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Due to their desirable broadband noise attenuation characteristics, expansion chambers
are widely used in the ducting systems for pulsating flows, including the breathing systems
of engines and reciprocating turbomachinery. The present study investigates in detail the
effect of the length on the acoustic attenuation performance of concentric expansion
chambers. Three approaches are employed to determine the transmission loss: (1) a
two-dimensional, axisymmetric analytical solution; (2) a three-dimensional computational
solution based on the boundary element method; and (3) experiments on an extended
impedance tube set-up with nine expansion chambers fabricated with fixed inlet and outlet
ducts, fixed chamber diameters and varying chamber length to diameter ratios from
l/d = 0-2 to 3-5. The results from all three approaches are shown to agree well. The effect
of multi-dimensional propagation is discussed in comparison with the classical treatment
for the breakdown of planar waves. The study also provides a simple relation for the
number of repeating attenuation domes prior to the domination of higher order modes in
terms of the //d ratio of the expansion chamber.

© 1997 Academic Press Limited

1. INTRODUCTION

The desirable broad (and repeating) band attenuation of expansion chambers has led to
their extensive use as silencers in pulsating flows [1]; including induction and exhaust
systems of internal combustion engines, ducts connected to reciprocating pumps and
compressors, and fans. For circular concentric chambers, the repeating dome behavior of
transmission loss breaks down at a frequency below the onset of the first radial mode.
While this breakdown frequency is usually assumed to be dependent only on the radius
of the chamber, Craggs [2] showed, using finite element models, that changing the length
of the chamber also affected this frequency, with shorter lengths terminating the repeating
domes at lower frequencies. El-Sharkawy and Nayfeh [3] later verified Craggs’ findings
using a three-dimensional analytical solution for concentric chambers. Their analytical
results also correlated well with experimental measurements of noise reduction for
chambers of different expansion ratios and length to diameter ratios, //d, ranging from
0-3 to 0-9. Eriksson et al. [4] investigated the finite length effects on the transmission loss

T An earlier version of this work was presented at the 1995 SAE International Congress and Exposition, as
SAE 950544, in Detroit, Michigan.
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of both symmetric (concentric) and asymmetric expansion chambers. This work illustrates
that a very short-length concentric expansion chamber no longer exhibits the broadband
behavior, and acts rather like a resonator. Ih and Lee [5] developed a three-dimensional
analytical model for circular chambers that incorporated mean flow and allowed for offset
inlet and outlet locations. Their results matched experimental transmission loss values for
l/d ratios ranging from 0-33 to 1-35. They also gave an expression for the //d ratio
where the acoustically short chamber resonance appears. Finally, based on finite
element predictions, Sahasrabudhe et al. [6] suggested an empirical relation for the
approximate number of repeating one-dimensional domes in terms of the //d ratio of the
chamber.

The objective of the present study is to examine in more detail the effect of the circular
concentric expansion chamber geometry on the transmission loss characteristics for
one-dimensional versus multi-dimensional propagation. Transmission loss results obtained
from two-dimensional acoustical theory and a three-dimensional boundary element method
are compared with experimental results for nine fabricated expansion chambers with //d
ratios ranging from 0-205 to 3-525. The upper limit represents the outer dimensions of a
production vehicle exhaust muffler, and the lower limit ensures a narrow-band peak
behavior. The seven configurations in-between are chosen such that each one exhibits a
different number (one through seven) of attenuation domes. The boundary element
method is also used to predict the pressure field inside the chambers at different frequencies
to assess the extent of non-planar propagation prior to the onset of non-planar modes.
Finally, an analytical expression is developed and experimentally verified to relate the
number of repeating one-dimensional transmission loss domes to the //d ratio of the
chamber.

The study consists of six sections: following this Introduction, section 2 develops and
discusses the two-dimensional analytical approach. Sections 3 and 4 provide brief
descriptions of the direct boundary element method and the experimental apparatus,
respectively. Section 5 compares the results obtained from these three methods, followed
by some concluding final remarks in section 6. A brief Appendix is then included on the
classical solution of the multi-dimensional wave equation.

2. ANALYTICAL APPROACH

For the concentric configuration of Figure 1 with equal inlet and outlet diameters, d,
a two-dimensional analytical expression can be obtained for the transmission loss by
matching the pressure and velocity at the expansion and the contraction [3, 7, 8]. From
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Figure 1. The expansion chamber geometry.
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Appendix A, the pressure field for waves travelling in a circular pipe of radius r; is given
as (a list of nomenclature is given in Appendix B)

PA — AO ej(u)t—kz) + 2 AnJO(’yi,Onr) e](mt#»k,»_(m:) (1)

for a wave A travelling in the positive z direction, and

PB — BO e‘(m + kz) + z BnJO(’))i‘Onr) ej(un‘fkl_o,,z) (2)

n=1

for a wave B travelling in the negative z direction, where n designates the radial mode
number, A, the pressure coefficient for each mode, w the angular frequency, k the planar
wave number, J, the Bessel function of the first kind of order zero, and ki, and v,, are
the axial and radial wavenumbers given by equations (A3) and (A4). Examining equation
(A3) for any radial mode n readily shows that k;o, will be imaginary when

_ v Yon L Olon
k—c< - or < 271_(”). 3)

The sign difference between the planar and radial modes in the exponential terms of
equations (1) and (2) ensures that for a wave travelling in the positive direction, the
magnitude of all modes, for which equation (3) holds, will decrease exponentially to zero
with increasing distance, whereas for negative travelling waves the magnitude must
increase. The velocity of waves 4 and B are obtained from the linearized momentum
equation,

ou.  opP

Por = "oz “4)
as
Ui = 5 An€ 5 = = 3 A i) €4+ ()
- pc a) = nfviOn L,On
and
U.; = piB i +k2) + Z Bnk,onJo(%onr) el —ki:2) (6)

At the expansion, the boundary conditions reveal, for the pressure,

(Pi+ Pp)l.co=(Pc+ Pp)l-—o, 0<r<mn (7

and, for the velocity,
(Ut + Up)lico = (Uic + Up)lizo,  0<r<ny, ®)
(U + Up).co=0, rn<r<n. )

In these boundary conditions, equations (1) and (5) will be used for waves 4, C and E
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Figure 2. The experimental set-up.

travelling in the positive z direction, and equations (2) and (6) are used for waves B, D
and F travelling in the negative direction. For the expansion chamber in Figure 1, the
dimensions of the inlet pipe are assumed such that the incoming wave A is planar, and
its magnitude, A,, is chosen to be unity for convenience. An anechoic termination is
imposed at the exit of the chamber by setting the reflected wave F to zero.

Following the work of Miles [7], the pressure boundary condition at the expansion can
be evaluated by multiplying both sides of equation (7) by r dr for s = 0 and integrating
from r =0 to r =r, to give

o) v o[ nh@r) |y (1 p [ Gaer) | (1
B()<2> Co<2> ng] Cn|: Vron D, B ,12‘1 D, Voon = aE

(10)
For s=1,2,,..., co, multiplying both sides of equation (7) by the orthogonal Bessel
function term Jo(y107)r dr and integrating from r = 0 to r = r; gives
2 0 n .
BS|:2 J(Z)(Vl.od’l):| B Z Cn|:’y2;0nr1Jl'(z'VZOnrl)\zIO(/l,O.s’1):|
n=1 ')/2.0/1 - yl.Os
& Vz.Oni'lJl(“/2.0”}’1)]0(3)1.05”1)
- Dn 2 = O 1 1
ngl |: V%,On — Vios ( )

For the two velocity boundary conditions, multiply equations (8) and (9) by r dr and
integrate equation (8) from r = 0 to r = r, and equation (9) from r = r, to r = r,. Adding
these two integral equations and simplifying produces, for s = 0,

— Byt — Cor; + Dor3 = —17. (12)

Similarly, for s =1,2,,..., co, multiplying equations (8) and (9) by Jo(y2e#)r dr and
integrating over the same limits yields
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TABLE 1
Expansion chamber geometry (d, = 4-859 ¢cm, d, = 15-318 cm;
m = 9:938)
Geometry [ (cm) l]d,
1 3-139 0-205
2 9-371 0-612
3 15-689 1-024
4 21-981 1-435
5 28:230 1-843
6 34-552 2:256
7 40-838 2:666
8 47-113 3-076
9 54-000 3-525
—kB, rlJl(VZOsrl) + Z B,,kho” V2$05V1J1(23)2.0‘;”1)-10(7/1#0””1)
V2.0s wed V205 — V10n
o, ¥ I (a5t
+k2‘0xcx|:22 J6(V2,0.J’2):| — kz,oAst|:2z %(“/2,0.&”2):| = —k|:l 17(;/2"0 ]):| (13)
2,0s
The boundary conditions at the contraction require, for the pressure,
(Pc+ Pp)l:—1=(Pe+ Pr)l-—o, 0<r<n (14)
and, for the velocity,
(U:C+ U:D)'::[:(U:E+ UZF)|:’:0’ OSI’SH, (15)
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Figure 3. A transmission loss comparison between one-dimensional theory and experiment for an expansion
chamber with //d = 3-525: ——, one-dimensional theory; A, experimental.
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Figure 4. A transmission loss comparison between one-dimensional theory and experiment for an expansion
chamber with //d = 0-205: ——, one-dimensional theory; A, experimental.
(U.c + U.p)|:21 =0, rn<r<nn. (16)

Using the same procedure as for the expansion, equation (14) gives, for s =0,

2 a1 '))2‘071 2

53] . 2
+ ) D,,|:"J ‘(V“’"”)] el — Eo<’2> =0 (17)

P V2,01

and, for s=1,2,..., o0,

i Cﬂ|:“/z,oni’1J1(Vz,onl’l)Jo(Vl.o.\-Vl):| ikt

2 2
Vaon — Vios

n=1

" Z D”[Vz‘onrlJ ](’Vl()nrl)JO(VLQJ‘I):| e—ikol _ E|:g J(Z)(’/1,0.J’1):| -0 (18)

2 2
n=1 Vaon — Vios

From equations (15) and (16) for s =0,

Corz e — Dyr e — Egr =0 (19)
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0.247400 89.20 178.15 267.10 356.05 445.00 533.95 622.90
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Figure 5. Pressure contours for an expansion chamber with //d = 3-525 for three frequencies of maximum
transmission loss: (a) 160 Hz; (b) 2080 Hz; (c) 2714 Hz.

7.52 17.22 26.91 36.61 46.31 56.01 65.70 75.40

6.42 20.49 34.56 48.63 62.70 76.76 90.83 104.90

0.487600  24.38 48.26 72.15 96.04 119.93 143.81 167.70
(©

Figure 6. Pressure contours for an expansion chamber with //d = 3-525 for three frequencies of minimum
transmission loss: (a) 320 Hz; (b) 2240 Hz; (c) 2800 Hz.
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Figure 7. Lines of constant pressure for an expansion chamber with //d = 0-205 before and at resonance: (a)
160 Hz; (b) 1420 Hz.

and, for s=1,2,..., o0,

2 2
klOSC.v|:r22 J5(y20, 2)j| elf2ol — kz,<).vD.\~|:r22 B(pa0sr 2):| e kol kE0|:r]Jl(ymrl)j|

V2,05

_ i Enkl,on|:y2'0“rljl(yz'o"r])JO(%'O”r]):| = 0. G0
n=1

— V%.O,v - "/12,07:

Equations (10)—(13) and (17)—(20) give a large (theoretically infinite) number of relations
(4s + 4) for a large number of unknowns (4n + 4). The unknowns are the pressure
coefficients for the incident and reflected waves in the inlet pipe, the chamber, and the
outlet pipe (B,, C,, D, and E,, where n =0, 1, ..., co is the number of radial modes).

| LI

(a)

(b)

Figure 8. Lines of constant pressure for expansion chambers with (a) //d = 0-205 and (b) //d = 3-525 at 160 Hz
(shown with equal contour strengths).
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(b)

Figure 9. Lines of constant pressure for expansion chambers with (a) //d = 0-205 and (b) //d = 3-525 at
1420 Hz (shown with equal contour strengths).

Fortunately, higher modes have a diminishing effect on the solution, and s and n can
be truncated to p terms resulting in 4p 4+ 4 equations with 4p + 4 unknowns. The number
of terms, p, needed for a converged solution depends both on the magnitude of the area
transition and the length of the chamber. El-Sharkawy and Nayfeh [3] reported for their
configurations that five terms were sufficient to converge to 0.1% accuracy. For the
geometries and frequencies investigated here, five terms were found to be sufficient for the
long chambers, but in excess of 15 terms were needed for very short chambers due to the
high radial dependence. Once equations (10)—(13) and (17)—(20) are solved, the
transmission loss is determined in the center of the tube by

P
TL = —20 logm E() eij/d/ + Z En ejkm,,l’ (21)

n=1
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Figure 10. A transmission loss comparison between the 2-D analytical, the 3-D boundary element method and
experimental results for an expansion chamber with //d = 0-205: ——, analytical; ——, 3-D boundary element;
A, experimental.
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(recall that the inlet pressure A is unity). Consider, for example, the extreme frequency of
3200 Hz used in the experiments. The first two values of ko, are kio = jl46-5 and
koo = j282-8, which produce exponentially decaying terms of e "% and e % in the
summation of equation (21). Thus, even for a short distance /', the non-planar modes
leaving the expansion chamber decay and have a negligible effect on the transmission loss.

For the one-dimensional case, setting p = 0 in equations (10)—(13) and (17)—(20) gives
four equations and four unknowns, which can be arranged to yield the classical
transmission loss of a one-dimensional expansion chamber, as

TL = 10 logy, |:1 + l<m - ;)4 sin? kl} (22)

where m = (d,/d,)* is the expansion ratio (see, for example, Davis et al. [1]). Equation (22)
reveals that the transmission loss for a one-dimensional expansion chamber oscillates
between a minimum of zero when k/ = gn and a maximum when k/ = (2¢ — 1)n/2, where
qg=1,2,..., 0.

3. BOUNDARY ELEMENT METHOD

In order to determine the multi-dimensional effects on the acoustic performance of
expansion chambers, a three-dimensional direct boundary element method was used. This
method is based on the Helmholtz equation:

VP2P* + KP* =0, (23)

where P = P* ¢*'. Given an enclosed smooth surface and two points X and Y, where Y
is on the surface of the model, equation (23) can be written in an integral form as [9]
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Figure 11. A transmission loss comparison between the 2-D analytical, the 3-D boundary element method and
experimental results for an expansion chamber with //d = 0-612: ——, analytical; ——, 3-D boundary element;
A, experimental.
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Figure 12. A transmission loss comparison between the 2-D analytical, the 3-D boundary element method and

experimental results for an expansion chamber with //d = 1-024:

A, experimental.
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Figure 13. A transmission loss comparison between the 2-D analytical, the 3-D boundary element method and

experimental results for an expansion chamber with //d = 1-435:

A, experimental.
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Figure 14. A transmission loss comparison between the 2-D analytical, the 3-D boundary element method and
experimental results for an expansion chamber with //d = 1-843: , analytical; ——, 3-D boundary element;
A, experimental.

J [G(X, Y) aiy P*(Y) — PX(Y) % G(X, Y)] ds,

1p* FYi .
_ {ZP (X), if X is on a smooth surface, (24)

P*(X), if X is in the interior of the model.

Here, G(X, Y) = e *#/4nxR is Green’s free space function and R is the distance between
X and Y. By discretizing the surface into a number of elements, equation (24) may be
rearranged as a system of equations

[4]1(P*) = [BI(0P*/0n). (25)
For each surface element, either P* or 0P*/0n is given in terms of one of the following
boundary conditions:
P* =P, for specified pressure,
0P*/on = —jpwV, for specified velocity,
0P*|/0n = —jpwP*|Z, for specified impedance.

Solution of equation (25) on the surface reveals the unknown (either P* or dP*/on) for
each surface element. Once the surface values are known, equation (25) can be solved for
interior points through direct substitution. A more detailed account of this method can
be found in Seybert and Soenarko [10], Soenarko and Seybert [11] and Ciskowski et al.
[12].

For this study, parabolic quadrilateral and triangular elements were used to discretize
the surface, and a nodal spacing to ensure greater than six nodes per wavelength was
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maintained throughout the frequency range. For the boundary element method,
transmission loss was computed by modeling the acoustic element in an extended
impedance tube set-up similar to the experimental study. The system is driven by an
oscillating piston with specified velocity and an anechoic termination is modelled by setting
the impedance of the outlet equal to the characteristic impedance of the fluid, pc.

4. EXPERIMENTAL APPROACH

The experimental set-up consists of an extended impedance tube configuration, as shown
in Figure 2, where the expansion chambers are placed between a broad-frequency noise
source and an anechoic termination. The two-microphone technique [13, 14] is utilized to
separate incident and reflected waves for calculation of the transmission loss across the
element, with one microphone pair placed before and another one after the expansion
chamber. Although multi-dimensional waves are excited in the expansion chambers, the
impedance tube diameter of 4:859 cm ensures planar propagation at the microphones, with
a cut-off frequency of 4149 Hz for non-symmetric modes. For further details of the
experimental set-up, refer to Selamet ez al. [15, 16].

5. RESULTS AND DISCUSSION

To validate the analytical and computational models, an experimental study is
conducted with nine expansion chambers constructed at different lengths as shown in
Table 1. For these nine configurations, the chamber expansion ratio, m, is held constant
while the length to diameter ratio, //d, is varied from 0-205 to 3-525.

In Figures 3 and 4 are shown transmission loss comparisons of the one-dimensional
theory of equation (22) with the experimental results for the two extreme cases with the
largest and smallest //d, ratios (hereafter the subscript 2 is dropped for convenience). For
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Figure 15. A transmission loss comparison between the 2-D analytical, the 3-D boundary element method and
experimental results for an expansion chamber with //d = 2:256: ——, analytical; ——, 3-D boundary element;
A, experimental.
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Figure 16. A transmission loss comparison between the 2-D analytical, the 3-D boundary element method and
experimental results for an expansion chamber with //d = 2-666: , analytical; ——, 3-D boundary element;
A, experimental.

the long expansion chamber, good agreement is shown in Figure 3 at low frequencies,
whereas at higher frequencies noticeable magnitude differences are observed before the
complete breakdown of the repeating one-dimensional domes. Based on acoustical theory,
equation (3), the first radial (0, 1) cross-mode will propagate in the chamber at a frequency
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Figure 17. A transmission loss comparison between the 2-D analytical, the 3-D boundary element method and
experimental results for an expansion chamber with //d = 3-076: , analytical; ——, 3-D boundary element;
A, experimental.
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Figure 18. A transmission loss comparison between the 2-D analytical, the 3-D boundary element method and
experimental results for an expansion chamber with //d = 3-525: , analytical; ——, 3-D boundary element;
A, experimental.

of 2737 Hz. A final large transmission loss peak near this frequency at approximately
2714 Hz is shown in Figure 3. On the other hand, the short-length chamber of Figure 4
reveals (1) very little similarity between the one-dimensional prediction and the
experimental results; and (2) peaks at a frequency well below the onset of any higher order
modes.

The deviation of the experimental results from the one-dimensional analytical prediction
suggests multi-dimensional wave propagation at frequencies at which, theoretically, only
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(6)]
I
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| | | |
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Figure 19. The predicted number of one-dimensional transmission loss domes versus the //d ratio: —,
equation (28); ———, equation (28) rounded to an integer number of domes.
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the planar mode should propagate. In the available literature the multi-dimensional waves
have been treated successfully by both finite element and boundary element methods. Some
relevant applications of the former have been illustrated by, for example, Young and
Crocker ([17] for a simple expansion chamber; [18] for exhaust mufflers including
flow-reversing chambers and Helmholtz resonators), and by Sahasrabudhe et al. [19]
for sudden area discontinuities. The present study employs the latter technique, as
discussed in section 3. In terms of this three-dimensional boundary element method, the
pressure fields inside the two extreme expansion chambers have been determined for
several frequencies. In Figures 5 and 6 are shown the internal pressure contours for the
l/d = 3-525 chamber at three frequencies of maximum transmission loss and three
frequencies of minimum transmission loss. These figures illustrate that at very low
frequencies (Figures 5(a) and 6(a)), the contours are planar throughout the chamber, as
expected. With increasing frequency, however, some non-planar contours begin to appear
at the area discontinuities, due to the fact that the transition excites higher order radial
modes. When the frequency is below that for which these modes can propagate freely
(Figures 5(b) and 6(b)), the non-planar modes decay exponentially with distance and only
planar behavior is observed away from the area transitions. As the frequency becomes
closer to the propagating or cut-off frequency for the first radial (0, 1) mode in Figure 5(c),
however, the modes do not decay as quickly and the multi-dimensional effects spread
throughout the length of the chamber. Finally, Figure 6(c) shows a complete
multi-dimensional behavior as the cut-off frequency for the first radial mode is exceeded.

Contours for the short //d = 0-205 chamber, shown in Figure 7, illustrate the importance
of the multi-dimensional propagation even at low frequencies. Higher order modes are
excited at the expansion and, due to the short length of the chamber, they do not decay
sufficiently. In effect, this causes a “‘radial mode” to propagate in the chamber even
through the frequency is almost half that of the cut-off frequency. A comparison between
the two geometries with equal contour strength in Figure 8 at low frequency and in
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Number of domes, kl/mr

0 1 2 3 4

I/d
Figure 21. The predicted number of one-dimensional transmission loss domes versus the //d ratio (a
comparison with experiments and other works): ——, equation (28); — —, equation (28) rounded to an integer
number of domes; ——, equation (26); @, experimental results (present study); [, Sahasrabudhe er al. (FEM);
/\, El-Sharkawy and Nayfeh (analytical); <, Th and Lee (experimental, analytical); O, Craggs (FEM).

Figure 9 at a higher frequency shows why the non-planar behavior is more significant in
the shorter chamber.

The discrepancy between the one-dimensional results and the experiments, along with
the multi-dimensional propagation at low frequency in the //d = 0-205 configuration,
indicates that the diameter of the expansion chamber is not the only parameter affecting
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Figure 22. Experimental transmission loss results for an asymmetric expansion chamber with //d = 2-666, inlet
and outlet offsets of 5-1 cm and rotated through 180 degrees; A, experimental.
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the propagation of these non-planar waves and the length of the chamber needs to be taken
into account. To study the length effect, nine expansion chambers listed in Table 1 were
fabricated: the diameter of the chamber was held constant, while the length was varied.
In Figures 10-18 are shown transmission loss comparisons among the experimental results,
the two-dimensional analytical approach, and the three-dimensional boundary element
method. As the //d ratio of the chamber is decreased in Figures 10-18, the frequency range
over which the repeating one-dimensional domes are observed decreases. This trend was
also observed by Sahasrabudhe ez a/. [6] in a finite element study of different expansion
chamber geometries. They developed an approximate relationship for the //d ratio required
to achieve plane wave behavior up to a frequency as

([ d)yr = 2(1]d)g - 1y — (] d)g —21es (26)

where gn denotes the frequency k/. The first two //d ratios are given as (//d), = 0-65 and
(l/d)2 = 1-0.

In Figures 10-18 the one-dimensional repeating dome behavior is shown to
prevail below the onset of the first radial mode (2737 Hz), while no domes extend
beyond that frequency. Rearranging equation (3) yields the number of repeating domes,

kljm, as
kl 20(mn l
< < d>’ (27)

or
number of domes < 2-440(//d) (28)

for concentric chambers, which is a relation between the //d ratio of the chamber and the
number of attenuation domes before higher order modes begin to dominate, as shown in
Figure 19. This equation predicts that geometries with an //d ratio of less than 0-41 will
have no complete dome. This matches the value given by Ih and Lee [5] for the transition
between the acoustically short and long expansion chambers. Analytical transmission loss
curves for a number of short and single-domed chambers in Figure 20 also support this
value. The predictions obtained by plotting equation (28) and rounding down to a
complete number of domes, as shown in Figure 21, match the experimental results, as well
as the results obtained from other authors, whereas equation (26) offers a reasonable
guidance at low //d ratios, while deviating slightly at high //d. Equation (28) also provides
an easier form to work with.

For all nine configurations, there is also a distinct trend in the transmission loss after
the breakdown of one-dimensional propagation. For the cases with an even number of
domes, the transmission loss exhibits a sharp peak, whereas for an odd number there is
a transmission loss dome with a frequency band less than k//x.

Although the present study concentrates on symmetric chambers, it is appropriate here
to provide a few remarks on the non-symmetric configurations. Eriksson ez al. [4, 20, 21]
demonstrate the effect of inlet and outlet orientations on the frequency range over which
the repeating dome behavior is observed. For example, by offsetting the inlet and outlet
ducts from the center and placing them 180 degrees apart, the repeating dome behavior
is observed until the geometry excites the first diametral (1, 0) mode. Similarly, by centering
the inlet and offsetting the outlet, the repeating dome behavior is extented until the second
radial (0, 2) mode propagates. For these non-symmetric configurations, the number of
domes determined by introducing o,,, which corresponds to the first higher order mode
excited, into equation (27) may be shown to agree well with the experimental results given
by Eriksson and his coworkers. In Figure 22, for example, are depicted the experimental
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results for a configuration with offset inlet and outlet such that the (1, 0) mode is excited
first. The combination of equation (27) with a;, = 1-841 from Table Al and the //d ratio
of 2:666 yields three repeating domes, which agrees with the experimental results. A more
thorough investigation of these asymmetric configurations, as well as their design
implications, will be undertaken in the future.

6. CONCLUDING REMARKS

This study has investigated analytically, computationally and experimentally the effect
of chamber length on the non-planar wave propagation in concentric expansion chambers.
Multi-dimensional waves are excited at all frequencies at the area discontinuities of the
chamber, however, for frequencies well below the cut-off frequency of the chamber, the
multi-dimensional waves decay in a short distance and have little effect on the transmission
loss. At higher frequencies approaching that of the first radial mode, however,
multi-dimensional effects begin to dominate, causing the repeating dome behavior of the
expansion chambers to break down. As the concentric expansion chamber length becomes
short with //d < 0-41, the repeating dome behavior breaks down altogether, as the length
of the chamber is no longer sufficient for the higher order modes to decay. This resonance
behavior of acoustically short concentric chambers substantially below the cut-off
frequency may, however, be desirable—particularly when coupled with the repeating dome
attenuation of long chambers—for practical designs, as indicated by Eriksson et al. [4].
It is the combination of the length effect with the cut-off frequency that dictates the number
of repeating domes. By taking both of these effects into account, an expression is given
to relate the number of repeating transmission loss domes to the //d ratio of the chamber,
which may be useful to determine approximately the applicability of the simple
one-dimensional predictions.
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APPENDIX A: THE PRESSURE FIELD

The linearized wave equation for the propagation of acoustical waves is

1 0°P

2p_ LOL
VP = o’ (Al
where ¢ is the speed of sound in the fluid [22]. For waves travelling in a circular pipe of
radius r;, the solution to equation (Al) is given, in cylindrical co-ordinates [7, 23], by

P(r, 8, z, t) = 2 Z Aanm('yi,mu}/) ej((ul E Ktz +n10)’ (Az)

m=0n=0

where m and n designate the diametral and radial mode numbers, 4,, is the pressure
coefficient for each mode, w is the angular frequency, J,, is the Bessel function of the first
kind of order m,

ki%mn = k2 - ‘yiz‘mn’ (A3)
TABLE Al
The roots, o, of the Bessel function J,,(ct,) = 0
m n=0 n=1 n=2 n=3 n=
0 0 3-832 7-016 10-174 13-324
1 1-841 5-331 8-536 11-706 14-864
2 3-054 6-706 9-970 13-170 16-348
3 4-201 8015 11-346 14586 17-789
4 5-318 9-282 12-682 15-964 19-196
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in which k = w/c is the planar wavenumber, and, from the radial boundary condition at r = r;,
Viomn = amn/ris (A4)

where o,,, are the roots of the Bessel function J;,(a..) = 0. The first few values of a,, are given in
Table Al.

For pipes with circular cross-section, the diametral modes are not excited (assuming axially
symmetric excitation) and can be neglected by setting m = 0 in equation (A2). Furthermore,
separating out the planar mode from the radial ones yields the pressure field in the pipe as

P= Ao ej(ml + kz) + Z AnJo(%g(mV) ej(wliAv,.OV,:). (AS)

n=1

APPENDIX B: NOMENCLATURE

A, B,C, D, E, F pressure coefficients

¢ speed of sound

d diameter

f frequency

G = e *R/4nR, Green’s function

j =,/ —1, imaginary unit

J. Bessel function of the first kind

k planar wavenumber

Kimmn axial wavenumber

/ expansion chamber length; downstream microphone location
m diametral mode number; expansion ratio
n radial mode number; unit outward normal
P truncation terms from infinite summations
P, P* acoustic pressure

q = kl/m, number of domes

r cylindrical co-ordinate; radius

R distance between X and Y

s orthogonal expansion terms

S surface

t time

TL transmission loss

U acoustic velocity

14 surface velocity

X interior or surface point
Y surface point

z cylindrical co-ordinate

Z = P/V, surface impedance

On zeros of J;, (o) =0

Vi radial wavenumber
cylindrical co-ordinate

o density

w = 2xnf, angular frequency



