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The acoustic eigenfrequencies f,,, in concentric spheroidal-spherical cavities are
determined for both Dirichlet and Neumann boundary conditions. Two types of cavities
are examined, one with spheroidal outer and spherical inner boundary and inversely for
the other. The pressure field is expressed in terms of both spherical and spheroidal wave
functions, connected with one another by well-known expansion formulas. When the
solution is specialized to small values of & = d/(2R,) where d is the interfocal distance of

the spheroidal boundary and R, the half length of its rotation axis, exact closed-form

expressions are obtained for the coefficients g@), and g' in the resulting relations

Jusm (1) = fos (O)[1 + g2, h* + g%, h* + O(h®)]. Numerical results are given for various values
of the parameters.
© 1997 Academic Press Limited

1. INTRODUCTION

Calculation of eigenfunctions and eigenfrequencies in acoustic cavities is an old problem
with numerous applications. The pure analytical solution of such problems is severely
limited by the shape of the boundaries. For complicated geometries various numerical
techniques are used, as well as shape perturbation methods like the ones described in
reference [1] in particular. A special analytical shape perturbation method was used in
references [2-5], in order to obtain the acoustic resonance frequencies and the
corresponding wave functions in a spherical, a cylindrical and a rectangular cavity
containing an eccentric inner small sphere.

In this paper the interior problem in the acoustic cavities, shown in Figures 1 and 2,
is solved for both Dirichlet and Neumann boundary conditions. In Figure 1 the inner
boundary is spherical with radius R;, while the outer concentric one is prolate spheroidal
with major semi-axis R, and interfocal distance d. In Figure 2 the inner boundary is prolate
spheroidal with major semi-axis R, and interfocal distance d, while the outer concentric
one is spherical with radius R;. Both cavities are perturbations of the concentric spherical
one with radii R, and R,. The prolate spheroidal boundaries are the only ones to be
considered explicitly, but corresponding formulas for the oblate ones are obtained
immediately.

Using well-known expansion formulas between spherical and spheroidal wave functions
[6], one is able to obtain an infinite determinantal equation for the evaluation of the
eigenfrequencies of the former cavities. In the special case of small 1 = d/(2R,), one is led
to an exact evaluation, up to the order /*, for the elements of the infinite determinant and,
finally, for the determinant itself. It is then possible to obtain the eigenfrequencies in the
form foon (h) = fos (0) [1 + g2, k> + g h* + O(h°)], where the coefficients g2, and g% are
independent of 4 and are given by exact closed-form expressions.
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Figure 1. Geometry of the spheroidal-spherical cavity.

The main advantage of such an analytical solution lies in its general validity for all small
values of 4 and for all modes, whereas all numerical techniques require repetition of the
evaluation for each different /.

The case of the Dirichlet boundary conditions is examined in section 2, while in section
3 the case of the Neumann boundary conditions is considered. Finally, in section 4,
numerical results are given accompanied with discussion and comments.

Figure 2. Geometry of the spherical-spheroidal cavity.
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2. DIRICHLET BOUNDARY CONDITIONS

The cavities of Figures 1 and 2 are treated simultaneously. Let pu = u, denote the
spheroidal boundary and p the acoustic pressure field inside the cavity. This field satisfies
the scalar Helmholtz equation. Its expression satisfying also the homogeneous Dirichlet
boundary condition p = 0 at the spherical boundary r = R, is

p= z Y s (kr) — 0, (kr)jn (x1)/1, (x1)]P(cos 0) [A, cOS mp + By, sin me],

n=0m=0

X1 :le, (])

where r, 0, ¢ are the spherical co-ordinates with respect to 0, j, and n, are the spherical
Bessel functions of the first and second kind, respectively, P}’ is the associated Legendre
function of the first kind and k is the resonant wavenumber.

In order to satisfy the remaining boundary condition p = 0 at u = p, one expands the
spherical wave functions into concentric spheroidal ones by using the formula [6]

, -
2 (m+m) & i7" @

20 (k)P (cos 0) = 3,73 (0 3 N S (e DR (.6, ¢ = k2.

(@)

in which & = cosh u, 1 are the spheroidal co-ordinates (¢ is common in both systems), z
(¢ = 1-4) is the spherical Bessel function of any kind, RY is the corresponding radial
spheroidal function of the same kind, S,, and d”,, are the angular spheroidal function of
the first kind and its expansion coefficients all defined in Appendix A, while the
normalization constant N,, is [6]

& @)+ 2m)!
Now =2 r;.l Qr+2m + Dr! 3)

The prime over the summation symbols in equations (2) and (3) indicates that when n — m
is even/odd these summations start with the first/second value of their summation index
and continue only with values of the same parity with it.

One substitutes from equation (2) into equation (1) satisfying the boundary condition
p=0at u=p (&= &) and uses next the orthogonal properties of the angular spheroidal
and the trigonometric functions, to obtain finally the following infinite set of linear
homogeneous equations for the expansion coefficients A, (or B,.):

=y

. Oltnm Amﬂ = 09 12 m, m + 1) (4)
n=mm+
where
_2i"(n+m)! mi 0) _RO® Jn (1)
OC/nm - (2n + 1) (n _ m)./ dn—m le (Cs COSh NO) le (C, COSh ,U()) nn (xl) . (5)

In equations (4, 5) / and n are both even or odd, starting with that value of m or m + 1,
which has the same parity with them. So, the set (4) separates into two distinct subsets,
one with /, n even and the other with /, n odd.
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Setting ¢ = cosh u and r = / — m 4+ 2q in the expression (A25) of Appendis A for RY)
and substituting there d” (¢) from equation (A3) of the same Appendix, one obtains

@ (¢ _(U=m) mo o )Ny s+ v U m+2g)!
RY) (¢, cosh ) U+ n )/tanh Uo ,m{z S (= 1)ags (=m0

g=15=0

q, 0
ul 1w m/f 2:/+2y (l +m— 2q) (0)
XZ[+7q (x’)"_qzo YZO( Daz,, (I—m 26])/ 220 (X2) 1

X, = cosh Ho = kRz, (6)

where ¢,.., 1S the maximum integer <(/ — m)/2.
The summation index s is now replaced by u = ¢ + s in equation (6). By keeping in mind
that

9] o 0 u Dmax P 0 Min(Gpqy )
Y X=X ad ) Y=3) ) ,
u=1¢g=1 g=0u=gq u=0 q=0

g=1lu=gq

one finally finds

3 (0 _U=m! . JAEm)! S Ry )
R(ml) ((’9COSh :LLO) (l+ )/ tanh Mo Iim mZ§)(XZ)+“§1 (’2 Z (_l)l

l + m + 2 (4 m uy
X EIT‘MZ))’ 717} 5y (02)U3 55y Q)5

NGy 51) l + 2
+ Y (- 1)q§1_m72q))/ 272y (¥2)0si=oy Q)i }} v
g=1

In equation (7) use has been made of the relations a5z, o, = v 2, C@)ass , vg"~ (0) =1,
ayt™ =1 and v5~ (0) = 0 for u > 0, from Appendix A.

Setting each one of the two determinants A (o) (one with /, n even and the other with
[, n odd) of the coefficients «,,, in equation (4) equal to 0, one obtains two determinantal
equations for the evaluation of the resonance frequencies. As far as they appear in the same
general form, one can treat them simultaneously with the symbol 4(o,,). For large values
of ¢, the equation A(oy,,) = 0 can be solved by numerical methods only, a procedure with
many difficulties, due to the presence of the spheroidal functions. However, for small ¢
an analytical and closed-form solution is possible. One substitutes first from equation (7)
into equation (5) and next divides the elements of the /th row of the former determinant
by 2(d" ,,)* tanh” p, and the elements of its nth column by i~"(n + m)!/[(2n + 1) (n — m)!].
So oy, is divided by the product of these terms, with no change in the roots of the
determinantal equation. The symbol a,, is used for the resulting coefficient, deleting the
third subscript m for simplicity. As far as ¢ depends on the unknown resonance
wavenumbers k (¢ = kd/2), from now on one can use the parameter 1 = d/(2R,), instead
of it (¢ = x, /). So, for small /, one can set up, to the order A%,

o = Dy + Dyt h* + Dt h* + O(h°),  h = d/(2R,), ®)
o, = DY R+ 00, [ # ©)
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In particular, for 4 = 0, it is obvious from equations (8, 9) that o, (0) = 0 for / # n and
o (0) = DY = D?,. The determinant becomes diagonal and the resonance frequencies are
found from the equations «,, (0) = D, =0(m =0, 1,2, .. .), a result independent of m and
well known for two concentric spheres with radii R, and R..

The relations (8, 9) allow a closed-form evaluation of the determinant A (o) = A (0tm),
up to the order 4%, by the method described in detail in references [7, 8]. So, its development
is

S Oy 4 2 Oy
Aon) = P(o,)| 1 — ) 2wt n=m,m+ 1, (10)
w=mm+ 1 Ol + 2, + 2

P(ann) = Olyw O 4 20 4 2 OC|v-¢—4,w+4 e ey w=nm,m + 1 (1 1)

By using equations (8, 9) it is obvious that, up to order A%,

2
DY)

_ A LR T
P(an”) - P(D””) 1 + 11 W:;ﬂ+l DO 3 + ] w I?'II’I1+] Do + D s Z‘F D(J + @(h ) ’ (12)
ocw+2,w O{’\l'.lt'+2_D\\+2H Dnzu+2]4 (13)

0
Ol Oy + 2,0 + 2 D\m DM +2w+2

Substituting in equation (10) from equations (12, 13) one obtains

2 ol Dun o
A(a/n) - P(Dmx){l + h z 1 DO + h

w="nmm

w="ntm+ 1

o T 0 o 0
D\w Dnn’ w2 Du Dun Dn+2u+2

“ 2 x, @ @) )
|:Duu Dn\\ D” M:|+@(h6)} n= m, m + 1. (14)

Exact expressions for the various Ds appearing in equation (14) are given in Appendix B.

It is evident from equation (14) that by setting D), = a,, (0) = 0 (n = m, m + 1) yields
A(a,) # 0; namely, the roots of A[a, (0)] = 0 are not, in general, also roots of the equation
Ao, (h)] = 0. Instead, this latter equation requires that

Dun + 14

o
w="nm+ 1 Duu w="nm+ 1

1+ i

y 4 2 ) 2 2

ol D\(na_{_D\(na a Dﬁl)_D\(t)+7n Du)\|+2 =0 (15)
0 0 0 - Y-

Duu Duu =2 Drt D\|1|Dn+2u+2

With /& small, equation (15) can be satisfied by values of the only varying parameter k
that make its denominators Dy, as small as required by the small values of /. In other
words, the resonance wavenumbers k (/1) correspond one to one and have values near the
k(0) = k° of the concentric spherical cavity. Setting

k(h) = KO + k@h* + k9h* + O(h°), kO =k, (16)
X2 (h) = k(W R, = X + xP h* + x3 h* + O(h°), XY =kVR,, p=0,2,4, (17
one has

D}(’l)f‘l (x2) - 0

() 0 (p) 2n)(p)
DI [ ()] = DY () + 6 PE L) g [x“” D (), 1IPE) <’>)Z]
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x h*+ 0%, X3=xP, p=0,2, n=2mm+ 1. (18)

In equation (18) the relation x; = x, /t has been used, where T = R, /R, = constant, S0 x,
is the only variable.
By retaining only the large terms in equation (15) one finds

2 2) 4 2 © 2
1 + h2 D;/) 4 Zw’ Dl(\H + /’l D:m) 4 D/(m) ZL/ D»(‘ »2‘
DS,, w="nm+ 1 DS“ D,(,],, Dnn w="ntm+ 1 D“”»

w#n w#n

DO p® D2 . p@
rE)Jan nn+2 nn—2 n—2n — O, n 2 m, m + 1 (19)
Dmr Dn+2n+2 Dn 2n— 2sz

One can now multiply both members of equation (19) by DY, [x, (h)] # 0 and next
substitute there from equation (18), setting the coefficients of 4#* and A* equal to zero. So,
one finally obtains the following relations for the evaluation of x and x{":

0
@ [ng(m} DY, nEmomt L, (20)

—1
Xg” — |: Dgn (XZ):| |:(x(2))2 dZ lm (x + \C(Z) dD/(fz (XZ) D;(xi) (xz)

de 2 d 2 A2 d
DL, (X(Z))Dirzr)wz (x(z)) DY _, (XS)D,(,z),Zn (xg)
- ' " . : >
D)y oyin (X)) DY L, (X)) ) nz=m,m+ 1. 21

The two infinite sums of equation (19) do not appear in equation (21) because they have
opposite values, as can be easily proved with the use of equation (20).

Formulas (20) and (21) are also valid for the oblate spheroidal boundaries. The only
difference in this case is that D®s change their signs and R, is the minor semi-axis of the
oblate spheroidal. So, x¥ changes its sign, while x{* remains unchanged.

The resonance frequencies for the problem of two concentric spheres with radii R, and
R, used in equations (20) and (21), are given by the equation (equation (B1) in Appendix
B) DY, =0, or

Jn )/, () = Jo D)/, (x2),  xXi=x2/1, T=Ry/R.. (22)

By using equation (22), equations (B1)-(B5) from Appendix B, as well as various
recurrence relations and Wronskians for spherical Bessel functions [9] in equations (20)
and (21), one finally obtains after lengthy but straightforward calculations the explicit
expressions

2 0 —1
@ _ _ n, (x3) . On +m+n—1
T E[l i x?)} S R N RS § Y P ¥ (23)

5 _ ()X n, (x3) |[(m+m+1)(n+m+ 2)
x5 = {HJF 220 + Dt (x) )[ (n + 3) 2 (32)
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- l(f =", (xg)] ¥ (xaz’){r 2 G )

Hn () n; (x7) °n, (x3) [+ 1) — m’][(n + 2)° — m’]
2O\ T, Y| 4@n+ Do, (XN | 2n + 3220 4 )W 2m 2 (X2, XP)

[((n — 1> — m’] (n* — m?*) n (x9) |
T3 @ 1w, a2 O, xﬁ’):|}[l T (xﬁ’)} ’ 24

where the primes denote derivatives with respect to the argument, while

2)\2
n U O D Lty — 1) o +3)

o3 1 — 4m?
+2(x) [(2;1 “hHen 3t

(n+m+3)(n+m+4) 2n + 3 2
2(2n + 5) (X3  2n+7

m—m—-1)mn—m)| , X 1 — 4m?
T22n—1y2n+ 1) { X7 [(0) — n@n — 1] = 2(x)’ [(2;1 —5@n—1)Q2n+3)

m—m—-—3)Yy(m—m—2)(2n—1 2
B 8(2n — 3) < (x> 2n— 5>j|} (25)
and
We, (X3, X7) = jo ()0, (x7) — n, (33)j (x7). (26)

It is evident that equation (17) can Dbe written in the form
X: (h) = X3[1 + g@h* + g¥h* + O(h®)]. So, the eigenfrequencies in the cavities of Figures 1
and 2 are given by the expression

Josm () = fus O) [1 + g3, 17 + guny 1 + O(RO)], @7

where

glgi?ll = XEZ) nsm /(-xg)n.r’ g)(z‘:))n - (4) nsm /(xz)m (28)

It is clear that one can start the analysis, equlvalently, by interchanging j, and n, in
equation (1). Following next the same procedure as before, one obtains again formulas
(23) and (24) with the aforementioned interchanges (formula (22) remains the same). One
more difference in equation (24) is that one should also change the minus signs in front
of the two fractions containing w,, (x3, x) in their denominators into plus signs. This last
change is necessary due to the fact that in the numerators of these fractions one has used
Wronskians of Bessel functions, which change their signs with the above interchanges.

The former remarks mean also that formulas equivalent to equations (23) and (24) are
obtained by replacing there n, and n; by j, and j;, respectively, except in w,, which keeps
the form (26). This was verified numerically for various values of the parameters. Especially
for equation (23) this is also evident from equation (22). These equivalent formulas are
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the only ones which can be used in the calculations in any case that n, (x}) = 0 (in this
case j, (x}) # 0, while from equation (22) one obtains n, (x3) = 0 and j, (x3) # 0). In
analogy, equations (23) and (24) are the only formulas which can be used in the
calculations in any case that j, (x}) = 0 (in this case n, (x}) # 0, while from equation (22)
one has j, (x3) = 0 and n, (x9) # 0).

By using in equations (23) and (24) the small argument formulas for the various Bessel
functions [9] as R,—0 (for the cavity of Figure 1) one obtains, after some manipulation,
the expressions for x{? and x{” in the case of a simple spheroidal cavity with major semi-axis
R, and interfocal distance d (i.e., in the absence of the inner sphere). The same expressions
were also obtained by the independent solution, from the beginning, of this last problem
and are:

xP =E, X =H. (29)

It should be noticed that formulas (29) do not contain any Bessel functions, while x?
there are roots of the equation j, (x3) = 0.

The results (23)-(25) and (29) can be obtained also by an independent shape
perturbation method, in which the pressure field is expressed in terms of spherical wave
functions only. Geometrical relations expressing the spheroidal boundary in terms of
spherical coordinates are used. In this method there is no need for spheroidal wave
functions and the expansion formulas connecting them with the concentric spherical ones.
This alternative procedure provides a very convincing check on the results of the present
section, but it is not possible to be presented here without making the manuscript extremely
lengthy. So, it will be the subject of a forthcoming paper.

3. NEUMANN BOUNDARY CONDITIONS

In this case the expansion for p that corresponds to equation (1) and satisfies the
boundary condition dp/or =0 at r = R, is

0

p=3 3 fin (k) — n, (k)i (¥1) /0 (eOIP (€05 0) [y COS 11 + By sin mg]. (30)

n=0m=0

In order to satisfy the remaining boundary condition dp/du = 0 (Op/0& = 0) at u =
(& = &) one follows steps identical to those for the Dirichlet case, which lead again to the
infinite set (4) with the difference that o, is now given by the expression

Xipm =

2" (n+m)! ., | ORI (¢, cosh )  ORG (¢, cosh ) Ji (x1) 31)
Cn+D@m—m)! " " ou ou n;, (x1) [

The remarks after equation (5) are again valid in this case. From equation (A25) of
Appendix A one obtains

OR{) (c, cosh o) (I —my)! e NS i g (Tt 2m)!
o = Ty BORT e ) AT

2

2 22
XRM—C>WAMHJNMQMMJ. (32)
X X5
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Setting r = [ — m + 2¢ in equation (32) and following the same steps as for the Dirichlet
case, one obtains, in place of equation (7), the equation

aRfsl) (C’COSh ,Ll(]) — (l — m)‘, m—1 ml (l + I/}’Z)./ Cj )/ Ci (o)
a’u - (l + Iﬂ)/ tanh .Uo I—m (Z _ m)./ X2 — X5 ZS (XZ)+X§ mz; (XZ)

o0 u / 2
e D A G ot

q=

sz (c) ml + ml + e _ qw
g (xz)}vz“" Qi+ L (D)

2 2
x {(v - j)zs%q (x) + m, (xz)}v;;' 0 29)als }} (33)
X2 2

One substitutes from equation (33) into equation (31) and next divides o, by
2(d )" (n + m)! tanh” ' o [[(2n + 1) (n — m)!], in an analogous manner as for the
Dirichlet case. The remarks after equation (7) are also valid here. The same is true for
equations (8)—(21), but with different expressions for the various expansion coefficients,
which are given in Appendix B. In place of equation (22) one now has

Jn /g () =Ji )/ (x2), X1 =Xz /T (34)

By using equation (34), and equations (B6)—(B10) from Appendix B, the recurrence
relations and Wronskians for spherical Bessel functions [9] in equations (20) and (21), one
can finally obtain after laborious but straightforward calculations the explicit expressions

for x and x{:
’ 2 0\2 —1
Q) _ 3Dy )\ ) —n@+1)
v U|:l ! <n,§ (X?)> ) —nm+ 1| °

U= wt+m+n—1 1
TRV D@ +3) " Cn+ DI —nm+ D)

W =m’)(n+1) [(n+1) —m’]n
X[ n—1 T n+3 }} 35)

() 1 ; (x9) [(x7)* — n(n + 1)]
X3 + (x> —nm+1) {Y

9 — @ _
’ ’ ; (n; (x1))

PP | m+m+ 1D +m+2) .
X {2(2’1 i l)|: (n + 3) 0,2 (x3)

m—m—1)mn—m) _, 0
- 2n— 1y n"Z(XZ)}
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+

(‘51}”;’2 |:m x21n, (x3) + xX3(xP)n; (x9) — x¥ (x2)’n; (x9) rrlé gjgﬂ}

n, (x3 n;, (x9)

0 ng) ’ n \\2 ’ 02
_Tx2<x?> <né (X?>> Loty = 2t 01 = 36530 + Dy )

[[(n + 1 — ] [(n + 2 — m’] (X))’ — n(n + 3] [(x2)* — n(n + 3)]

(21 + 37(2n + 5) Wi 2u+2 (32, X7)

Lo =1 =m0 — ) [() = (2 — 2) (0 + D) = (1= 2) (n + 1)]]}
(2n —3)2n — 1PwW, 2, > (x3, x9)

PN ) —n(m+ 1) |
x [1 T< () > (x93 —n(n + 1):| ’ (36)

where

m+m+1)(n+m+2)
2(2n + 1) (2n + 3)?

Y = % [0 — 2n(n + )] +

X {x‘z) [(x9)* — 3(x))*(m + 2)* + n(n + 3) (n + 4) 2n + 3)]

2 2(1 — 4m’) (x3)’
|:(3x() —x3)(2n+3)+ Qn—1)2n+3)@2n+ 7):|

m4+m+3)m+m+4)

X O = n(n + 3] = ma [(8)" = n@n + 3] =45~

x [2(x9) — (6n® + 30n + 35) (x9)* + n(n + 5) 2n + 3) 2n + 7)x3]}

S TeTE e {xg) [6e)* = 3 — 1y

T =3)n—2)2n—1)(n+ 1)

_ [(3x<2) —xX)n—1)+ on _2(51) é:’ﬁ )1)()522),1 . 3)}[()63)2 —(n—=2)(n+1)]

X [2(x)° — (6m* — 181+ 11) (X0 + (n —4) (n + 1) @n — 5) @n — 1)x3]} (37)

and

Wi (2, X1) = ji (x2)nf (x1) — nl (x2)jc (x1). (33)
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The remarks after equation (28) are also valid in this case, so equations (35) and (36) give
the same results if one replaces n,, n; and n; by j,, j, and j;, respectively, except in w;,
which keeps the form (38). This was verified numerically for various values of the
parameters. Especially for equation (35) this is also evident from equation (34). The
equivalent formulas are the only ones which can be used in the calculations in any case
that n, (x!) =0 (in this case j, (x}) # 0, while from equation (34) n, (x}) =0 and
jn (x3) # 0). In analogy, equations (35) and (36) are the only formulas which can be used
in the calculations in any case that j, (x) = 0 (in this case n; (x) # 0, while from equation
(34) i/ (x%) = 0 and n; (x2) # 0).

Following next the same procedure as that described for the Dirichlet case, one obtains
the expressions for xf? and x$ in a simple spheroidal cavity with major semi-axis R, and
interfocal distance d. These expressions are

22 Y
@ _ @ _ L@ (x5

xP=U x5 = x5y — .
2 ’ 2 2 x) + X —nm+1)

(39)

Formulas (39) do not contain any Bessel functions, while x3 there are roots of the equation
jn (x2) = 0.

The same results (35)—(39) are obtained also by the same shape perturbation method
referred to after equation (29), providing an excellent check for their validity.

4. NUMERICAL RESULTS AND DISCUSSION

In Tables 1 and 2 the roots (x3), (n = 0-3, s = 1-4) of equation (22) as well as the
corresponding values of g2 and g, are given in the Dirichlet case for
T=X/x1= Ry /R, = 135, 2:0 (cavity of Figure 1) and v = 0-5, 0-7 (cavity of Figure 2).
In Tables 3 and 4 the roots (x)),, of equation (34) are given and the corresponding values
of g@ and g% in the Neumann case, for the same ts as before.

For the oblate spheroidal boundaries the g”’s change their signs, while the g¥s remain
the same.

The case n = 0 (m = 0) for the Dirichlet problem requires special treatment. In this case
equation (22) reduces to tan x! = tan x3, with roots x) = tx! = x} + st = +wsn/(r — 1),
s=1,2,..., where the upper/lower sign corresponds to Figures 1 and 2. So,
cos x3 = (— 1) cos x7, sin xJ = (—1)' sin x{ and g%, = 7/[3(r — 1)] is independent of s, as is
easily proved from equation (23) (or its equivalent one with n, replaced by jo) and equation
(28), and confirmed by the corresponding results in Tables 1 and 2. In particular when
+s/(t—1)=v+1/2 (or v), v being an integer, cosx)=cosx)=0, namely
1y (x9) = 1y (x9) = 0 (or sin x{ = sin x = 0, namely j, (x}) = jo (x3) = 0), so the formulas
equivalent to equations (23) and (24) and referred to after equation (28) (or formulas
(23, 24)) are the only ones which can be used in the calculations, as is explained there.

On the contrary, it can be seen easily that the case n =0 (m = 0) for the Neumann
problem requires no special treatment.

A general remark on the g, from Tables 1-4 is that for s > 2, their values stabilize and
become independent of s and that they, as well as g%, decrease rapidly with
increasing/decreasing 7, for the cavity of Figures 1 and 2. This last result is expected from
physical intuition and confirmed by available data for further values of . Both these
observations agree also with the results of references [7, §].

The method of the present work can be extended easily for the calculation of higher
order terms, like, for example, g%, in the expansion series of f,,. (1), with respect to h.
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The procedure will be laborious but straightforward. For this purpose further expansion
coefficients given in Appendix A will be used.
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APPENDIX A

In this Appendix, power series expansions for the prolate and the oblate angular
spheroidal wave functions of the first kind S%) (¢, ) and of the second kind S, (¢, 1), with
small arguments c, are derived for general integer values of m and n. The various expansion
coefficients can also be used in the evaluation of the radial functions of any kind. The
prolate angular spheroidal functions of the first kind are given by an infinite sum of the
form [1, 6, 9] (the superscript (1) is omitted as in the main text).

S’?"’l (Ca "I) = —Z()/l d;’m (C)P:ZJrr (’1)’ (Al)

where the prime indicates that the summation is over only those values of r having the
same parity as n — m. The coefficients d" (c¢) satisfy the following second order recurrence
relation [1, 6]:

Cm+r+2)Cm+r+ 1)c?
QCm+2r+3)2m+2r+5)

dris (c)

2m+r)mt+r+)=2m—1 ,|,,
Cm+2—1)Cm+2r+3) € d" (c)

+ [(m +rym+r+1)— 2w (c) +

n r(r — 1)c?
Cm+2r—3)Q2m+2r—1)

dm,(c)=0, r>0. (A2)
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In equation (A2) 4., (¢) denotes the eigenvalues and 4" = 0 for r > 0.

When ¢ vanishes, the differential equation satisfied by S,,, becomes that satisfied by the
associated Legendre functions. In this case S,.,—P)', d;" ,—1 (n = m) is the only non-zero
coefficient and 2, (0) = n(n + 1).

Approximations for S, valid for small values of ¢ follow by expanding d/" (¢) in power
series in ¢ of the form

r’rﬂﬁ m+2q (C) = [(’1’2121”0i ch] + ag:]’?li C2q+2 + ag"l]’j;; 62q+4 + o .]dlfzﬂi m (C),
0(+) —
n—n/IZZq(,), q—O, 1,2,..., (A3)

where a3y =0, (k= 0)if 0 <n—m < 2q.

The expansion for A,, (¢) must be

Jom () =nm+ 1)+ 15"+ 1"+ 19"+ - - (A4)

In what follows the superscripts mn are omitted from the various expansion cofficients,
for simplicity.

By substituting from equations (A3) and (A4) into equation (A2) and by equating the
coefficients of ¢% ¢*, ... to zero separately, one obtains, with r =n —m > 0, from the
coefficient of ¢*> and ¢***, respectively,

_2n(n+ 1) —2m’ — 1

L= a3 (AS)
m+m+Dn+m+2) , m—m—-0Dm—-—m) _ -
)it At T moman—1) @xThes k=012
(A6)

Setting now r =n — m + 2q (¢ = 1, n — m = 24 for the lower sign) in equation (A2) and
using equations (A3) and (A4) one obtains, by equating to zero the coefficients of ¢*, ¢**?

and ¢***, respectively,
aziq,o =f*(2q — 2)”2%,72,0, ai, =1, q=1, (A7)
Wgo = (29 — 2)az, 2, + g5 (2q) a3, ai, =0, g=1, (A8)

k
Wy = [E2q — 2)az, oo + 85(2q)a3, 0 2 + h*(2q) Z by a5

j=2
+pi(2q + 2)a21:]+2,2k74) a(%Z/( = 05 k 2 27 q 2 la (A9)
where the following rotational substitutions have been made:
h=(2q) = £1/2¢(2n + 2¢ + 1), (A10)
1+ 1+ Q2g—m—Dln+(2q—m—1)]
+ 9 — +
/=2 Rnt (g —IPn+24g—3] GO AID
2Qn+2q9)(n+2g+1)—2m* —1
=+ — _ +
g729) = [12 ntaqg—Dntag+3 |
_ 2
2(1 — 4m?) (A12)

T@n—D@n+3)Qntdg—1)(2n t4q+3)
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n+1+Q2qg+m+ D][n+Qqg+m+ 1)

. ]
P4t = = T g+ M n + 2 £ (4 + )]

h=(2q). (A13)

From equation (AS8) with ¢ = 1 one obtains
ay, =g (Qazy = vy QDaz,, vy (2) =g*(2). (Al4)
Setting also for ¢ > 2
az, = v (2q)as,, (A15)
one obtains from equations (A7), (A8) and (A15) that
axo = [v3 (29 — 2) + g7 2q)]as,0. (A16)
From equations (A15) and (A16) one finds the relation
v (2q) =0y 29 —2)+¢°Q2q). q=1, (A17)

where v5 (0) = 0 and finally

v 2q) = Y. ") = 29(1 = 4nr’) S0, (AIS)
2 q_i:]g Tn+l1F)nrlF 2+ lxtd@groy 177
Setting now for g > 1, k > 2,

ai o = v3 (2q)az,, (A19)

and following the same procedure as before, by using the result v, (0) = 0 for k > 1, one
finally obtains

a k
v 2q) = Y |:g+(2i)v;1\'2(2i) +hE20) Y byvs—y (20) + p*(2i+2)
_ ~

i=1 j=

x v 4 (20 + 2)/”(21')} g=1, k=2 (A20)

The recurrence relation (A20) can be used for the calculation of v3 (2¢), and
consequently of i, by using the expressions for vs _, (2i), i>1,1<s<k. The
coefficients 4; (2 < j < k) are calculated from equation (A6), by using ai, _, from equation
(A19) for g =1 (for j < 5 they are also found in references [6, 9, 11]).

For large values of k, v (2¢q) is obtained only numerically from equation (A20).
However, for small values of k, analytical closed-form expressions are obtained, valid for
each n, m and ¢q. So, for k = 2, 3 one finds after very lengthy manipulation, the expressions

[(n — 1) — m’] (0> — m*)q
42n—3)2n— 1YQ2n + g + 1)

[(n+ 1) —m?] [(n + 2)* — m*]q
2n + 1)*2n + 3)*2n + 5) 2n + 29 + 3)

+ _ (I - 47"2)211
i 9 = ~ 33 T 1) (an + 3)n + 4q £ 3)

+

_|_

9 — 4m?) (1 — 4m?)q
Y a2 3 Qnt 1’Qn 1 5@n + 4q 1 5)

g>0, (A21a)
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o (29) = — (L —dm’yq [(n+ 17 — n] [(n + 2)* — m’]g
! 42n—1)'2n+3)2n—4g—1) " 42n+ 1)’Qn + 3y’Qn+ 5) (g + 1)

(n* = m*) [(n — 1)’ — m’]lq
T —3) @ - 1@n + 1en—2¢ — 1)

9 — 4m?) (1 — 4m?)q

+

YAt Y+ S en—dq—3y 120 (A21b)
+ (2 ) _ (1 _ 477’12) [(n — 1)2 — le] (l’l2 — mZ) q
U ) = 30n =5 2n—3)2n— 1)Cn+ 1)Cn +3) g + 1
(1 — 4m?)? [(n — 1) — m?] (n* — m?)
TR — D) @n 1 3F 200 —5) (21 —3)@n — 1)@ + 1)Q2n + 3)

M+ 1’ — m?][(n + 2)° — m’]
Qn+ 1’Qn+3)X2n+52n+17)

O — 4m?) (1 — 4n®)
T 48(2n — 3) (2n + 1)’(2n + 3)'(2n + 57

o 1= dm’)q | (1 —4m?) [(n + 1)’ — m?] [(n + 2)* — m’]
2n +4q + 3 Cn—1)C2n+ 1) 2n+3)°2n + 5)

« 2 " 1 q
Cn+1)@n+7  2n—1|2n+2q+3

(9 — 4m?*) (1 — 4m?)?
C48(2n — 1) 2n + 1’(2n + 3)(2n + 5)°

q
o+ g+ 5

oo () = L= A [ £ 17 — i) [0+ 27 =] g

(1 —4m*) (9 — 4m*) (25 — 4m?)
96(2n — 5) (2n — 1y(2n + 37(2n + 1) 2n + 4q 7 (A223)

+

N { (1 — 4m?)? N [(n+ 17— m?] [(n + 2)*> — m?]
322n — 1)°Q2n+3) " 2Q2n — 1X2n + 1)’2n + 3)’2n + 5) 2n + 7)

[(n — 1) — m’] (n* — m?)
(2n—5) (2n—3) 2n — )’C2n + 1)

+

9 — 4m?) (1 — 4m?)
" 48(2n —3)2n — 1)’Q2u + 1’2n + 5)

(1 — 4m?)q n (1 —4m?) [(n — 1)* — m*] (n* — m?)
2n—4g—1" (Q2n—3)2n— DQ2n+1)(2n + 3)

o 2 o1 q
Cn—5QC2n+1) 2n+3|2n—2¢g—1
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(9 — 4m*) (1 — 4m?)?
~48(2n — 3)’(2n — 1’2n + 1)’(2n + 3)

(1 — 4m?) (9 — 4m?) (25 — 4m?) q
96(2n — 5)2n — 1’2n + 3y’QRu+7) 2n —4g — 5°

q
><2n—4q—3

. (A22b)

Furthermore from equations (A7), (A10) and (Al1l) one obtains easily

Q2n — D!C2n+ D!I(n — m + 2q)!

+ — (_ q
digo = (= 1) 29q!(n — m)!2n + 4q — D!/(2n + 2 + 1)!!I”°

q=0, (A23a)

P (n+m)!2n—2q — DN!I2n — 4q + 1)!!
0 g/ 2n — DICn + DI(n + m — 2q)! °

q=0, (A23b)

while from equations (A15), (A18) and (A23) one has the results

2¢(1 — 4m?) 2n — DICn + DII(n — m + 29)!(2n + 4q + 1)

+ — ( —
G2 = (' 500130 = 1) (n £ 370 —m)in + 2q + Dien + ag + 3 120
(A24a)
Y 2¢(1 — 4n®) (n + m)!(2n — 2q — 1)!IQ2n — 4q + 1)!! -
2T 0gl(2n — 1Q2n 4+ 3) 2n — D!Qn + D!I(n +m — 29)!(2n — 4qg — 1)’ 72"
(A24b)

Finally, from equation (A19) with k =2 and 3 one obtains ai,, and ai,,, by using
equations (A21) and (A22), respectively, with equations (A23).

The explicit values of the ds depend on the normalization used.

The various calculated expansion coefficients are also useful for the evaluation of the
spheroidal radial functions of any kind RY) (c, &), ¢ = 1-4, where [1, 6]

(o) _M é2 — 1 "2 al irA+m—n QL—’_}/)/ (0)

Rmn (C’ é) - (n + m)/< 52 r;‘l 1 df (C) V/ Zm+r (Cé)a (Azs)

as well as for the evaluation of the angular spheroidal functions of the second kind
S@ (¢, ), given by the expansion [6]

Shem=_ > d Q.+ Y dy P, (). (A26)

r=—=2m, —2m+1

In equation (A26) Q7 are the associated Legendre functions of the second kind. The
coefficients d,, r > 0 are the same as the ones already calculated. The coefficients d,,
—2m < r < 0, are given also by the same formulas, with the lower (minus) sign, but with
n—m<2q <n+ m now, while d,, (p = positive) are given by the limit
dy=tm9="L o (A27)
p=0 P
which can be calculated from equation (A3) with the lower sign. In this case
—r=n—m-—2q< —2m, or 2¢>n+m. So, with r =2m+1 2g=n+m+ 1) and
r=2m+2 (2qg = n+ m + 2), respectively, one obtains from equations (A7), (A10) and
(A11)

Wy 0 1 _ o
1,}?3 p  Cm=3)Cm—1Dm—-—mm+m+1) G220 = Gpi2q0> (A28)
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0 1 -
lplir(} 0 Cm—DCm+ D) n—m—1)(n+m+2) 20T Do

(A29)

where a,, ,, for r =2m + 1, 2m + 2 is calculated from equation (A23b) 2g —2 < n+ m
in these cases).

Finally, from equations (A7), (A10), (A11) and (A28), (A29) one obtains the expansion
coefficients a,y, 1 yo = Aa,p,0 Where g takes the special values used in equations (A28) and
(A29), t=0,1,2,..., and

A=
o (2;7(12’11 :Ji)i/z)f/ (n (f: IES H)gz)_u . T 2__2)7 Yo ag=ntm
e e A TR s T e R AL R
(A30)

The coefficients a,,, , y» can be found from the limits
Aping + 02k = lmol (@ + 0 por 1P]
P

= lpl?} (0% [2(g + 1) — plasy - n—po [P} = va [2(9 + D]+ 0
k=1, 130 (A31)

Calculation of various expansion coefficients appearing in this Appendix verifies the
results given in the literature [6, 9-12], thus confirming the validity of our procedure. For
special values of the parameters the relations (—1)!!'=1 and (—2s— 1)!/=(—1)¥
2s— D! for s =0,1,2,..., have been used.

The power series expansions for the oblate angular functions are obtained from the
corresponding formulas for the prolate ones, simply by replacing ¢ by —ic (equivalently
¢? by —¢?), while those for the oblate radial functions are obtained from the corresponding
formulas for the prolate ones, simply by replacing ¢ by —ic and ¢ by i& [6].

APPENDIX B

The expressions for the various Ds appearing in equations (20) and (21) are the following
(for the oblate spheroidal boundaries D”s change their signs and R, is the minor semi-axis
of the oblate spheroidal):

B.1. DIRICHLET BOUNDARY CONDITIONS

D/?n = unn (Xz, xl) (Bl)
o___ % m+m+1D)m+m+2)
Dol = 22n + 1) |: (n + 3)? Uy 20 (X2, X1)

(n=m—=1)(n—m)

Q2n— 1y -2 (2, x')]’ (B2)
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s (mt+m+ D (n+m+2)

DY — y 1 — 4’ Un s 20 (X2, X1)
" Cn+DRrn+3Y2n+7)| 2n—1)Qun+ 3P "

(n+m+3)(n+m+4) e i=m—D (@ —m)
" 8(2n + 57 s (2 0) | =28 S B 1 @n 4 1)
Lo (n—m—3) (1 —m—2)
X |:(27’l — 1)2(2]1 + 3) Uy —2n (XZ, XI) - 8(2]’! — 3)2 Uy —4n (.Xz, xl) ,
(B3)
o _ aom+tm+h@m+m+2)
Dn+2.n = X3 2(2n + 3)2(211 T 5) Uy 420 (Xz, xl),

n—m+1l)n—m+2
Dl(12+2 = _x§( 2(2” + 1))§2n + 3)2 )un‘n+2 (-XZ’ .X]), (B4)

where
Uss (X2, X1) = Jo (%2) — 0, (2] (31)/m (x0). (BS)
B.2. NEUMANN BOUNDARY CONDITIONS
Dgn =Xz pmz (XZa xl)a (B6)

o_ sm4+m+1D)m+m+2)
DY) = — X pun (X2, X1) + MG (X2, X1) + X3 20n+ 1) (2n + 3) DPuson (X2, X1)

s(m—m—1)(n—m)
TR - en+ 1) P

(X2, x1) (B7)

1 2
D)(li) = x% (n —2'—(;}:1—:_ 1)) ((,;,;'—4_’,"3;; ) {—xz pn+2.n (-XZa xl) + n1qn+2,n (XZ’ xl)

+ X2, X1)

2x3 1 —4m? (
2+ 7| @Qn—1)Q2n + 3P+

m+m+3)y(n+m+4)
+ 8(2n T 5)2 DPn+an (ng X]):|}

o1 2x3
— % (2(2n — 1)222(11 + 1)) {_x2pn2," (2, 1) + G20 (2, 31) + 25
1 —4m? (n—m—3)(n—m—2)
x |:(2n — 1)2(2n T 3) Pn—2n (Xz, XI) - 8(27[ — 3)2 DPn—an (X27 Xl) 5
(B8)
o _atmt+)(m+m+2)
Dt = s ayn ) P B )
Dl(fl)I‘FZ = —X; (n —mt 1) (” —mt 2) Pnn+2 (XZ’ X]), (B9)

22n + 1) 2n + 3)
where

Pos (X2, X1) = Ji (x2) — 07 (x2)j5 (x1)/nf (1),

Gos (X2, X1) = Jo (X2) — 0, (X2))5 (x1)/0f (x3). (B10)



