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The acoustic eigenfrequencies fnsm in concentric spheroidal–spherical cavities are
determined for both Dirichlet and Neumann boundary conditions. Two types of cavities
are examined, one with spheroidal outer and spherical inner boundary and inversely for
the other. The pressure field is expressed in terms of both spherical and spheroidal wave
functions, connected with one another by well-known expansion formulas. When the
solution is specialized to small values of h= d/(2R2) where d is the interfocal distance of
the spheroidal boundary and R2 the half length of its rotation axis, exact closed-form
expressions are obtained for the coefficients g(2)

nsm and g(4)
nsm in the resulting relations

fnsm (h)= fns (0) [1+ g(2)
nsm h2 + g(4)

nsm h4 +O(h6)]. Numerical results are given for various values
of the parameters.
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1. INTRODUCTION

Calculation of eigenfunctions and eigenfrequencies in acoustic cavities is an old problem
with numerous applications. The pure analytical solution of such problems is severely
limited by the shape of the boundaries. For complicated geometries various numerical
techniques are used, as well as shape perturbation methods like the ones described in
reference [1] in particular. A special analytical shape perturbation method was used in
references [2–5], in order to obtain the acoustic resonance frequencies and the
corresponding wave functions in a spherical, a cylindrical and a rectangular cavity
containing an eccentric inner small sphere.

In this paper the interior problem in the acoustic cavities, shown in Figures 1 and 2,
is solved for both Dirichlet and Neumann boundary conditions. In Figure 1 the inner
boundary is spherical with radius R1, while the outer concentric one is prolate spheroidal
with major semi-axis R2 and interfocal distance d. In Figure 2 the inner boundary is prolate
spheroidal with major semi-axis R2 and interfocal distance d, while the outer concentric
one is spherical with radius R1. Both cavities are perturbations of the concentric spherical
one with radii R1 and R2. The prolate spheroidal boundaries are the only ones to be
considered explicitly, but corresponding formulas for the oblate ones are obtained
immediately.

Using well-known expansion formulas between spherical and spheroidal wave functions
[6], one is able to obtain an infinite determinantal equation for the evaluation of the
eigenfrequencies of the former cavities. In the special case of small h= d/(2R2), one is led
to an exact evaluation, up to the order h4, for the elements of the infinite determinant and,
finally, for the determinant itself. It is then possible to obtain the eigenfrequencies in the
form fnsm (h)= fns (0) [1+ g(2)

nsm h2 + g(4)
nsm h4 +O(h6)], where the coefficients g(2)

nsm and g(4)
nsm are

independent of h and are given by exact closed-form expressions.
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Figure 1. Geometry of the spheroidal–spherical cavity.

The main advantage of such an analytical solution lies in its general validity for all small
values of h and for all modes, whereas all numerical techniques require repetition of the
evaluation for each different h.

The case of the Dirichlet boundary conditions is examined in section 2, while in section
3 the case of the Neumann boundary conditions is considered. Finally, in section 4,
numerical results are given accompanied with discussion and comments.

Figure 2. Geometry of the spherical–spheroidal cavity.
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2. DIRICHLET BOUNDARY CONDITIONS

The cavities of Figures 1 and 2 are treated simultaneously. Let m= m0 denote the
spheroidal boundary and p the acoustic pressure field inside the cavity. This field satisfies
the scalar Helmholtz equation. Its expression satisfying also the homogeneous Dirichlet
boundary condition p=0 at the spherical boundary r=R1 is

p= s
a

n=0

s
n

m=0

[jn (kr)−nn (kr)jn (x1)/nn (x1)]Pm
n (cos u) [Anm cos m8+Bnm sin m8],

x1 = kR1, (1)

where r, u, 8 are the spherical co-ordinates with respect to 0, jn and nn are the spherical
Bessel functions of the first and second kind, respectively, Pm

n is the associated Legendre
function of the first kind and k is the resonant wavenumber.

In order to satisfy the remaining boundary condition p=0 at m= m0 one expands the
spherical wave functions into concentric spheroidal ones by using the formula [6]

z(s)
n (kr)Pm

n (cos u)=
2

2n+1
(n+m)!
(n−m)!

s'
a

l=m,m+1

il− n

Nml
dml

n−m Sml (c, h)R(s)
ml (c, j), c= kd/2,

(2)

in which j=cosh m, h are the spheroidal co-ordinates (8 is common in both systems), z(s)
n

(s=1–4) is the spherical Bessel function of any kind, R(s)
ml is the corresponding radial

spheroidal function of the same kind, Sml and dml
n−m are the angular spheroidal function of

the first kind and its expansion coefficients all defined in Appendix A, while the
normalization constant Nmn is [6]

Nmn =2 s'
a

r=0,1

(dmn
r )2(r+2m)!

(2r+2m+1)r!
. (3)

The prime over the summation symbols in equations (2) and (3) indicates that when n−m
is even/odd these summations start with the first/second value of their summation index
and continue only with values of the same parity with it.

One substitutes from equation (2) into equation (1) satisfying the boundary condition
p=0 at m= m0 (j= j0) and uses next the orthogonal properties of the angular spheroidal
and the trigonometric functions, to obtain finally the following infinite set of linear
homogeneous equations for the expansion coefficients Anm (or Bnm ):

s'
a

n=m,m+1
alnm Anm =0, lem, m+1, (4)

where

alnm =
2i−n(n+m)!

(2n+1) (n−m)!
dml

n−m $R(1)
ml (c, cosh m0)−R(2)

ml (c, cosh m0)
jn (x1)
nn (x1)%. (5)

In equations (4, 5) l and n are both even or odd, starting with that value of m or m+1,
which has the same parity with them. So, the set (4) separates into two distinct subsets,
one with l, n even and the other with l, n odd.
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Setting j=cosh m and r= l−m2 2q in the expression (A25) of Appendis A for R(s)
ml

and substituting there dml
r (c) from equation (A3) of the same Appendix, one obtains

R(s)
ml (c, cosh m0)=

(l−m)!
(l+m)!

tanhm m0 dml
l−m 6 s

a

q=1

s
a

s=0

(−1)qaml+
2q,2s c2q+2s (l+m+2q)!

(l−m+2q)!

×z(s)
l+2q (x2)+ s

qmax

q=0

s
a

s=0

(−1)qaml−
2q,2s c2q+2s (l+m−2q)!

(l−m−2q)!
z(s)

l−2q (x2)7,

x2 = c cosh m0 = kR2, (6)

where qmax is the maximum integer E(l−m)/2.
The summation index s is now replaced by u= q+ s in equation (6). By keeping in mind

that

s
a

q=1

s
a

u= q

= s
a

u=1

s
u

q=1

and s
qmax

q=0

s
a

u= q

= s
a

u=0

s
min(qmax ,u)

q=0

,

one finally finds

R(s)
ml (c, cosh m0)=

(l−m)!
(l+m)!

tanhm m0 dml
l−m 6(l+m)!

(l−m)!
z(s)

l (x2)+ s
a

u=1

c2u$ s
u

q=1

(−1)q

×
(l+m+2q)!
(l−m+2q)!

z(s)
l+2q (x2)vml+

2u−2q (2q)aml+
2q,0

+ s
min(qmax ,u)

q=1

(−1)q (l+m−2q)!
(l−m−2q)!

z(s)
l−2q (x2)vml−

2u−2q (2q)aml−
2q,0 %7. (7)

In equation (7) use has been made of the relations aml2
2q,2u−2q = vml2

2u−2q (2q)aml2
2q,0 , vml−

0 (0)=1,
aml−

0,0 =1 and vml−
2u (0)=0 for uq 0, from Appendix A.

Setting each one of the two determinants D(almn ) (one with l, n even and the other with
l, n odd) of the coefficients alnm in equation (4) equal to 0, one obtains two determinantal
equations for the evaluation of the resonance frequencies. As far as they appear in the same
general form, one can treat them simultaneously with the symbol D(alnm ). For large values
of c, the equation D(alnm )=0 can be solved by numerical methods only, a procedure with
many difficulties, due to the presence of the spheroidal functions. However, for small c
an analytical and closed-form solution is possible. One substitutes first from equation (7)
into equation (5) and next divides the elements of the lth row of the former determinant
by 2(dml

l−m )2 tanhm m0 and the elements of its nth column by i−n(n+m)!/[(2n+1) (n−m)!].
So alnm is divided by the product of these terms, with no change in the roots of the
determinantal equation. The symbol aln is used for the resulting coefficient, deleting the
third subscript m for simplicity. As far as c depends on the unknown resonance
wavenumbers k (c= kd/2), from now on one can use the parameter h= d/(2R2), instead
of it (c= x2 h). So, for small h, one can set up, to the order h4,

ann =D(0)
nn +D(2)

nn h2 +D(4)
nn h4 +O(h6), h= d/(2R2), (8)

aln =D(=l− n=)
ln h=l− n=[1+O(h2)], l$ n. (9)
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In particular, for h=0, it is obvious from equations (8, 9) that aln (0)=0 for l$ n and
ann (0)=D(0)

nn 0D0
nn . The determinant becomes diagonal and the resonance frequencies are

found from the equations ann (0)=D0
nn =0 (n=0, 1, 2, . . .), a result independent of m and

well known for two concentric spheres with radii R1 and R2.
The relations (8, 9) allow a closed-form evaluation of the determinant D(aln )=D(alnm ),

up to the order h4, by the method described in detail in references [7, 8]. So, its development
is

D(aln )=P(ann )$1− s
a

w=m,m+1

aw+2,w aw,w+2

awwaw+2,w+2 %, nem, m+1, (10)

P(ann )= aww aw+2,w+2 aw+4,w+4 . . . , w=m, m+1. (11)

By using equations (8, 9) it is obvious that, up to order h4,

P(ann )=P(D0
nn )61+ h2 s'

a

w=m,m+1

D(2)
ww

D0
ww

+ h4 s'
a

w=m,m+1$D(4)
ww

D0
ww

+
D(2)

ww

D0
ww

s'
a

t=w+2

D(2)
tt

D0
tt%+O(h6)7, (12)

aw+2,w aw,w+2

aww aw+2,w+2
=

D(2)
w+2,w D(2)

w,w+2

D0
ww D0

w+2,w+2
h4. (13)

Substituting in equation (10) from equations (12, 13) one obtains

D(aln )=P(D0
nn )61+ h2 s'

a

w=m,m+1

D(2)
ww

D0
ww

+ h4 s'
a

w=m,m+1

×$D(4)
ww

D0
ww

+
D(2)

ww

D0
ww

s'
a

t=w+2

D(2)
tt

D0
tt

−
D(2)

w+2,w D(2)
w,w+2

D0
ww D0

w+2,w+2%+O(h6)7, nem, m+1. (14)

Exact expressions for the various Ds appearing in equation (14) are given in Appendix B.
It is evident from equation (14) that by setting D0

nn = ann (0)=0 (nem, m+1) yields
D(aln )$ 0; namely, the roots of D[aln (0)]=0 are not, in general, also roots of the equation
D[aln (h)]=0. Instead, this latter equation requires that

1+ h2 s'
a

w=m,m+1

D(2)
ww

D0
ww

+ h4 s'
a

w=m,m+1 $D(4)
ww

D0
ww

+
D(2)

ww

D0
ww

s'
a

t=w+2

D(2)
tt

D0
tt

−
D(2)

w+2,w D(2)
w,w+2

D0
wwD0

w+2,w+2 %=0. (15)

With h small, equation (15) can be satisfied by values of the only varying parameter k
that make its denominators D0

nn as small as required by the small values of h. In other
words, the resonance wavenumbers k(h) correspond one to one and have values near the
k(0)0 k0 of the concentric spherical cavity. Setting

k(h)= k(0) + k(2)h2 + k(4)h4 +O(h6), k(0) 0 k0, (16)

x2 (h)= k(h)R2 = x(0)
2 + x(2)

2 h2 + x(4)
2 h4 +O(h6), x(r)

2 = k(r)R2, r=0, 2, 4, (17)

one has

D0
nn (x0

2 )=0,

D(r)
nn [x2 (h)]=D(r)

nn (x0
2 )+ x(2)

2
dD(r)

nn (x0
2 )

dx2
h2 +$x(4)

2
dD(r)

nn (x0
2 )

dx2
+

1
2

d2D(r)
nn (x0

2 )
dx2

2
(x(2)

2 )2%
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× h4 +O(h6), x0
2 0 x(0)

2 , r=0, 2, nem, m+1. (18)

In equation (18) the relation x1 = x2 /t has been used, where t=R2 /R1 = constant, so x2

is the only variable.
By retaining only the large terms in equation (15) one finds

1+ h2$D(2)
nn

D0
nn

+ s'
a

w=m,m+1

w$ n

D(2)
ww

D0
ww%+ h4$D(4)

nn

D0
nn

+
D(2)

nn

D0
nn

s'
a

w=m,m+1

w$ n

D(2)
ww

D0
ww

−
D(2)

n+2,n D(2)
n,n+2

D0
nn D0

n+2,n+2
−

D(2)
n,n−2 D(2)

n−2,n

D0
n−2,n−2 D0

nn%=0, nem, m+1. (19)

One can now multiply both members of equation (19) by D0
nn [x2 (h)]$ 0 and next

substitute there from equation (18), setting the coefficients of h2 and h4 equal to zero. So,
one finally obtains the following relations for the evaluation of x(2)

2 and x(4)
2 :

x(2)
2 =−$dD0

nn (x0
2 )

dx2 %
−1

D(2)
nn (x0

2 ), nem, m+1, (20)

x(4)
2 =−$dD0

nn (x0
2 )

dx2 %
−1

$(x(2)
2 )2

2
d2D0

nn (x0
2 )

dx2
2

+ x(2)
2

dD(2)
nn (x0

2 )
dx2

+D(4)
nn (x0

2 )

−
D(2)

n+2,n (x0
2 )D(2)

n,n+2 (x0
2 )

D0
n+2,n+2 (x0

2 )
−

D(2)
n,n−2 (x0

2 )D(2)
n−2,n (x0

2 )
D0

n−2,n−2 (x0
2 ) %, nem, m+1. (21)

The two infinite sums of equation (19) do not appear in equation (21) because they have
opposite values, as can be easily proved with the use of equation (20).

Formulas (20) and (21) are also valid for the oblate spheroidal boundaries. The only
difference in this case is that D(2)s change their signs and R2 is the minor semi-axis of the
oblate spheroidal. So, x(2)

2 changes its sign, while x(4)
2 remains unchanged.

The resonance frequencies for the problem of two concentric spheres with radii R1 and
R2, used in equations (20) and (21), are given by the equation (equation (B1) in Appendix
B) D0

nn =0, or

jn (x0
1 )/nn (x0

1 )= jn (x0
2 )/nn (x0

2 ), x0
1 = x0

2 /t, t=R2 /R1. (22)

By using equation (22), equations (B1)–(B5) from Appendix B, as well as various
recurrence relations and Wronskians for spherical Bessel functions [9] in equations (20)
and (21), one finally obtains after lengthy but straightforward calculations the explicit
expressions

x(2)
2 =E$1− t

n2
n (x0

2 )
n2

n (x0
1 )%

−1

, E= x0
2

n2 +m2 + n−1
(2n−1) (2n+3)

, (23)

x(4)
2 =6H+ t

(x0
2 )2x(2)

2 nn (x0
2 )

2(2n+1)n2
n (x0

1 ) $(n+m+1) (n+m+2)
(2n+3)2 nn+2 (x0

2 )
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−
(n−m−1) (n−m)

(2n−1)2 nn−2 (x0
2 )%+(x(2)

2 )2$t nn (x0
2 )n'n (x0

2 )
n2

n (x0
1 )

−
n2

n (x0
2 )

n2
n (x0

1 ) 0 1
x0

1
+

n'n (x0
1 )

nn (x0
1 )1%−

t3nn (x0
2 )

4(2n+1)nn (x0
1 ) $ [(n+1)2 −m2] [(n+2)2 −m2]

(2n+3)2(2n+5)wn+2,n+2 (x0
2 , x0

1 )

+
[(n−1)2 −m2] (n2 −m2)

(2n−3) (2n−1)2wn−2,n−2 (x0
2 , x0

1 )%7$1− t
n2

n (x0
2 )

n2
n (x0

1 )%
−1

, (24)

where the primes denote derivatives with respect to the argument, while

H=
(x(2)

2 )2

x0
2

+
(n+m+1) (n+m+2)

2(2n+1) (2n+3)2 6x(2)
2 [(x0

2 )2 − (n+1) (2n+3)]

+2(x0
2 )3$ 1−4m2

(2n−1) (2n+3) (2n+7)

+
(n+m+3) (n+m+4)

2(2n+5) 02n+3
(x0

2 )2 −
2

2n+71%7
−

(n−m−1) (n−m)
2(2n−1)2(2n+1) 6x(2)

2 [(x0
2 )2 − n(2n−1)]−2(x0

2 )3$ 1−4m2

(2n−5) (2n−1) (2n+3)

−
(n−m−3) (n−m−2)

8(2n−3) 02n−1
(x0

2 )2 −
2

2n−51%7 (25)

and

wvv (x0
2 , x0

1 )= jv (x0
2 )nv (x0

1 )−nv (x0
2 )jv (x0

1 ). (26)

It is evident that equation (17) can be written in the form
x2 (h)= x0

2 [1+ g(2)h2 + g(4)h4 +O(h6)]. So, the eigenfrequencies in the cavities of Figures 1
and 2 are given by the expression

fnsm (h)= fns (0) [1+ g(2)
nsm h2 + g(4)

nsm h4 +O(h6)], (27)

where

g(2)
nsm =(x(2)

2 )nsm /(x0
2 )ns , g(4)

nsm =(x(4)
2 )nsm /(x0

2 )ns . (28)

It is clear that one can start the analysis, equivalently, by interchanging jn and nn in
equation (1). Following next the same procedure as before, one obtains again formulas
(23) and (24) with the aforementioned interchanges (formula (22) remains the same). One
more difference in equation (24) is that one should also change the minus signs in front
of the two fractions containing wvv (x0

2 , x0
1 ) in their denominators into plus signs. This last

change is necessary due to the fact that in the numerators of these fractions one has used
Wronskians of Bessel functions, which change their signs with the above interchanges.

The former remarks mean also that formulas equivalent to equations (23) and (24) are
obtained by replacing there nv and n'v by jv and j'v , respectively, except in wvv which keeps
the form (26). This was verified numerically for various values of the parameters. Especially
for equation (23) this is also evident from equation (22). These equivalent formulas are
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the only ones which can be used in the calculations in any case that nn (x0
1 )=0 (in this

case jn (x0
1 )$ 0, while from equation (22) one obtains nn (x0

2 )=0 and jn (x0
2 )$ 0). In

analogy, equations (23) and (24) are the only formulas which can be used in the
calculations in any case that jn (x0

1 )=0 (in this case nn (x0
1 )$ 0, while from equation (22)

one has jn (x0
2 )=0 and nn (x0

2 )$ 0).
By using in equations (23) and (24) the small argument formulas for the various Bessel

functions [9] as R1:0 (for the cavity of Figure 1) one obtains, after some manipulation,
the expressions for x(2)

2 and x(4)
2 in the case of a simple spheroidal cavity with major semi-axis

R2 and interfocal distance d (i.e., in the absence of the inner sphere). The same expressions
were also obtained by the independent solution, from the beginning, of this last problem
and are:

x(2)
2 =E, x(4)

2 =H. (29)

It should be noticed that formulas (29) do not contain any Bessel functions, while x0
2

there are roots of the equation jn (x0
2 )=0.

The results (23)–(25) and (29) can be obtained also by an independent shape
perturbation method, in which the pressure field is expressed in terms of spherical wave
functions only. Geometrical relations expressing the spheroidal boundary in terms of
spherical coordinates are used. In this method there is no need for spheroidal wave
functions and the expansion formulas connecting them with the concentric spherical ones.
This alternative procedure provides a very convincing check on the results of the present
section, but it is not possible to be presented here without making the manuscript extremely
lengthy. So, it will be the subject of a forthcoming paper.

3. NEUMANN BOUNDARY CONDITIONS

In this case the expansion for p that corresponds to equation (1) and satisfies the
boundary condition 1p/1r=0 at r=R1 is

p= s
a

n=0

s
n

m=0

[jn (kr)−nn (kr)j'n (x1) /n'n (x1)]Pm
n (cos u) [Anm cos m8+Bnm sin m8]. (30)

In order to satisfy the remaining boundary condition 1p/1m=0 (1p/1j=0) at m= m0

(j= j0) one follows steps identical to those for the Dirichlet case, which lead again to the
infinite set (4) with the difference that alnm is now given by the expression

alnm =
2i−n(n+m)!

(2n+1) (n−m)!
dml

n−m $1R(1)
ml (c, cosh m0)

1m
−

1R(2)
ml (c, cosh m0)

1m

j'n (x1)
n'n (x1)%. (31)

The remarks after equation (5) are again valid in this case. From equation (A25) of
Appendix A one obtains

1R(s)
ml (c, cosh m0)

1m
=

(l−m)!
(l+m)!

tanhm−1 m0 s'
a

r=0,1
ir+m− ldml

r
(r+2m)!

r!

×$0x2 −
c2

x21z(s)'r+m (x2)+
c2

x2
2
mz(s)

r+m (x2)%. (32)
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Setting r= l−m2 2q in equation (32) and following the same steps as for the Dirichlet
case, one obtains, in place of equation (7), the equation

1R(s)
ml (c,cosh m0)

1m
=

(l−m)!
(l+m)!

tanhm−1 m0 dml
l−m 6(l+m)!

(l−m)! $0x2 −
c2

x21z(s)'l (x2)+
c2

x2
2
mz(s)

l (x2)%
+ s

a

u=1

c2u$ s
u

q=1

(−1)q (l+m+2q)!
(l−m+2q)! 60x2 −

c2

x21z(s)'l+2q (x2)

+
c2

x2
2
mz(s)

l+2q (x2)7vml+
2u−2q (2q)aml+

2q,0 + s
min(qmax u)

q=1

(−1)q (l+m−2q)!
(l−m−2q)!

×60x2 −
c2

x21z(s)'l−2q (x2)+
c2

x2
2
mz(s)

l−2q (x2)7vml−
2u−2q (2q)aml−

2q,0 %7. (33)

One substitutes from equation (33) into equation (31) and next divides alnm by
2(dml

l−m )2i−n (n+m)! tanhm−1 m0 /[(2n+1) (n−m)!], in an analogous manner as for the
Dirichlet case. The remarks after equation (7) are also valid here. The same is true for
equations (8)–(21), but with different expressions for the various expansion coefficients,
which are given in Appendix B. In place of equation (22) one now has

j'n (x0
1 )/n'n (x0

1 )= j'n (x0
2 )/n'n (x0

2 ), x0
1 = x0

2 /t. (34)

By using equation (34), and equations (B6)–(B10) from Appendix B, the recurrence
relations and Wronskians for spherical Bessel functions [9] in equations (20) and (21), one
can finally obtain after laborious but straightforward calculations the explicit expressions
for x(2)

2 and x(4)
2 :

x(2)
2 =U$1− t30n'n (x0

2 )
n'n (x0

1 )1
2 (x0

1 )2 − n(n+1)
(x0

2 )2 − n(n+1)%
−1

,

U= x0
2 6 n2 +m2 + n−1

(2n−1) (2n+3)
−

1
(2n+1) [(x0

2 )2 − n(n+1)]

×$(n2 −m2) (n+1)
2n−1

−
[(n+1)2 −m2]n

2n+3 %7, (35)

x(4)
2 = x(2)

2 −
(x(2)

2 )2

x0
2

+
1

(x0
2 )2 − n(n+1) 6Y+

n'n (x0
2 ) [(x0

1 )2 − n(n+1)]
(n'n (x0

1 ))2

×6t3(x0
2 )2x(2)

2

2(2n+1) $(n+m+1) (n+m+2)
(2n+3)2 n'n+2 (x0

2 )

−
(n−m−1) (n−m)

(2n−1)2 n'n−2 (x0
2 )%
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+
tX0

2

(x0
1 )2 $m x(2)

2 nn (x0
2 )+ x0

2 (x(2)
2 )2n0n (x0

2 )− x0
1 (x(2)

2 )2n'n (x0
2 )

n0n (x0
1 )

n'n (x0
1 )%7

− tx0
20x(2)

2

x0
1 1

2

0n'n (x0
2 )

n'n (x0
1 )1

2

[(x0
1 )2 −2n(n+1)]−

t3n'n (x0
2 )

4(x0
1 )2(2n+1)n'n (x0

1 )

×$[(n+1)2 −m2] [(n+2)2 −m2] [(x0
1 )2 − n(n+3)] [(x0

2 )2 − n(n+3)]
(2n+3)2(2n+5) w'n+2,n+2 (x0

2 , x0
1 )

+
[(n−1)2 −m2] (n2 −m2) [(x0

1 )2 − (n−2) (n+1)] [(x0
2 )2 − (n−2) (n+1)]

(2n−3) (2n−1)2w'n−2,n−2 (x0
2 , x0

1 ) %7
×$1− t30n'n (x0

2 )
n'n (x0

1 )1
2 (x0

1 )2 − n(n+1)
(x0

2 )2 − n(n+1)%
−1

, (36)

where

Y=
(x(2)

2 )2

x0
2

[(x0
2 )2 −2n(n+1)]+

(n+m+1) (n+m+2)
2(2n+1) (2n+3)2

×6x(2)
2 [(x0

2 )4 −3(x0
2 )2(n+2)2 + n(n+3) (n+4) (2n+3)]

+$(3x(2)
2 − x0

2 ) (2n+3)+
2(1−4m2) (x0

2 )3

(2n−1) (2n+3) (2n+7)%
×[(x0

2 )2 − n(n+3)]−mx0
2 [(x0

2 )2 − n(2n+3)]−
(n+m+3) (n+m+4)

4(2n+5) (2n+7)

× [2(x0
2 )5 − (6n2 +30n+35) (x0

2 )3 + n(n+5) (2n+3) (2n+7)x0
2 ]7

−
(n−m−1) (n−m)
2(2n−1)2(2n+1) 6x(2)

2 [(x0
2 )4 −3(x0

2 )2(n−1)2

+ (n−3) (n−2) (2n−1) (n+1)]

−$(3x(2)
2 − x0

2 ) (2n−1)+
2(1−4m2) (x0

2 )3

(2n−5) (2n−1) (2n+3)%[(x0
2 )2 − (n−2) (n+1)]

−mx0
2 [(x0

2 )2 − (2n−1) (n+1)]−
(n−m−3) (n−m−2)

4(2n−5) (2n−3)

× [2(x0
2 )5 − (6n2 −18n+11) (x0

2 )3 + (n−4) (n+1) (2n−5) (2n−1)x0
2 ]7 (37)

and

w'vv (x0
2 , x0

1 )= j'v (x0
2 )n'v (x0

1 )− n'v (x0
2 )j'v (x0

1 ). (38)
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The remarks after equation (28) are also valid in this case, so equations (35) and (36) give
the same results if one replaces nv , n'v and n0v by jv , j'v and j0v , respectively, except in w'vv
which keeps the form (38). This was verified numerically for various values of the
parameters. Especially for equation (35) this is also evident from equation (34). The
equivalent formulas are the only ones which can be used in the calculations in any case
that n'n (x0

1 )=0 (in this case j'n (x0
1 )$ 0, while from equation (34) n'n (x0

2 )=0 and
j'n (x0

2 )$ 0). In analogy, equations (35) and (36) are the only formulas which can be used
in the calculations in any case that j'n (x0

1 )=0 (in this case n'n (x0
1 )$ 0, while from equation

(34) j'n (x0
2 )=0 and n'n (x0

2 )$ 0).
Following next the same procedure as that described for the Dirichlet case, one obtains

the expressions for x(2)
2 and x(4)

2 in a simple spheroidal cavity with major semi-axis R2 and
interfocal distance d. These expressions are

x(2)
2 =U, x(4)

2 = x(2)
2 −

(x(2)
2 )2

x0
2

+
Y

(x0
2 )2 − n(n+1)

. (39)

Formulas (39) do not contain any Bessel functions, while x0
2 there are roots of the equation

j'n (x0
2 )=0.

The same results (35)–(39) are obtained also by the same shape perturbation method
referred to after equation (29), providing an excellent check for their validity.

4. NUMERICAL RESULTS AND DISCUSSION

In Tables 1 and 2 the roots (x0
2 )ns (n=0–3, s=1–4) of equation (22) as well as the

corresponding values of g(2)
nsm and g(4)

nsm are given in the Dirichlet case for
t= x2 /x1 =R2 /R1 =1·35, 2·0 (cavity of Figure 1) and t=0·5, 0·7 (cavity of Figure 2).
In Tables 3 and 4 the roots (x0

2 )ns of equation (34) are given and the corresponding values
of g(2)

nsm and g(4)
nsm in the Neumann case, for the same ts as before.

For the oblate spheroidal boundaries the g(2)s change their signs, while the g(4)s remain
the same.

The case n=0 (m=0) for the Dirichlet problem requires special treatment. In this case
equation (22) reduces to tan x0

1 = tan x0
2 , with roots x0

2 = tx0
1 = x0

1 2 sp=2tsp/(t−1),
s=1, 2, . . . , where the upper/lower sign corresponds to Figures 1 and 2. So,
cos x0

2 = (−1)s cos x0
1 , sin x0

2 = (−1)s sin x0
1 and g(2)

oso = t/[3(t−1)] is independent of s, as is
easily proved from equation (23) (or its equivalent one with n0 replaced by j0) and equation
(28), and confirmed by the corresponding results in Tables 1 and 2. In particular when
2s/(t−1)= v+1/2 (or v), v being an integer, cos x0

1 = cos x0
2 =0, namely

n0 (x0
1 )= n0 (x0

2 )=0 (or sin x0
1 = sin x0

2 =0, namely j0 (x0
1 )= j0 (x0

2 )=0), so the formulas
equivalent to equations (23) and (24) and referred to after equation (28) (or formulas
(23, 24)) are the only ones which can be used in the calculations, as is explained there.

On the contrary, it can be seen easily that the case n=0 (m=0) for the Neumann
problem requires no special treatment.

A general remark on the g(2)
nsm from Tables 1–4 is that for sq 2, their values stabilize and

become independent of s and that they, as well as g(4)
nsm , decrease rapidly with

increasing/decreasing t, for the cavity of Figures 1 and 2. This last result is expected from
physical intuition and confirmed by available data for further values of t. Both these
observations agree also with the results of references [7, 8].

The method of the present work can be extended easily for the calculation of higher
order terms, like, for example, g(6)

nsm , in the expansion series of fnsm (h), with respect to h.
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The procedure will be laborious but straightforward. For this purpose further expansion
coefficients given in Appendix A will be used.
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APPENDIX A

In this Appendix, power series expansions for the prolate and the oblate angular
spheroidal wave functions of the first kind S(1)

mn (c, h) and of the second kind S(2)
mn (c, h), with

small arguments c, are derived for general integer values of m and n. The various expansion
coefficients can also be used in the evaluation of the radial functions of any kind. The
prolate angular spheroidal functions of the first kind are given by an infinite sum of the
form [1, 6, 9] (the superscript (1) is omitted as in the main text).

Smn (c, h)= s'
a

r=0,1
dmn

r (c)Pm
m+ r (h), (A1)

where the prime indicates that the summation is over only those values of r having the
same parity as n−m. The coefficients dmn

r (c) satisfy the following second order recurrence
relation [1, 6]:

(2m+ r+2) (2m+ r+1)c2

(2m+2r+3) (2m+2r+5)
dmn

r+2 (c)

+$(m+ r) (m+ r+1)− lmn (c)+
2(m+ r) (m+ r+1)−2m2 −1
(2m+2r−1) (2m+2r+3)

c2%dmn
r (c)

+
r(r−1)c2

(2m+2r−3) (2m+2r−1)
dmn

r−2 (c)=0, re 0. (A2)
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In equation (A2) lmn (c) denotes the eigenvalues and dmn
−r =0 for rq 0.

When c vanishes, the differential equation satisfied by Smn becomes that satisfied by the
associated Legendre functions. In this case Smn:Pm

n , dmn
n−m:1 (nem) is the only non-zero

coefficient and lmn (0)= n(n+1).
Approximations for Smn valid for small values of c follow by expanding dmn

r (c) in power
series in c of the form

dmn
n−m2 2q (c)= [amn2

2q,0 c2q + amn2
2q,2 c2q+2 + amn2

2q,4 c2q+4 + · · ·]dmn
n−m (c),

n−me0(+)
2q(−), q=0, 1, 2, . . . , (A3)

where amn−
2q,2k =0, (ke 0) if 0E n−mQ 2q.

The expansion for lmn (c) must be

lmn (c)= n(n+1)+1mn
2 c2 +1mn

4 c4 +1mn
6 c6 + · · · . (A4)

In what follows the superscripts mn are omitted from the various expansion cofficients,
for simplicity.

By substituting from equations (A3) and (A4) into equation (A2) and by equating the
coefficients of c2, c4, . . . to zero separately, one obtains, with r= n−me 0, from the
coefficient of c2 and c2k+4, respectively,

l2 =
2n(n+1)−2m2 −1

(2n−1) (2n+3)
, (A5)

(n+m+1) (n+m+2)
(2n+3) (2n+5)

a+
2,2k +

(n−m−1) (n−m)
(2n−3) (2n−1)

a−
2,2k = l2k+4, k=0, 1, 2, . . . .

(A6)

Setting now r= n−m2 2q (qe 1, n−me 2q for the lower sign) in equation (A2) and
using equations (A3) and (A4) one obtains, by equating to zero the coefficients of c2q, c2q+2

and c2q+2k, respectively,

a2
2q,0 = f2(2q−2)a2

2q−2,0, a2
0,0 =1, qe 1, (A7)

a2
2q,2 = f2(2q−2)a2

2q−2,2 + g2(2q)a2
2q,0, a2

0,2 =0, qe 1, (A8)

a2
2q,2k = f2(2q−2)a2

2q−2,2k + g2(2q)a2
2q,2k−2 + h2(2q) s

k

j=2

l2j a2
2q,2k−2j

+p2(2q+2)a2
2q+2,2k−4, a2

0,2k =0, ke 2, qe 1, (A9)

where the following rotational substitutions have been made:

h2(2q)=21/2q(2n2 2q+1), (A10)

f2(2q−2)=−
[n+12 (2q−m−1)] [n2 (2q−m−1)]

[2n2 (4q−3)] [2n+22 (4q−3)]
h2(2q), (A11)

g2(2q)=$l2 −2(n2 2q) (n2 2q+1)−2m2 −1
(2n2 4q−1) (2n2 4q+3) %h2(2q)

=
2(1−4m2)

(2n−1) (2n+3) (2n2 4q−1) (2n2 4q+3)
, (A12)
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p2(2q+2)=−
[n+12 (2q+m+1)] [n2 (2q+m+1)]

[2n2 (4q+3)] [2n+22 (4q+3)]
h2(2q). (A13)

From equation (A8) with q=1 one obtains

a2
2,2 = g2(2)a2

2,0 = v2
2 (2)a2

2,0, v2
2 (2)= g2(2). (A14)

Setting also for qe 2

a2
2q,2 = v2

2 (2q)a2
2q,0, (A15)

one obtains from equations (A7), (A8) and (A15) that

a2
2q,2 = [v2

2 (2q−2)+ g2(2q)]a2
2q,0. (A16)

From equations (A15) and (A16) one finds the relation

v2
2 (2q)= v2

2 (2q−2)+ g2(2q), qe 1, (A17)

where v2
2 (0)=0 and finally

v2
2 (2q)= s

q

i=1

g2(2i)=
2q(1−4m2)

(2n+13 2) (2n+13 2)2[2n+12 (4q+2)]
, qe 0. (A18)

Setting now for qe 1, ke 2,

a2
2q,2k = v2

2k (2q)a2
2q,0, (A19)

and following the same procedure as before, by using the result v2
2k (0)=0 for ke 1, one

finally obtains

v2
2k (2q)= s

q

i=1 $g2(2i)v2
2k−2 (2i)+ h2(2i) s

k

j=2

l2j v2
2k−2j (2i)+ p2(2i+2)

×v2
2k−4 (2i+2)f2(2i)%, qe 1, ke 2. (A20)

The recurrence relation (A20) can be used for the calculation of v2
2k (2q), and

consequently of a2
2q,2k by using the expressions for v2

2k−2s (2i), ie 1, 1E sE k. The
coefficients l2j (2E jE k) are calculated from equation (A6), by using a2

2,2j−4 from equation
(A19) for q=1 (for jE 5 they are also found in references [6, 9, 11]).

For large values of k, v2
2k (2q) is obtained only numerically from equation (A20).

However, for small values of k, analytical closed-form expressions are obtained, valid for
each n, m and q. So, for k=2, 3 one finds after very lengthy manipulation, the expressions

v+
4 (2q)=−

(1−4m2)2q
4(2n−1) (2n+3)4(2n+4q+3)

+
[(n−1)2 −m2] (n2 −m2)q

4(2n−3) (2n−1)3(2n+1)2(q+1)

+
[(n+1)2 −m2] [(n+2)2 −m2]q

(2n+1)2(2n+3)4(2n+5) (2n+2q+3)

+
(9−4m2) (1−4m2)q

4(2n−3) (2n+1)2(2n+5)2(2n+4q+5)
, qe 0, (A21a)
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v−
4 (2q)=−

(1−4m2)2q
4(2n−1)4(2n+3) (2n−4q−1)

+
[(n+1)2 −m2] [(n+2)2 −m2]q

4(2n+1)2(2n+3)3(2n+5) (q+1)

+
(n2 −m2) [(n−1)2 −m2]q

(2n−3) (2n−1)4(2n+1)2(2n−2q−1)

+
(9−4m2) (1−4m2)q

4(2n−3)2(2n+1)2(2n+5) (2n−4q−3)
, qe 0, (A21b)

v+
6 (2q)=

(1−4m2) [(n−1)2 −m2] (n2 −m2)
2(2n−5) (2n−3) (2n−1)5(2n+1)2(2n+3)

q
q+1

+6 (1−4m2)2

32(2n−1) (2n+3)6 +
[(n−1)2 −m2] (n2 −m2)

2(2n−5) (2n−3) (2n−1)3(2n+1)2(2n+3)2

−
[(n+1)2 −m2] [(n+2)2 −m2]

(2n+1)2(2n+3)6(2n+5) (2n+7)

−
(9−4m2) (1−4m2)

48(2n−3) (2n+1)2(2n+3)2(2n+5)27
×

(1−4m2)q
2n+4q+3

+
(1−4m2) [(n+1)2 −m2] [(n+2)2 −m2]

(2n−1) (2n+1) (2n+3)6(2n+5)

×$ 2
(2n+1) (2n+7)

+
1

2n−1% q
2n+2q+3

−
(9−4m2) (1−4m2)2

48(2n−1) (2n+1)2(2n+3)2(2n+5)2

×
q

2n+4q+5
+

(1−4m2) (9−4m2) (25−4m2)
96(2n−5) (2n−1)2(2n+3)2(2n+7)2

q
2n+4q+7

, (A22a)

v−
6 (2q)=

(1−4m2) [(n+1)2 −m2] [(n+2)2 −m2]
2(2n−1) (2n+1)2(2n+3)5(2n+5) (2n+7)

q
q+1

+6 (1−4m2)2

32(2n−1)6(2n+3)
+

[(n+1)2 −m2] [(n+2)2 −m2]
2(2n−1)2(2n+1)2(2n+3)3(2n+5) (2n+7)

+
[(n−1)2 −m2] (n2 −m2)

(2n−5) (2n−3) (2n−1)6(2n+1)2

−
(9−4m2) (1−4m2)

48(2n−3)2(2n−1)2(2n+1)2(2n+5)7
×

(1−4m2)q
2n−4q−1

+
(1−4m2) [(n−1)2 −m2] (n2 −m2)
(2n−3) (2n−1)6(2n+1) (2n+3)

×$ 2
(2n−5) (2n+1)

−
1

2n+3% q
2n−2q−1
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−
(9−4m2) (1−4m2)2

48(2n−3)2(2n−1)2(2n+1)2(2n+3)

×
q

2n−4q−3
+

(1−4m2) (9−4m2) (25−4m2)
96(2n−5)2(2n−1)2(2n+3)2(2n+7)

q
2n−4q−5

. (A22b)

Furthermore from equations (A7), (A10) and (A11) one obtains easily

a+
2q,0 = (−1)q (2n−1)!!(2n+1)!!(n−m+2q)!

2qq!(n−m)!(2n+4q−1)!!(2n+2q+1)!!
, qe 0, (A23a)

a−
2q,0 =

(n+m)!(2n−2q−1)!!(2n−4q+1)!!
2qq!(2n−1)!!(2n+1)!!(n+m−2q)!

, qe 0, (A23b)

while from equations (A15), (A18) and (A23) one has the results

a+
2q,2 = (−1)q 2q(1−4m2) (2n−1)!!(2n+1)!!(n−m+2q)!(2n+4q+1)

2qq!(2n−1) (2n+3)2(n−m)!(2n+2q+1)!!(2n+4q+3)!!
, qe 0,

(A24a)

a−
2q,2 =

2q(1−4m2) (n+m)!(2n−2q−1)!!(2n−4q+1)!!
2qq!(2n−1)2(2n+3) (2n−1)!!(2n+1)!!(n+m−2q)!(2n−4q−1)

, qe 0.

(A24b)

Finally, from equation (A19) with k=2 and 3 one obtains a2
2q,4 and a2

2q,6, by using
equations (A21) and (A22), respectively, with equations (A23).

The explicit values of the ds depend on the normalization used.
The various calculated expansion coefficients are also useful for the evaluation of the

spheroidal radial functions of any kind R(s)
mn (c, j), s=1–4, where [1, 6]

R(s)
mn (c, j)=

(n−m)!
(n+m)! 0j2 −1

j2 1
m/2

s'
a

r=0,1
ir+m− ndr (c)

(2m+ r)!
r!

z(s)
m+ r (cj), (A25)

as well as for the evaluation of the angular spheroidal functions of the second kind
S(2)

mn (c, h), given by the expansion [6]

S(2)
mn (c, h)= s'

a

r=−2m,−2m+1
dr Qm

m+ r (h)+ s'
a

r=2m+2,2m+1
dr=r Pm

r−m−1 (h). (A26)

In equation (A26) Qm
s are the associated Legendre functions of the second kind. The

coefficients dr , re 0 are the same as the ones already calculated. The coefficients dr ,
−2mE rQ 0, are given also by the same formulas, with the lower (minus) sign, but with
n−mQ 2qE n+m now, while dr=r (r=positive) are given by the limit

dr=r =lim
r:0

d− r+ r

r
, rq 2m, (A27)

which can be calculated from equation (A3) with the lower sign. In this case
−r= n−m−2qQ−2m, or 2qq n+m. So, with r=2m+1 (2q= n+m+1) and
r=2m+2 (2q= n+m+2), respectively, one obtains from equations (A7), (A10) and
(A11)

lim
r:0

a−
2q− r,0

r
=

1
(2m−3) (2m−1) (n−m) (n+m+1)

a−
2q−2,0 = a−

r=2q,0, (A28)



 –  307

lim
r:0

a−
2q− r,0

r
=−

1
(2m−1) (2m+1) (n−m−1) (n+m+2)

a−
2q−2,0 = a−

r=2q,0, (A29)

where a−
2q−2,0 for r=2m+1, 2m+2 is calculated from equation (A23b) (2q−2E n+m

in these cases).
Finally, from equations (A7), (A10), (A11) and (A28), (A29) one obtains the expansion

coefficients a−
r=2(q+ t),0 =Aa−

r=2q,0 where q takes the special values used in equations (A28) and
(A29), t=0, 1, 2, . . . , and

A=

g
G

G

F

f

(2t)!
(2m−1)!!

(2m−1+4t)!!
(n+m+1)!!

(n+m+1+2t)!!
(n−m−2−2t)!!

(n−m−2)!!
,

(2t+1)!
(2m+1)!!

(2m+1+4t)!!
(n+m+2)!!

(n+m+2+2t)!!
(n−m−3−2t)!!

(n−m−3)!!
,

2q= n+m+1

2q= n+m+2
h
G

G

J

j

.

(A30)

The coefficients a−
r=2(q+ t),2k can be found from the limits

a−
r=2(q+ t),2k =lim

r:0
[a−

2(q+ t)− r,2k /r]

= lim
r:0

{v−
2k [2(q+ t)− r]a−

2(q+ t)− r,0 /r}= v−
2k [2(q+ t)]a−

r=2(q+ t),0,

ke 1, te 0. (A31)

Calculation of various expansion coefficients appearing in this Appendix verifies the
results given in the literature [6, 9–12], thus confirming the validity of our procedure. For
special values of the parameters the relations (−1)!!=1 and (−2s−1)!!=(−1)s/
(2s−1)!! for s=0, 1, 2, . . . , have been used.

The power series expansions for the oblate angular functions are obtained from the
corresponding formulas for the prolate ones, simply by replacing c by −ic (equivalently
c2 by −c2), while those for the oblate radial functions are obtained from the corresponding
formulas for the prolate ones, simply by replacing c by −ic and j by ij [6].

APPENDIX B

The expressions for the various Ds appearing in equations (20) and (21) are the following
(for the oblate spheroidal boundaries D(2)s change their signs and R2 is the minor semi-axis
of the oblate spheroidal):

B.1.   

D0
nn = unn (x2, x1) (B1)

D(2)
nn =

x2
2

2(2n+1) $(n+m+1) (n+m+2)
(2n+3)2 un+2,n (x2, x1)

−
(n−m−1) (n−m)

(2n−1)2 un−2,n (x2, x1)%, (B2)
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D(4)
nn = x4

2
(n+m+1) (n+m+2)
(2n+1) (2n+3)2(2n+7) $ 1−4m2

(2n−1) (2n+3)2 un+2,n (x2, x1)

+
(n+m+3) (n+m+4)

8(2n+5)2 un+4,n (x2, x1)%− x4
2

(n−m−1) (n−m)
(2n−5) (2n−1)2(2n+1)

×$ 1−4m2

(2n−1)2(2n+3)
un−2,n (x2, x1)−

(n−m−3) (n−m−2)
8(2n−3)2 un−4,n (x2, x1)%,

(B3)

D(2)
n+2,n = x2

2
(n+m+1) (n+m+2)

2(2n+3)2(2n+5)
un+2,n (x2, x1),

D(2)
n,n+2 =−x2

2
(n−m+1) (n−m+2)

2(2n+1)(2n+3)2 un,n+2 (x2, x1), (B4)

where

uvs (x2, x1)= jv (x2)−nv (x2)js (x1)/ns (x1). (B5)

B.2.   

D0
nn = x2 pnn (x2, x1), (B6)

D(2)
nn =−x2 pnn (x2, x1)+mqnn (x2, x1)+ x3

2
(n+m+1) (n+m+2)

2(2n+1) (2n+3)2 pn+2,n (x2, x1)

−x3
2
(n−m−1) (n−m)
2(2n−1)2(2n+1)

pn−2,n (x2, x1) (B7)

D(4)
nn = x2

2
(n+m+1) (n+m+2)

2(2n+1) (2n+3)2 6−x2 pn+2,n (x2, x1)+mqn+2,n (x2, x1)

+
2x3

2

2n+7 $ 1−4m2

(2n−1) (2n+3)2 pn+2,n (x2, x1)

+
(n+m+3) (n+m+4)

8(2n+5)2 pn+4,n (x2, x1)%7
− x2

2
(n−m−1) (n−m)
2(2n−1)2(2n+1) 6−x2 pn−2,n (x2, x1)+mqn−2,n (x2, x1)+

2x3
2

2n−5

×$ 1−4m2

(2n−1)2(2n+3)
pn−2,n (x2, x1)−

(n−m−3) (n−m−2)
8(2n−3)2 pn−4,n (x2, x1)%7,

(B8)

D(2)
n+2,n = x3

2
(n+m+1) (n+m+2)

2(2n+3)2(2n+5)
pn+2,n (x2, x1),

D(2)
n,n+2 =−x3

2
(n−m+1) (n−m+2)

2(2n+1) (2n+3)2 pn,n+2 (x2, x1), (B9)

where

pvs (x2, x1)= j'v (x2)−n'v (x2)j's (x1)/n's (x1),

qvs (x2, x1)= jv (x2)−nv (x2)j's (x1)/n's (x1). (B10)


