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1. INTRODUCTION

Rectangular plates with two opposite simply supported edges and linearly varying
thickness only in one direction are studied, and the natural frequencies of the transverse
vibration are investigated.

First, the modal function of the deflection is assumed to be the product of two functions
of one variable, and a general solution of the ordinary differential equation for the
eigenvalue problem has been obtained by making use of the power series [1].

Fundamental frequencies obtained in the case of a rectangular plate with four simply
supported edges have come to be between the two bounds shown by Appl and Byers [2]
with only one exception. For the practical use of the readers, fundamental frequencies for
various supporting conditions are computed and presented in the tables.

2. EQUATION OF MOTION AND THE SOLUTION

On the central plane of the plate are set x, y co-ordinates and the deflection in z direction
is expressed by w. The equation of motion in the case of uni-tapered thickness in the x
direction only is [3]

dD 0 d*D (*w 0*w i Iw
dx Ox dx? p

4y - v 204 S =
DV4w + 2 Vi + e 3 e 0, ()

where D = ER*/12(1 — v?), E is Young’s modulus, / is the plate thickness, v is Poisson’s
ratio, p is density, ¢ is time and V* = (0%/0x? + 0%/0y?), V* = (0%/0x* + 0%/0y?).

Edges at y = 0 and y = b are simply supported, and the solution w(x, y, t) of equation
(1) is assumed to take the form of

w(x, y, t) = X(x) sin ([nn/b]y) exp (iwt), 2

where b is the plate length in the y direction, w is the circular frequency, i the imaginary
unit and n=1,2,3.....

Substituting expression (2) into equation (1), the following ordinary differential equation
is introduced

(I =& dx/de* — 6(1 — &) d°X/dE +[6 — 2(nnd/c)(1 — &)] °X/dE?
+ 6(nmdfc)(1 — &) dX/dE + {(nmd/c)'(1 — &) — [Ao/c* + 6v(nnd/c) ]} X =0, (3)
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where & = (c/a)x, ¢ = (hy — hi)/ho(ho > ), h(x) = ho(1 — (c/a)x), hy= h(0), h = h(a),
Ao = phya*w?*/Dy, Dy = ER}/12(1 —v?*), § = a/b, a is the plate length in the x direction.
The solution X(&) of equation (3) can be expressed as the following power series [4]

where

X@) =Y Cal). @
GO =8+ 3 G, 5)
TABLE 1

Fundamental frequency parameters /2§ = / phia*w?*/D§ for simply supported rectangular
plates with linearly varying thickness; v = 0-3

Akiyama Akiyama
and Kuroda Apply and Byers and Kuroda Appl and Byers
alb  « NZ NI= JRu  alb NI NI R
025 01 11-00370 11-:00509  11-00305 125 26:54719  26-54931  26-54611
0-2 11-50805 11-50813 11-50800 27-78851 27-80288  27-78100
0-3 12-:00109 12:00600  11-99133 29-01667  29-01782  29-01524
0-4 12-48409 12-48595 12-48311 30-23312  30-24249  30-22611
0-5 12-95812 12-95859 12-95728 31-43907  31-44711 31-42629
0-6 13-42407 1342546  13-42181 32:63554  32-65289  32-61024
0-7 13-88268 13-88730  13-87754 33-82336  33-86717  33-76064
0-8 14:33460 14:35427 14-31604 3500328  35-07034 3491215
0-50  0-1 12-94822 1294824 12-94820 1-50 3366677  33-67000  33-:66509
0-2 13-54915 13-54935 13-54906 35-23316  35-25022  35-19943
0-3 14-14105 14-14139 14-14086 36-77837  36:79249  36-75018
0-4 14-72496 14-76150 14-70585 38-30481 38-31654  38-27858
0-5 15-30170 15-31218 15-29601 39-81449  39-83326  39-78875
0-6 15-87198 15-87848 15-86704 41-30907  41-34735  41-25150
0-7 16-43640 1644366  16-42812 42-78998  42-86956  42:66874
0-8 16-99547 17-00932 16-97810 44-25841  44-35729  44-14320
0-75  0-1 16-18751 16-18799 16-18651 175 42-:07903  42-09013  42-07325
0-2 16-94498 16-94698 16-94397 44-02451 44-04263  43-98856
0-3 17-69473 17-70099 17-69150 4593650  45-94537  45:92292
0-4 18-43762 18-44961 18-43144 47-81893  47-83689  47-79478
0-5 19-17434 19-17571 19-17266 49-67502  49-71280  49-61782
0-6 19-90549 19-91246  19-89032 51-50751 51-58178  51-39129
0-7 20-63154 20-64127  20-61856 53-31871 53-38730  53-21404
0-8 21-35293 21-38684  21-31288 55-11058  55-27124  55-05512
1-00  0-1 20-72065 20-72074  20-72050  2-00  51-78344  51-82503  51-76145
0-2 2169203 21-69230  21-69150 54-16063  54-17898  54-13811
0-3 22-65455 22-65787  22-64796 56-48697  56-51058  56-45699
0-4 23-60919 23-61813  23-59180 58-76856  58-80906  58-70824
0-5 24-55673 24-55972  24-55282 61-:01046  61-11308  60-85006
0-6 25-49784 25-50614  25-48607 63-:21692  63-34341 63-08581
0-7 26-43308 26-45245  26-40521 65-39157  65-45104 6531778
0-8 27-36293 27-41197  27-29489 67-53748  67-49966  67-37930

AF = (1 4+ a)*ho, h§ = (1 — ¢)ho, DF = (1 — ¢)* Do, ¢ = /(1 + a); o = Taper ratio in reference [2]; R = Upper
bounds of fundamental frequency in reference [2]; R..» = Lower bounds of fundamental frequency in reference
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TABLE 2

Fundamental frequency parameters J/AF = \/ phid'@? D¢ for rectangular plates with
linearly varying thickness; v = 0-3

afb x C-S-C-S C-S-S-S C-S-F-S S-S-F-S
025 01 23-84148 1686728 443817 1-82312
02 2494212 17-83505 483487 1:92997
03 26:02277 1878887 523776 2:04037
04 2708570 1973031 564627 215400
05 2813279 20-66066 6:05993 227057
06 29-16559 21-58100 647831 238983
07 3018543 22:49225 6:90107 251154
08 31-19344 23-39519 732790 263549
09 32:19059 24:29050 775853 276149
1:0 3317772 25:17875 819273 288937
050 01 2499344 1835139 610057 424237
02 2614760 1935584 650544 445697
03 2728102 20-34690 691783 467720
04 2839604 21-32604 733717 490273
05 29-49461 2229447 776291 513321
06 30-57835 2325321 819460 536833
07 31-64864 2420311 863179 560778
08 32:70664 2514492 907411 5-85124
09 33-75337 26:07928 952121 609847
10 3478971 27-00675 997278 634918
075 01 27-10593 20-97607 900868 762704
02 28:35814 22:05559 9-45389 795789
03 29-58814 23-12166 990555 829449
0-4 30-79845 24:17574 1036350 863672
05 31:99114 2521904 1082750 898439
06 33-16796 2625258 1129733 933730
07 34:33037 2727722 1177273 969522
08 3547963 2829370 1225345 1005792
09 36:61683 29-30267 1273924 1042517
10 37-74291 30-30468 1322986 10:79675
1:00 01 30-38297 24-87009 1320802 1214486
02 31-78695 26:07669 1373194 1260847
03 33-16625 27-26823 1425965 1307580
04 34-52367 28-44641 1479149 1354713
05 3586152 29-61263 1532768 1402263
06 37-18174 30-76806 1586832 1450236
07 38:48596 3191368 1641344 1498635
08 39-77557 33-05033 16:96305 1547457
09 41-05178 34-17874 1751709 15:96696
1:0 4231564 35:29954 1807548 16:46344
1:25 01 34:99035 30-11153 1870368 17-86460
02 36:60699 31-50651 19-34241 1848184
03 38:19508 32:88261 19-98086 19-09816
04 39-75786 3424210 20-62005 1971463
05 41-29799 35-58680 21:26073 20-33203
06 42:81772 36:91823 21-90347 20-95096
07 44-31893 38:23767 22:54869 21-57188
08 45:80325 39-54618 2319669 22:19512
09 4727207 40-84471 23-84770 22:82093
1:0 48-72660 42:13405 24:50186 2344950

continued overleaf
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TABLE 2—continued
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alb o C-S-C-S C-S-S-S C-S-F-S S-S-F-S
1-50 0-1 41-02223 36-72863 25-48943 24-81510
02 42:91604 38-:37684 2627543 25-60803
0-3 44-77548 39-99966 27-05502 26:39216
0-4 4660447 41-60022 27-83027 27-16993
0-5 48-40623 43-18109 28-:60276 27-94325
06 50-18344 44-74436 29-37373 28-71359
0-7 5193840 46-29180 30-14412 29-48212
0-8 53-67303 47-82491 30-91469 30-24975
0-9 55-38904 49-34496 31-68604 31-01722
1-0 57-08787 50-85304 32-45863 31-78512
1-75 01 48:50966 44-72089 33-55788 33-:00904
02 5074553 46-68672 34-52003 33-99904
03 52-93872 48-61735 3546672 3496839
0-4 55-09407 50-51721 36-40169 35:92190
0-5 57-21560 52-38992 37-32782 36-86325
0-6 59-30667 54-23848 38-24733 37-79529
0-7 61-37011 56-06537 39-16197 38-72025
0-8 63-40835 57-87271 40-07315 39-63991
0-9 65-42349 59-66230 40-98198 40-55569
1-0 67-41735 61-43569 41-88936 41-46872
2:00 01 57-44627 54-07660 42:90268 4245211
0-2 60-08758 56-42207 44-06647 43-65887
0-3 62-67462 58-71848 45-20194 44-82854
0-4 65-21359 60-97211 46-31547 45-96968
0-5 67-70963 63-18807 47-41188 47-08864
0-6 70-16701 65-:37061 48-49488 48-19026
0-7 72-58938 67-52325 49-56738 49-27826
0-8 74-97983 69-64900 50-63166 50-35557
0-9 77-34104 71-75040 51-68957 51-42450
1-0 79-67535 73-82964 5274259 52-48689
1 . . .
Gijia= —m {TOGi,_/’—Z + T0Gijo1 + (To + jSi + pR)G; + [(J + 1)So

+ G+ DRG0 +[(J+ 2R+ (J+ 201+ (J+ 2)aP2]Gi 12

+ (7 + 300 + (J + 3):P]Gij 45,

G[_fz = Gi,—l = Os

P0=17P1=_25P2=17Q0=_6’Q1=6’R0

S() = 6S, S] = —63, T() = Sz — ()v()/C4 =+ 6VS), T] =

(j=0)}

(G+nu=U+n(+n—=10,....(j+n—m+1)

6 —2s5, R =4s, R, = —2s,

—25%, Th = s, s = (nmd/c)’

(6)
@)

Gy, Gy, Gy and Gy are successively determined according to equation (6) by giving the

following four first values respectively
GO/‘: Go =1,
Gl,': G11 = 1,
szi Gn=1,
G3,': G33 = 1,

Gy =Gp=G3 =0
Goy=Gn=G;3=0
Gy=Gy=Gx3=0

G30 = G}] =

32:0

®)
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3. NUMERICAL COMPUTATION

Table 1 shows the comparison among fundamental frequencies obtained by the present
power series solution for the case of four simply supported edges and those by Appl and
Byers. Table 2 gives the computed fundamental frequencies for various supporting
conditions.

4. CONCLUSIONS

The present analytical solution gives exact solutions as far as the form of the solution
of equation (2) is concerned. There is no room for errors to occur in the course of
numerical computation. In other words, numerical values of the fundamental frequencies
obtained by the power series solution and given in Table 1 and Table 2 can be said to
be the standards for all other computed values.
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