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The problem considered is an initially stressed viscoelastic string subjected to steady state
and harmonic variation of axial motion. The string material is assumed to be constituted
by the hereditary integral type. The partial differential-integral equation of motion is
derived first. Then by applying Galerkin’s method, the governing equation is reduced to
a set of second order non-linear differential-integral equations which are solved by finite
difference numerical integration procedures. The viscoelastic string with a linear
spring—dashpot model is considered as the Voigt element in series with a spring
(three-parameter model). The qualitative aspect of parametric excitation due to the
non-uniform travelling velocity of a viscoelastic string is investigated. Finally, the results
are compared with those obtained by a constitutive law of a differential type method. The
effects of elastic and viscoelastic parameters, constant and non-constant transport speeds,
the wave propagation speed ratio, and the non-linear term on the transient amplitudes are
also investigated.
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1. INTRODUCTION

The vibration problems of initially stressed plate studied by past investigators [, 2]
have been mainly concerned with in-plane stress. The effects of arbitrary initial stress
on the vibration and stability problems of a thick rectangular plate were studied by
Brunelle and Robertson [3, 4]. Chen and Doong [5, 6] extended Brunelle’s theory to study
the effect of an arbitrary state of initial stress on a non-linear vibration problem. All of
the above studies [3-6] were based on Mindlin’s plate theory. To the authors’ knowledge,
the initially stressed theories developed in [1-6] were not extended to string vibration
problems.

The non-linear vibration of axial moving strings has been studied extensively by
many investigators [7-10]. Mote [7] employed the method of characteristics and
demonstrated the importance of non-linear considerations even for small amplitude
oscillations. Bapat and Srinivasan [§] used the method of harmonic balance to obtain
approximate results of the period—tension relationship. A Mathieu—Hill type of system
existed for a moving band or belt and conditions for stable operation were determined in
[9]. Results were verified experimentally. In Mote’s study [10], stable—unstable boundaries
were predicted by application of Hsu’s method for one-dimensional systems. Recently,
Huang et al. [11] studied the dynamic stability of a moving string under three-dimensional
vibration.

In all of these works, the string was assumed to be elastic. However, new materials are
now widely used in industry; and many of them, such as plastics and composite materials,
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do not obey Hooke’s Law. Coleman and Noll [12] proved that simple isotropic material
under small deformations can be modelled by integral or differential types of linear
viscoelastic models. Stevens [13] considered the stability of an initially straight, simply
supported viscoelastic column subjected to an harmonically varying axial load. The
column material was assumed to be adequately represented by simple spring—dashpot
models.

There are many engineering designs which require viscoelastic behavior of structures;
for example, creep analysis of magnetic tapes and vibration problems of conduits. In
particular, damping of viscoelastic materials can be used to reduce vibration of structures.
Various methods have been presented for the analysis of such problems. Lee [14] studied
the stress analysis for linear viscoelastic material using an integral type of stress—strain
relation and a simple finite difference numerical procedure for integration. The application
of Laplace transform to viscoelastic beams was presented by Fligge [15]. Findley et al.
[16] used the correspondence and superposition principles to solve the governing equations
of the viscoelastic beam. Christenden [17] used Fourier transform to solve the transient
response of viscoelastic beams. The above studies were based on the fact that the governing
equations of viscoelasticity can be converted to equations of elasticity by integral
transforms. The application of the finite element method to structures with complex
geometry has been presented by a number of authors. White [18] used a constitutive law
of hereditary integral type, in which time integration is approximated by the finite
difference method, to perform a finite element analysis in a static plane strain problem.
Chen and Lin [19] studied the dynamic response of a beam using a creep law of time
hardening to model viscoelastic material. Recently, Chen {20] used the Laplace transform,
and the associated equation was solved by the finite element method for the linear
viscoelastic beam problem.

In this paper, the initially stressed theory [3] is extended to investigate the transverse
vibration of an axially moving viscoelastic string. It is further assumed that the string
material is represented adequately by the linear spring—dashpot model. The model
considered is the Voigt element in series with a spring (three-parameter model). The
constitutive law of hereditary integral type is used to lead to a set of integral equations.
Galerkin’s method is used to approximate the system to a set of two-order, gyroscopic and
non-linear ordinary differential-integral equations. Finally, the associated equation is
solved using a finite difference numerical integration procedure. Numerical results are
emphasized on the effects of material parameters, the axial travelling speed, the wave speed
ratio, and linear and non-linear terms.

2. EQUATION OF MOTION

The physical model of a viscoelastic travelling string is shown in Figure 1. The string
is initially stressed. Following a technique described by Bolotin [21], the non-linear
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Figure 1. A model of an axially moving viscoelastic string system.
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dynamic equation of motion in tensor form can be expressed in terms of Trefftz stress

components as [22]

;;» [(¢" + o + 6] + X° — pii* =0, i,j,s=1,2,3, €))

where the x; are material (Lagrangian) co-ordinates that originally coincided with a spatial
(fixed) Cartesian co-ordinate system. ¢ is the initial (deformed) stress tensor, ¢/ and ¢*
are the perturbed stress tensors, p is the mass per unit volume, u* is the perturbed
displacement tensor, and ', is the covariant derivative notation. The contravariant indices
are adopted for #7, 67, u® and the body force X* in order to coincide with the tensor analysis
of motion of an elastic body in a generalized coordinate system [23]. A brief derivation
of these component forms of the equations from vector form was given by Brunelle and
Robertson [3].

Consider that the viscoelastic string is in a state of uniform initial stress, and only
transverse vibration in the y direction is taken into consideration. The body force is also
neglected. From equation (1), we can obtain the equation of motion in the y direction as

T dx
<A + o>vw +v.0,=p ar (@)

where o is the perturbed stress and v is the displacement in the transverse direction. 4 is
the area of cross-section of the string. The Lagrangian strain component in the x direction
related to the displacement is given by

e(x, 1) = 5vi(x, 1). A3)

3. INTEGRAL CONSTITUTIVE LAW

We adopt the one-dimensional constitutive equation of an integral type material (called
a Boltzmann material) which is given by the Boltzmann superposition principle [23] as

o(x,t)=c¢(x, )Ey + f E(t — t)e(x, t') dt’, 4)

0

where E(¢) is the stress relaxation function while E, is its value at ¢ = 0, i.e., the initial
Young’s modulus of the material.

Substituting equation (3) into equation (4), we obtain the tensile stress of the string, and
then substituting the tensile into equation (2), with some manipulations, we obtain

pva(x, 1) + 2px0.(x, 1) + (pxi — T/ A (x, 1) + x40:(x, 1)

= 2E02(x, Do (x, 1) + dvu(x, t)f E(t — ") (x, ") dt’
0

l

+ v, (x, t)J E(t — t) (x, 1) (x, 1) dt] ®)

The non-linear partial differential-integral equation (5) governs the dynamic behavior
of the initially stressed, viscoelastic travelling string. In this paper, it is assumed that the
initial tension 7 is characterized as a small periodic perturbation 7' cos wt superimposed
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on the steady state tension Ty, i.e., T'= T, + T} cos w,t, which is the same as that of Huang
et al. [11].

4. DISCRETIZATION OF LINEARIZED SYSTEM

In order to simplify the analysis, the following non-dimensional parameters are defined
V:U/L, é:X/L, V= T]/To, Q;’:CU/L/Cz, kl :Cl/Cz,
E(t — 1) = E(t —t)/pc3, T = at/L,

where ¢, = \/Eo/p and ¢, = \/To/pA. By the definitions of & and 7, & = x;/c,. Then the
following non-dimensional equation of motion can be obtained:

Vi + 26 Ve 4+ (& —1—=7Vsin Q)Ve + &LV

’ @ = ’ / 4
:;k%VgVii_;ViiJ' ?E(T_T Wi, v) de
0

v, JT;T/E@ — WLE, TG ) dr (©)

It is seen that terms related to the axial travelling motion include the velocity & and
acceleration &,,. Equation (6) is used to investigate the transient amplitudes of the string
with non-uniform axial motion. Equation (6) is a non-linear partial differential-integral
equation. Neglecting the non-linear terms for small oscillation, the linear equation of
motion becomes

Vn + 251 Vgr + (éf — 1 —vsin Q; T)Vgg + é” VC = 0. (7)

First, the spatial dependence must be eliminated from the equation of motion, yielding
a set of ordinary differential-integral equations in time which can be solved for the system
response. Due to the complexity of the problem, the solution for equation (6) cannot be
obtained exactly. Therefore, Galerkin’s method [24] is used here to separate the spatial
co-ordinates from the temporal variable. Based on this method, the assumed displacement
satisfies the geometric boundary conditions V(0, 1) = V(1, t) = 0. That is,

VE D = 3 f@sinGm) ®)

Substituting equation (8) into equation (5) and using the orthogonality condition, we
have

fm + z [2§1Amn frx + énAmn ](;1 + (612 - 1 - \j Sin Q/ ’C)an fn] - Z Z Z |:;k12fnfzfjcmm/
n=1

= n=1i=1j=1

= GDis + Cmm/)fnj %E(T — ) fi(T) fi(T) df} =0, m=L2.... (9
0
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where

0, m=n,

1
Amn = Jv ¢l:¢’77 dé =
0

2nm(cos nt cos mn — 1)
n* — m?

! o 2 —
B = J bl dE = {0 Gy, m=n,
0 b

1 1
Cmni/' = J’ ¢ii ¢I/ (p/// ¢m déa Dnmii = J ¢/§l¢i/¢/’/ ¢m dé
0 0

For the elastic string vibration, the ordinary differential-integral equation (9) is reduced
to an ordinary differential equation, as

0 0 0

Sot Y REAm o+ (@ =1 =T sin Q0B il =32 Y Y fofi fiCos = 0,

n=1 n=1i=1j=1

form=1,2,....

5. FINITE DIFFERENCE INTEGRATION

In order to solve the non-linear ordinary differential-integral equation (9), the finite
difference numerical procedure proposed by Lee and Rogers [14] is adopted. First, the time
scale is divided into intervals by the time values, 7,, r = 1,2, ... (R + 1), with 7, = 0 and
Tr+1 = 7. The last term in equation (9) can be written in the form

JTRH;/E(IRH—r’)f,-(r’)f,(r’)dv:’z Y f“ai,E(rM—r/)f,-(r’)f,-(r/) dz. (10)

r=

Each of the integrals in (10) is transformed into the finite approximation

f“ﬁ(w’)ﬁ(r/) L B — o)

12

UG ) ) + £ £ f L B - 1) &

=3lfi(@ ) [T + @) EE(r e — Tret) — E(trar — 1)), (11)

Substituting equation (11) into equation (9) yields the following equation:

0

ﬁ + z [251Amn (f.)\l + ézzAmn ﬁ1 + (612 - 1 - \7 Sin Q/ T)an f;y] - Z Z 2 {[;k]zfnfzf/cmmj

n=1 n=1i=1j=1
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Figure 2. Three-parameter model of the viscoelastic string material.

=GP+ 1Com) fu 2 L@ ) fi(Trs1) +1i@) [EME @R — 1)

— E(trs 1:,.)]}20. (12)

Equation (12) is the most general form of differential-integral equation of a
one-dimensional string which is made of integral constitutive law of linear viscoelastic
material.

6. NUMERICAL RESULTS AND DISCUSSION

In order to obtain numerical results, the string material is considered as a three-element
model, shown in Figure 2, which is the simplest spring—dashpot model. It can be used to
simulate the behavior of linear viscoelastic materials of ““solid” type with limited creep
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Figure 3. The relaxation modulus.
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Figure 4. A comparison of the transient amplitudes of the two-, three- and four-term approximations for
ki =20, kx =05, ks = 1000, & = 0-2, Q,= 0 and v = 0. (a) Amplitude of the first approximation; (b) amplitude
of second approximation; (c) amplitude of third approximation; (d) amplitude of fourth approximation. X
Four-term approximation; ———, three-term approximation, - - -, two-term approximation.

deformation when E, is non-zero, and of “fluid”’ type with unlimited viscous deformation
when E,=0. The behavior of this type of material is described by the following
expression:
_ _EFE E; et Eon?

E([)_E1+E2+E1+Eze( 22, (13)
That has E(0) = E, = E,. The values of E, = E, = 30 000 MPa and #, = 300 MPa days are
used here. A detailed derivation of equation (13) can be found in the Appendix. The plot
of E(t) is shown in Figure 3. The transient curve approaches a steady state value FE,/2.
Using equation (13) and the definition of the non-dimensional parameter E, the following
equations are obtained from equation (12):

0

‘f:n + Z [2érAmnf.;1 + irrAmn ﬁr + (étz - 1 -V Sin Q/’T)anf;z] - Z
n=11i

n=1

M8

» {%k%fnﬁﬁCm
j=1

1
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Figure 5. A comparison of the transient amplitudes on the basis of different time step. (a) Amplitude of first
approximation; (b) amplitude of second approximation. ——, Differential method; ———, 4=0-001; - - -,

= (Do + 3C)kiks fi 30 Uit ) (i) + (xS (r,.)}

r=1

X [e—/\'}(TRH —Tr+1) e—k3(tk+| _Ir]} — 0, (14)

where k, = Ei/(E, + E,) and k; = (E| + E>)/n.¢c, L. 1t can be seen that the integral term in
equation (9) has been reduced to an algebraic summation term in equation (14). The
parameter k; is primarily a measure of the degree of viscoelastic behavior of the string,
with a decreasing k; value corresponding to an increasing viscoelasticity. For the
three-parameter model, the case for k; approaching infinity corresponds to the elastic string
system.

Figure 6. The influence of the transport speed ¢ on the transient amplitudes. The other parameters are the
same as in Figure 4. (a) Amplitude of first approximation; (b) amplitude of second approximation. L, E=02;
——— & =05 —— & =08.
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Figure 7. The influence of the material parameter k; on the transient amplitudes. The other parameters are
the same as in Figure 4. (a) Amplitude of first approximation; (b) amplitude of second approximation. ——,
Elastic; ———; ks=01; — . —, ks =1; - - -, ks = 10.

The numerical results shown here are dynamic behavior of a travelling string with
constant velocity and non-uniform velocity.

6.1. CONSTANT TRAVELLING VELOCITY

The examples given here are chosen to study the transient amplitudes of the viscoelastic
string system. The parameter values are as follows: 7= 100N, p = 7860 kg/m* and
L =1 m. The Runge—Kutta numerical method with initial conditions f;(0) = 0-01 and the
others zero in Figures 4-7 is used to integrate equation (14). In the present analysis, up
to four-term approximations based on the eigenfunctions of the stationary string are
considered (i.e., m = 1, 2, 3, 4). Takng four terms, the resulting four ordinary differential
equations are coupled and have periodic coefficients. The transient amplitudes of the two-,
three- and four-term approximations are shown and compared in Figure 4(a)—(d). While
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—0.010

Figure 8. The influence of the wave speed ratio k7 on the transient amplitudes. The other parameters are the
same as in Figure 4. (a) Amplitude of first approximation; (b) amplitude of second approximation. , Linear
case, ki =k; =0, ———, k1 =20; - -+, ky = 25.
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Figure 9. The effect of the axial variational velocity i on the transient amplitudes for Q= /1 — § and
Po = 0-5. The other parameters are the same as in Figure 4. (a) Amplitude of first approximation; (b) amplitude
of second approximation. , pi=0; ———, f1=04; -+, fi =06.

a qualitative agreement is evident among the two-term approximations, increasing the
number of terms in the approximation improves the quantitative results.

In Figures 5-10, only the first two approximate amplitudes are shown in the figures, to
save space. The time increment is determined by 4 = ¢, , — t,, which gives a constant time
step. The computations are carried out for 4 =0-01 and 0-001, and the results are
compared to provide a practical assessment of the reduction in the truncation error with
a decreasing step size. In Figure 5 are shown the results of the integral method compared
with that obtained by the differential method [26]. The result clearly indicates that the error
increases with increasing time step size.

In Figures 6-8 are shown the transient amplitudes, in which the effects of the transport
speed ¢&., material parameter k; and wave speed ratio ki are considered, respectively. In
Figure 6 are presented the different values of the transport speed &, = 0-2, 0-5 and 0-8 for

0.05

2 0.00

—0.05

Figure 10. The effect of the axial variational velocity i on the transient amplitudes for Q, = 2n,/1 — 3 and
Po = 0-5. The other parameters are the same as in Figure 4. (a) Amplitude of first approximation; (b) amplitude
of second approximation. , Pr=0; ——— i=03; -, fi=04.
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an axial moving viscoelastic string. From the figure, we find that an increase in transport
speed is related to a decrease in vibration frequency. In Figure 7 is shown the influence
of the material parameter k; on the frequency. From the figure, we find that an increase
in the value of parameter k; is related to a decrease in vibration frequency.

Consider the metal strings with the wave speed ratio k7 = ¢i/c3 = EA/T = O(400-1000)
[27]. The natural frequency depends strongly on the rigidity of the string. The higher the
rigidity of the string, the higher will be the natural frequency. In Figure 8 are shown the
responses of the viscoelastic system for the different value of the wave speed ratio k. The
initial conditions are given by fi(0) = 0-05, and the others are zero. It can be seen that an
increase in ki is related to an increase in frequency of the transient amplitude.

6.2. NON-UNIFORM TRAVELLING VELOCITY

In this section, we investigate the transverse vibration of an axial accelerating viscoelastic
string. In many studies of the dynamic behavior of axial moving material systems, the axial
velocity has been taken to be constant. However, when a system is subjected to
acceleration, it may alter the stability of the system. The equation of motion for an
accelerating elastic string, in which there is no mean velocity but it is harmonically varying
at about zero value, was derived by Pakdemirli et al. [25]. In this paper, the interesting
case is that a prescribed function of time is treated instead of constant velocity. The
time-dependent axial velocity function ¢&.(t) is characterized as a small periodic
perturbation superimposed on the steady state velocity.

The equation of motion for the system is obtained from equation (12). Taking two terms
in the series solution (8), equation (9) is reduced to a set of coupled ordinary
differential-integral equations:

1 o4 0 L&A
o [ T

N (1 4+ 7 cos Q1 — &)’ - i
8¢ (1 +7Vcos Q1 — EHNAn? || fa

— R

=T CST+ 40 S3) + Kikort ) [er St T — et =] fin )T )

r=1

LA + AL ) + 5() + 5 AL () + 1))

R
TS+ 8D + KTk Y e — e A (fi(e i)
r=1

| AT+ AL ) + /i@ + 6L ) + £ |
(15)

Consider the string system to have an harmonic variation of axial velocity superimposed
on a steady state velocity, i.e.,

fz = ﬁo + ﬁl sin Qot, (163.)

where f, is the steady state velocity, f; is the amplitude of the perturbed axial velocity and
€, is the frequency of the perturbed velocity. The axial velocity represented by equation
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(16a) is in non-dimensional form, and it is typically observed in physical systems. Using
the identities

& = 1B1Q, sin 2Q 1, (16b)
EX = B+ 1P7 + 2BoPi sin QT — 17 cos 2Qot, (16¢)

and substituting equations (16) into equation (15), it is of interest to note that the
time-dependent coefficients of equation (15) include sin Qy7, sin 20,7 and cos 2yt terms.
Thus, the parametric excitation occurs at both frequencies Q, and 2€Q, of the perturbed
velocity.

These condition, for which the axial velocity frequency €, is equal to n\/ 1 — ¢ and
2. /1 — B3, are shown in Figures 9 and 10, respectively. The initial conditions are given
by f1(0) = 0-05 and the others are zero. We take 5, to be of the same order as f§, in order
to diverge rapidly in the transient amplitude and save the time in the simulation. It can
be seen that the transient amplitudes increase with time and that the string system is
unstable.

For the elastic string vibration, we can set the value of 7, to approach zero and set
E, = FE, = 2E. We then have a set of coupled equations, as follows:

R IR B 1
(14 vcos Q1 — &)’ —3&. 2
" HE (1 +vcosQt—ENAn? || f>

—G i+ DG
+ : =0. (17)
—GL S+ 3 St
2

Neglecting the non-linear terms in equation (17) and letting f, = 0 in equation (16a), the
resulting equation will be the same as that of reference [22]. Also, it is of interest to note
that equation (17) includes both sin Q,t and cos 2Q,t. Thus the parametric excitation
occurs at both frequencies Q, and 2.

7. CONCLUSIONS

In this paper, the general form of a differential-integral equation of a string is derived
with the integral constitutive law of linearly viscoelastic material. The three-parameter
model is adopted in the linear and non-linear vibration systems. The partial
differential-integral equation governing the string behavior is discretized as gyroscopically
and non-linearly coupled ordinary differential-integral equations by using Galerkin’s
method. The integral term of the equation is therefore reduced to a set of simultaneous
algebraic equations by the use of finite difference. The vibration response of a viscoelastic
string is investigated with the constant and non-uniform axial velocities.

From the above numerical results, the following conclusions can be drawn.

(1) The method of solution can be applied directly to a wide range of problems for a
general linear viscoelastic material with an integral constitutive law; that is, it is not
restricted only to the three-clement model material.
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(2) A decrease in the value of parameter k; is related to a decrease in vibration

frequency.

(3) Asthe parameter k; of the wave propagation increases, the frequency of the transient

amplitude will increase.

(4) The parametric excitation occurs at both frequencies Q, and 28, of the harmonic

variation of the axially traveling velocity. The transient amplitudes increase with time and
the string system is unstable.

su

10.

11.

12.

13.

14.

15.

17.

18.

19.

20

ACKNOWLEDGMENT

The authors are greatly indebted to the National Science Council of R.O.C. for the
pport of this research through contact No. NSC 84-2212-E-033-014.

REFERENCES

. G. HErRrRMANN and A. E. ARMENAKAS 1962 Transactions of the American Society of Civil
Engineers 27, 5458-5491. Vibrations and stability of plates under initial stress.

. C. Mk1 1987 Journal of Sound and Vibration 60, 461-464. Large amplitude vibrations of plates
with initial stresses.

. E. J. BRUNELLE and S. R. ROBERTSONS 1974 American Institute of Aeronautics and Astronautics
Journal 12, 1036-1045. Initially stressed Mindlin plates.

. E. J. BRUNELLE and S. R. ROBERTSON 1976 Journal of Sound and Vibration 45, 405-416.
Vibrations of an initially stressed thick plate.

. L. W. CueN and J. L. DOoNG 1983 Journal of Sound and Vibration 89, 499—-508. Large amplitude
vibration of an initially stressed moderately thick plate.

. L. W. CHeN and J. L. DOONG 1983 American Institute of Aeronautics Journal 21, 1317-1324.
Large amplitude vibration of an initially stressed thick circular plate.

. C. D. MoOTE JR 1966 Transactions of the American Society of Mechanical Engineers, Journal of
Applied Mechanics 33, 463—464. On the nonlinear oscillation of an axially moving string.

. V. A. BAPAT and P. SRINIVASAN 1967 Transactions of the American Society of Mechanical
Engineers, Journal of Applied Mechanics 34, 775-777. Nonlinear transverse oscillations in
traveling strings by the method of harmonic balance.

. S. NAGULESWARAN and C. J. H. WILLIAMS 1968 International Journal of Mechanical Sciences

10, 239-250. Lateral vibration of band-saw blades, pulley belts and the like.

C. D. Motk Jr 1968 Transactions of the American Society of Mechanical Engineers, Journal of

Applied Mechanics 35, 171-72. Parametric excitation of an axially moving string.

J. S. Huang, R. F. FunG and C. H. LN 1995 International Journal of Mechanical Sciences

37, 145-160. Dynamic stability of a moving string undergoing three-dimension vibration.

B. D. CoLeMaN and W. NoLL 1960 Archive for Rational Mechanics and Analysis 6, 355-370. An

approximation theorem for functionals with application in continuum mechanics.

K. K. STEVENS 1966 American Institute of Aeronautics and Astronautics Journal 4, 2111-2116.

On the parametric excitation of a viscoelastic column.

E. H. Lee and T. G. ROGERS 1963 Transactions of the American Society of Mechanical Engineers,

Journal of Applied Mechanics 30, 127-135. Solution of viscoelastic stress analysis problem using

measured creep or relation functions.

W. FLUGGE 1975 Viscoelasticity. Berlin: Springer-Verlag; second edition. See p. 36.

. W. N. FINDLEY, J. S. LAl and K. ONARNA 1976 Creep and Relaxation of Nonlinear Viscoelastic

Materials. New York: North-Holland. See p. 109.

R. M. CHRISTENSEN 1982 Theory of Viscoelasticity. New York: Academic Press; second edition.

See p. 24.

J. L. WHITE 1986 Proceedings of the 2nd Conference on Matrix Method in Structural Mechanics,

AFFD-TR68-150, 489-561. Finite element in linear viscoelasticity.

W. H. CHEN and T. C. LIN 1982 Structures 4, 271-276. Dynamic analysis of viscoelastic structure

using incremental finite element method.

. T. M. CHEN 1995 International Journal for Numerical Methods in Engineering 38, 509-522. The



166 R.-F. FUNG ET AL.

hybrid Laplace transform/finite element method applied to the quasi-static and dynamic analysis
of viscoelastic Timoshenko beams.

21. V. V. BOLOTIN 1963 Non-conservative Problems of the Theory of Elastic Stability. New York:
Macmillan.

22. K. WasHizu 1982 Variational Methods in Elasticity and Plasticity. New York: Pergamon Press.

23. Y. C. FuNG 1965 Foundations of Soiled Mechanics. Englewood Cliffs, NJ: Prentice-Hall.

24. L. MEeRoviTcH 1980 Computational Methods in Structural Dynamics. Groningen, The
Netherlands: Sijthoff and Noordhoff.

25. M. PAkDEMIRLI, A. G. ULsoy and A. CERANOGLU 1994 Journal of Sound and Vibration 169,
179-196. Transverse vibration of an axially accelerating string.

26. Y. C. CHEN 1996 Master’s Thesis, Chun Yuan Christian University, Taiwan. Dynamic analysis
of the viscoelastic string subjected to initial stress.

27. N. C. Perkins and C. D. Mortg, Jr. 1987 Journal of Sound and Vibration 114, 325-340.
Three-dimensional vibrations of travelling elastic cables.

APPENDIX

The one-dimensional constitutive equation [13] of differential type material (called a
Rivlin material) obeys the relation

ode &, dke
=Y b (a#0, by=1). (A1)
T _EO dr ! !
Equation (A1) may also be written as
Ao = Be, (A2)

where A and B are differential operators:

R d/ P
AZZG/@, BZZb/@

j=0 j=0

The three-element model shown in Figure 2 is the simplest spring—dashpot model. The
differential constitutive law of a linear viscoelastic material can be written as

G+E]+E2(7=E16+E]E2

. A3
n n ° (A3)

From equation (A3) we can obtain the coefficients ay = (E; + E>)/2, a1 = 1, by = E\E» /5,
b]:El and R=P=1.
Applying the Laplace transform to equations (4) and (A3), one obtains

E(s) = %%, ay6(s) — ai(sa(s) — a(0)) = boé(s) — bi(sé(s) — €(0)). (A4, AS)

From initial condition, a;6(0) = b,&(0), so that equation (AS5) can be written as

@_bo—sb]

&s) a0 — sa,’ (A6)
Substituting equation (A6) into equation (A4), one obtains
E(s) — lw (A7)
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Applying the inverse Laplace transform, the stress relaxation function can be determined
as
E\E, E}

— —(Ey + Ey)tfny
PO = ETE+ES ’ (48)

and E(O) = Eo = E].



