattice point is indicated for the 
different phases. The full line produces the 12H pattern; the dashed line the 51R pattern; the dotted line 
the 138R pattern. The width of the strip containing the nodes giving rise to observable spots is 
indicated for the 138R phase. (f) The shape of the slit function. 
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(iv) Project orthogonally the lattice 
points within this strip on a line L such that 
domains with the required ratio of sizes are 
obtained. In our geometry this line must en- 
close an angle of 45” with the a-direction in 
order to preserve the ratio 5 : 7. One thus 
obtains the desired succession of l(7) and 
s(5) domains; Figs. 1 la, 1 lb, and 1 lc. 

As a simple application, Fig. lla illus- 
trates the derivation of the sequence corre- 
sponding to q = (&)HO and thus (Y = arctan 
(0.7), Ho = 1 ld, . This leads to the 17-layer 
sequence “557” or 51R. The construction 
leading to the 22-layer sequence “5557” or 
66R is represented in Fig. llc. In Figs. 3e 
and 5a, the 0001 row of an apparently in- 
commensurate diffraction pattern is repro- 
duced; it is indicated by brackets how the 
different satellite sequences are connected 
with the basic spots. The fractional shifts 
with respect to the NaCl-type basic struc- 
ture are the same as in the commensurate 
case, but the q-value is different of course. 
Within experimental error, q can be ap- 
proximated by the fraction (&HO, leading 
to tan (Y = $&. The sequence predicted by 
the algorithm is then as represented in Fig. 
llb, i.e., “.57557557,” and it is periodic. 
This is of course a consequence of the fact 
that we have approximated 9 by a rational 
number. The structure is rhombohedral and 
the unit cell contains 46 x 3 = 138 layers. 
The high resolution image of Fig. 8, which 
corresponds, to this diffraction pattern, 
clearly exhibits the sequence deduced 
above. There are occasional deviations 
which can be understood by noting that q 
was approximated by a rational number, 
whereas in actual fact q is presumably in- 
commensurate. 

7. Theoretical Diffraction Patterns 

The “strip” method allows us to inter- 
pret not only the geometry but also the rela- 
tive spot intensities in the diffraction pat- 

tern. The present system is to the best of 
our knowledge the first 1-D system that 
gives rise to commensurate and incommen- 
surate superstructures containing lamellae 
with two arbitrarily differing thicknesses. 
In order to obtain the diffraction pattern of 
the 1-D sequence, we have to transform to 
reciprocal or Fourier space the operations 
performed in direct space (section 5). 
Translating this construction into recipro- 
cal space leads to the following operations 
(Figs. lld and 1 le): 

(i) Construct the 2-D reciprocal lattice 
(a*, h*) of the 2-D lattice based on (a, b). 

(ii) This reciprocal lattice must be convo- 
luted with the Fourier transform of the infi- 
nitely long strip with width D. This Fourier 
transform is a delta function in the direction 
parallel to the slit, and it is a function of the 
type [sin ~D.xl~Dx]e, along the direction 
normal to the slit (e,: unit normal to the 
direction of the slit). The shape of this 
curve is shown in Fig. Ilf. The reciprocal 
lattice must be convoluted with this func- 
tion, which means that such a function is 
now centered on each reciprocal lattice 
point. With each such node an intensity dis- 
tribution has to be associated given by 
Ai[sin ?rDxl~Dx]*, with the x-axis along e, 
and where A, can be shown to be propor- 
tional to the structure factor associated 
with the reciprocal lattice node under con- 
sideration (21). 

(iii) The projection in direct space onto 
the line L becomes the intersection with the 
line L* in reciprocal space. The line L* con- 
nects the origin with the reciprocal lattice 
node (5, 7), i.e., it encloses an angle of 45 
with the a*-axis and is thus parallel to L. 
The line L* intersects the intensity distribu- 
tions which are centered on each node and 
which are only nonzero along lines normal 
to the slit directions. The further the inter- 
section point with L* is away from the 
node, the smaller in general the intensity of 
the corresponding diffraction spot. 
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The positions of the diffraction spots are 
thus obtained by projecting the reciprocal 
lattice nodes onto the line L* along e,, a 
direction perpendicular to the slit. This di- 
rection is different for different sequences, 
i.e., for different q-values. The projection 
directions corresponding to the different 
stacking sequences, i.e., the different q-val- 
ues, are indicated in Fig. lle. 

Because of the shape of the Fourier 
transform of the slit (Fig. 1 If), the intensi- 
ties of the spots will, in the kinematical ap- 
proximation, decrease with increasing dis- 
tance of the reciprocal lattice nodes from 
the line L*. Only nodes close to the line L* 
will produce visible spots. Along commen- 
surate directions, corresponding to rational 
q-values, several nodes project at the same 
position on the line L* and the density of 
spots is small. Along incommensurate di- 
rections, corresponding to irrational q-val- 
ues, the density of the diffraction spots can 
become very large; in fact the spots form a 
dense set, but only the most intense ones 
will show up in the diffraction pattern. 

The dotted lines in the drawing of Fig. 
Ild refer to the particular case of the se- 
quence 138R; it is clear that the positions as 
well as the relative intensities of the differ- 
ent diffraction spots are in surprisingly 
good agreement with the observations of 
Fig. 4b. 

When projecting along the direction 
marked 5 1R (dashed line in Fig. 1 Id), one 
obtains 16 intermediate and equidistant 
spots; the relative intensities of the experi- 
mental pattern (Fig. 4a) are well repro- 
duced. The same applies to the 66R se- 
quence (Fig. 3a). One can also simulate the 
limiting case 21R by projecting along the 
a*-direction. One then obtains a pattern 
consisting of six intermediate equidistant 
spots. Also the diffraction pattern of the 
five-layer case Bi2Te3 is well described; the 
second and third spots are the most intense 
ones, as observed. 

The pattern of Fig. 6b leads to q = &. 

The construction of Fig. 12a using this 
value gives the sequence “7779.” This is 
presumably a rational approximant only 
since in reality the structure may be incom- 
mensurate. The diffraction pattern derived 
by the method described above (Fig. 12b) is 
reproduced in Fig. 12~; it agrees quite well 
with the experimental pattern. 

8. Image Simulations 

In order to obtain information concerning 
the distribution of the germanium atoms 
over the different layers in the (Bi, 
Ge)2+sTe3 system and in particular to find 
out whether the Ge atoms occur in separate 
layers or are statistically distributed over 
the M-layers, image simulations were per- 
formed for comparison with experimental 
high resolution images. It has been estab- 
lished that the brightness of the image dots 
corresponding to the atom columns de- 
pends on the chemical composition of the 
columns; “mixed” columns are imaged dif- 
ferently from “pure” columns under appro- 
priate imaging conditions (22). The images 
were computed by means of the fully dy- 
namical real space method which also takes 
into account all instrumental parameters 
(23). 

Two different models for the seven-layer 
bands in the phase (“57”) were considered. 
In the first model, the germanium atoms 
were assumed to occupy the central layer 
of the seven-layer lamellae; i.e., the layer 
sequence is 

/Te-Bi-Te-Ge-Te-Bi-Te 
7 

Te-Bi-Te-Bi-Te/. . . (12H). 
5 

This model is inspired by the structure pro- 
posal for BizTe4Ge (6). In the second 
model, the germanium atoms are assumed 
to occupy statistically half of the sites in the 
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FIG. 12. Application of the method described in the text to the pattern in Fig. 6a. (a) The stacking 

sequence of seven-layer and nine-layer lamellae derived for 4 = & is “7779.” (b) and (c) Construction 
and representation of the corresponding theoretical diffraction pattern (to be compared with the 
experimental pattern in Fig. 6a). 

two outer M-layers, i.e., the following se- 
quence was used: 

/Te-(Bi, Ge)-Te-Bi-Te-(Bi, Ge)-Te 
7 

Te-Bi-Te-Bi-Te/. . . (12H). 
5 

A model with a statistical distribution of 
the Ge-atoms over all M-layers is consid- 
ered to be improbable because the observed 
images suggest that the three M-layers in 
the seven-layer lamellae are not equivalent, 
since in the outer layers dots of a brightness 

different from those in the central layer are 
produced. Therefore, such a model was not 
considered further. We limited ourselves to 
“symmetrical” models because, under the 
appropriate conditions, the images have 
lines of symmetry along the central lines of 
the 5- and 7-bands. 

The simulated images for the central 
layer model are represented in Fig. 13 for 
different thicknesses and different defocus 
values. The values of the instrumental pa- 
rameters used in the simulation program 
were spherical aberration constant 1.2 mm; 
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FIG. 13. Matrix of simulated HREM imagtes of the 12H structure for the “central layer” model; i.e., 
Ge occupies the central layer in the seven-layer lamellae. 

half angle of beam divergence, 8 X 1 Oe4 rad ; 
defocus spread, 7 nm. 

A matrix of computed images for the sta- 
tistical model, under the same imaging con- 
ditions, is reproduced in Fig. 14, in which 
also the 12H unit cell is outlined. The tellu- 
rium atom adjacent to the pseudo-Van der 
Waals gap was put at the origin of the unit 
cell. This model was found to give the best 
fit with the experimental images, as is clear 
from Fig. 15, where computed images for 
different models for the 5- and 7-layer la- 
mellae in the 12H structure are compared. 
The different images were calculated for 
the same instrumental parameters and 
imaging conditions (t = 7.4 nm, Af = -60 
nm) and con-respond to the following 
models: 

(a) . . ./Te Bi Te Bi Te/Te Bi Te Ge Te Bi 
Tel. . . 
(b) . . ./Te Bi Te Bi Te/Te M Te Bi Te M 
Tel. . . 

M = 4 (Bi + Ge) 
Cc) . * ./Te Bi Te Bi Te/Te M2 Te MI Te M2 
Tel. . . 

M, = f (Bi + Ge) 
M2 = i Bi + $ Ge 

Cd) - . ./Te Bi Te Bi Te/Te Mj Te M3 Te MJ 
Tel. . . 

Mj = 3 Bi + Q Ge 

(4 . . ./Te M4 Te M4 Te/Te M4 Te M4 Te 
M4 Tel. . . 

M4 = 4 Bi + 4 Ge 

It can thus be concluded that the Ge-at- 
oms in the seven-layer lamellae are prefer- 
entially located in the outer M-layers and 
that they are statistically distributed over 
these layers. The variability in brightness of 
the dots in the corresponding rows is con- 
sistent with differences in composition of 
these columns. 

9. Discussion 

The relationship of the series of com- 
pounds M2+*Xj with the NaCl-type MX 
structure is not only formal in the case of 
BiTe and BiSe. The stoichiometric com- 
pounds apparently do not melt congruently 
and on slow cooling more complex struc- 
tures than the NaCl-type structure are 
formed. However, on quenching one ob- 
tains a rhombohedrally deformed face-cen- 
tered lattice with a = 0.65 nm, which is 
consistent with a deformed NaCl-type 
structure (14). The interpretation of the 
complex phases as derivatives of a NaCl- 
type structure thus seems reasonable. 

The derivation of the layer sequences 
from the observed q-values is independent 
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a b C d e 

FIG. 1.5. Comparison between calculated images for different models for the distribution of cations in 
the 12H structure of the (Ge, Bi)*+,Te3 system. All images were calculated fort = 7.4 nm and Af= -60 
nm. Model (b) gives the best correspondence with the experimental images. See text for details 
concerning the different models. 

of the detailed structure of the five- and 
seven-layer lamellae. Also the geometry of 
the diffraction patterns does not depend on 
the chemical compositions of the lamellae. 
However, spot intensities clearly depend 
on the actual structure. The 0001 rows of 
the kinematical diffraction patterns for the 
12H and the 5 IR structures using a bismuth 
double layer on one hand and a symmetri- 
cal layer sequence for the seven-layer la- 
mellae (Te-Bi-Te-Bi-Te-Bi-Te) on the 
other hand were calculated and compared 
with corresponding experimental patterns. 
Although electron diffraction is essentially 
dynamical, the relative intensities obtained 
from the very thin foils used for high resolu- 
tion studies usually correlate well with the 
kinematically computed intensities. From 
such a comparison it can be concluded that 
the model containing symmetrical seven- 
layer lamellae leads to a better fit with the 
observed patterns than the model with the 
double bismuth layers. 

The compounds M2+sX3 have composi- 
tion-driven structures which can formally 
be derived from a NaCl-type structure by 
extracting M-layers, where M may repre- 
sent either a pure Bi-layer or a mixed (Bi, 
Ge)-layer. In the composition range M,X, 
to M3X4 the structures contain uniform 
mixtures of five- and seven-layer lamellae. 
The q-vector changes with composition in a 

quasicontinuous manner from q = (%)I30 in 
Bi2Te3 to q = (+)HO in Bi3Te4. In this com- 
position range the most frequently ob- 
served phases are “57” (12H), “557” 
(51R), “5557” (66R). There is no unambig- 
uous correlation between the bulk composi- 
tion and the theoretical composition associ- 
ated with the structure. This is presumably 
because the powders are not completely 
equilibrated, the annealing times being fi- 
nite. Perhaps a certain amount of antistruc- 
ture formation may also explain this result. 

In germanium-rich specimens diffraction 
patterns corresponding with structures con- 
sisting of a mixture of seven- and nine-layer 
lamellae were observed. Uniform mixtures 
of seven- and nine-layer lamellae can occur 
in the composition range from M3X4 to 
M4X5. 

In principle one could extrapolate further 
and assume that mixtures of lamellae con- 
taining an odd number of layers will occur 
for compositions Mn+BX,,+l with n + a. 
However, it is unlikely that regular se- 
quences of Te-Te interfaces will be formed 
for large average spacings between the in- 
terfaces, i.e., for thick lamellae. 

The binary and pseudo-binary systems 
discussed here can be described as one-di- 
mensional quasi-crystals, consisting in gen- 
eral of an alternation of blocks of two sizes, 
either 5 and 7 or 7 and 9, or perhaps even 
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mixtures containing blocks of larger sizes. 
In reality the ratio of the block sizes will not 
be a simple fraction such as 4 or 5, since the 
interlayer spacings are not all identical. 
Most of the observed structures can be gen- 
erated by a Fibonacci-type algorithm ap- 
plied to the 5- and 7-lamellae, ensuring 
hereby self similarity. The inflation rule is 
5 + 57,7 + 5 for the compounds close to 5 
and 5 + 7,7 --f 75 for the compounds close 
to 7. The first algorithm generates the fol- 
lowing sequences: 

5 5 15R 
57 57 12H 

575 557 51R 
57 5 57 55757 87R 

57557575 55755757 138R 

All of these sequences have been observed. 
However one of the simpler observed se- 
quences, 66R with the stacking symbol 
5557, is not generated by this algorithm. 
The first inflation rule in fact can only gen- 
erate structures in which at most two con- 
secutive 5-A lamellae occur and where all 7 
lamellae are isolated; and vice versa for the 
second inflation rule. 

The successive blocks have the same ori- 
entation, but there will be no strict transla- 
tional order except for rational q-values, 
i.e., for certain compositions. In all se- 
quences found as yet, the minority domains 
occur isolated and if more than one group 
of five-layer lamellae occurs the number of 
five-layer lamellae in these groups differ by 
1 unit only. These are characteristic fea- 
tures of “uniform” sequences producing 
sharp diffraction spots (17). 

Previous authors noted that there is no 
simple relationship between the c-parame- 
ter, i.e., the length of the stacking se- 
quence, and the composition for Biz+aTe3 
(I) nor for (Bi, Ge)z+sTeS (II). According to 
the model presented here there is indeed 
not such a simple relationship, but there 
should be a monotonic decrease in the q- 
value, i.e., the average lamella thickness, 

with increasing value of 6. Since the length 
of the stacking sequence depends in a com- 
plicated manner on the q-vector and hence 
on the composition, so does the c-parame- 
ter. 

It is interesting to note that also the 
rhombohedral, composition-driven, va- 
cancy-ordered superstructures in the Al- 
Cu-Ni system (24), which are derived from 
a CsCl-type structure, can be considered as 
one-dimensional quasi-crystals. Their dif- 
fraction patterns (24,25) can be analyzed in 
a similar fashion (25). 

Appendix 

The magnitude of q for a sequence con- 
taining it fivefold lamellae and m sevenfold 
lamellae is given by 

l/q = (5n + 7m)l(m + n), (1) 

irrespective of the succession in which the 
two kinds of lamellae appear in the se- 
quence. 

The slope of the pair of lines in Fig. 11 is 
likewise given by 

tan (Y = 7mlSn. (2) 

The expressions (1) and (2) can be rewritten 
as 

(5q - 1)n + (7q - 1)m = 0 (3) 
S(tan a) n - 7m = 0. 

The condition under which the homoge- 
neous system (3) has a nontrivial solution 
for n and m is 

[::---1, ‘_:- l] =o; 

i.e., 

tan (Y = -[7(5q - 1)/5(7q - l)]. (4) 

Or in general for 1 and s lamellae: 

tan 01 = -[l(qs - l)/s(lq - 1)l. (5) 
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Given the two thicknesses 1 and s of the 
lamellae to be mixed and given the mea- 
sured q-value, the algorithm of Fig. 11 gives 
the desired sequence. 

The relative abundances of the two kinds 
of tilings are given by 

m/n = (s/E) tan (Y = -(qs - I)l(fq - 1). 
(6) 

The width of the slit is given by 

D = (1 + s tan a)/(1 + tan* c#*. (7) 

The inverse 2/D is a measure for the width 
in reciprocal space of the central peak of 
the Fourier transform. 
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