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Energy flow analysis (EFA) is an analytical tool for prediction of the frequency-averaged
vibrational response of built-up structures at high audible frequencies. The procedure is
based on two developments; first, the derivation of the partial differential equations that
govern the propagation of energy-related quantities in simple structural elements such as
rods, beams, plates, and acoustic cavities; and second, the derivation of coupling
relationships in terms of energy-related quantities that describe the transfer of energy for
various joints (e.g., beam-to-beam, rod-to-beam, plate-to-plate, structure-to-acoustic field
coupling). In this investigation, the energy flow coupling relationships at these joints for
rods and beams are derived. EFA is used to predict the frequency-averaged vibrational
response of a frame structure with a three-dimensional joint, where four wave types
propagate in the structure. The predicted results of EFA are shown to be a good
approximation of the frequency-averaged “exact” energetics, which are computed from
classical displacement solutions.
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1. INTRODUCTION

There are currently no simple methods for predicting the vibrational and acoustical
response of built-up structures such as automobiles, aircrafts, and ships throughout the
entire audible frequency range. The finite element method (FEM) and the boundary
element method (BEM) are effective for the prediction of vibrational and acoustical
response of built-up structures at low frequencies. However, at high frequencies,
FEM/BEM are ineffective due to the requirement that the mesh size is small, which makes
model generation, turn-around time, and computational cost relatively high. Moreover,
studies [1, 2] have shown that the measured frequency response functions (FRF) of
air-borne and structure-borne transmission paths of nominally identical automotive
vehicles vary 5-10dB above 200 Hz. Consequently, a deterministic prediction of
vibrational and acoustical response of built-up structures at high frequencies using FEM
or BEM will not be particularly useful.

At high frequencies, it would be useful for design purposes to know the space- and
frequency-average vibrational behavior of a structure. One approach to predict such
responses is energy flow analysis (EFA) [3-8]. The basic premise of EFA is that the state
of vibration can be essentially represented by stored, dissipated, and transferred farfield
energy densities. EFA is used to predict the space- and frequency-averaged vibrational
behavior of a structure in much the same manner as statistical energy analysis (SEA)
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[9-11]. However, the governing differential equations of EFA are derived using a
differential volume approach. Thus, the spatial variation of farfield energy density and
energy flow is predicted. The advantages of using a differential equation to describe the
state of farfield vibrational energy is that effects such as localized damping and power
inputs can be modelled in a straightforward fashion. The power transmission and reflection
coefficients (for structure to structure coupling) and radiation efficiencies (for structure to
acoustic space coupling) are used to couple simple structural and/or acoustical elements
together [12-16]. Hence, the power transmission and reflection coefficients and radiation
efficiencies of various types of coupled structures published in the literature can be readily
incorporated for use in EFA.

In this investigation, the vibrational response of a frame structure with a
three-dimensional joint is predicted using EFA. Due to the geometry of the joint,
vibrational energy conversions occur at the joint of the frame structure which causes
propagation of four types of vibrational energy transmission mechanisms within the
structure. EFA is used to predict all four types of energy transmission propagating in the
frame structure and to identify the dominant vibrational energy transmission mechanisms
in the frame structure.

2. THEORY

2.1. GOVERNING DIFFERENTIAL EQUATIONS

To develop the governing energy differential equation for one-dimensional structural
elements (i.e., rods and beams), first, an energy balance over a one-dimensional differential
element is performed. The time rate of change of energy per unit length in the
one-dimensional differential element must equal the difference in energy entering and
leaving the differential element minus the power dissipated due to damping within the
differential element. Hence, the resulting energy balance can be represented as [5, 6]

de  0q
E_ _ax_ntlixm (1)

where e is the energy per unit length, ¢ is the power, and 7, is the power dissipated due
to damping. For steady state conditions, the time rate of change of energy density is zero.

For a loss factor damping model, the time averaged power dissipated in the differential
element is proportional to the local energy per unit length [13],

{7 as = N ey, 2

where 5 is the structural loss factor and w is the circular frequency.

If the vibrational energy of a finite structure is segregated into positive and negative
traveling components, the power (or energy flow) and energy per unit length are related
by [13]

gy =c{ept  and  {g) = —cle)7, (3.4)

where ¢, is the group velocity of the type of wave propagating in the structure, and {e)™*
and {e)~ are positive and negative components of traveling energy per unit length. The
expressions of group velocities for flexural, longitudinal, and torsional waves are,

respectively,
2 ] 1/4
Copn = 2|:U)p§1/:| 5 Cq = ,%S 5 and Cgr = % 5 (5—7)
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where the subscript, m, is the direction of transverse displacement (m = x, y or z), the
subscript, 7, is the axis of area moment of inertia normal to the direction of the transverse
displacement (i = x, y or z), p is the material density, S is the cross-sectional area, [; is
the area moment of inertia, £ is Young’s modulus, and G is the shear modulus.

When equations (2)—(4) are substituted into equation (1), two first order energy
differential equations can be obtained,

d d
i @l +nocert =0 and  — (e <e)7) nwleym =0, (8,9)
The general solution of equations (8) and (9) are

(edt =4 exp<—’7c‘”x> and (o> = Bexp<’7“’ x>, (10, 11)

g C&
where the constants, 4 and B, are determined by energy per unit length or energy flow
boundary conditions. For finite structures, both positive and negative propagating waves
exist. Since the frequency-averaged vibrational response of finite structures approach those
of similar infinite structures, the general solutions (10) and (11) can be used to predict the
frequency-averaged energy per unit length and energy flow distributions in a finite
structure. The approximate energy per unit length distribution is the scalar sum of {e)™*
and <{e)~. The approximate net energy flow (or power) distribution is the vector sum of

{g>* and <{g)~.

2.2. ENERGY FLOW COUPLING RELATIONSHIPS AT A JOINT

Waves propagating in structures eventually encounter changes in material, geometry, or
structural configuration (i.e., a bend, a T-joint, or an L-joint). These discontinuities are
referred to as joints in this study. The coupling relationships are used to describe the energy
density and energy flow on either side of the joint.

The wave transmission approach is used extensively in the vibro-acoustic field to
estimate the power transmission and reflection coefficients (also, known as efficiencies) of
a joint [12-16]. In a finite structure, as in the coupled rods case shown in Figure 1, the
waves (which carry energy) incident upon the joint will produce partially reflected waves
in rod 1 and transmitted waves in rod 2. The transmitted waves will encounter the
boundary in rod 2 and will be reflected. The reflected waves in rod 2 will be re-incident
upon the joint, which will produce partially transmitted waves past the joint toward rod
1 and reflected waves in rod 2. The primary reflected waves in rod 1 will encounter the
boundary of rod 1 and will be reflected. The secondary reflected waves in rod 1 will be
re-incident upon the joint. This process will continue as long as the excitation source
continually injects power into the structure.

This process can be adequately described by the semi-infinite rod joint model shown in
Figure 2, where an incident wave from each rod simultancously impinges upon the joint
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Figure 1. Two coupled collinear rods.
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Figure 2. Longitudinal power transmission and reflection coefficients resulting from an incident longitudinal
wave in each rod; Py = incident longitudinal wave in rod 1, Py = incident longitudinal wave in rod 2,
rm = reflected longitudinal wave in rod 1, rp = reflected longitudinal wave in rod 2, 7/ = transmitted
longitudinal wave from rod 2 to rod 1, tu» = transmitted longitudinal wave from rod 1 to rod 2.

from each direction. The left traveling wave incident upon the joint will be partially
reflected and partially transmitted. The right traveling wave incident upon the joint will
also be partially reflected and partially transmitted. Hence, the left traveling energy flow
in rod 1 can be represented as the sum of contributions from the partially reflected right
traveling wave in rod 1 and the partially transmitted left traveling wave of rod 2. The right
traveling energy flow in rod 2 can be represented as the sum of contributions from the
partially reflected left traveling wave in rod 2 and the partially transmitted traveling wave
of rod 1. The fraction of the incident wave which is transmitted and reflected past a joint
can be determined from wave transmission analysis. Hence, the net energy flow away from
the joint in each rod can be represented as

q>s = gt + rm<qg>s, gor =rmdgyi + tmlg)s (12, 13)

where #,; is the power transmission coefficient of longitudinal waves from rod i to rod j
(i,j =1, 2) and ry; is the power reflection coefficient for longitudinal waves in rod i. The
positive energy flow is considered as the energy flow incident upon the joint. The negative
energy flow is considered as the energy flow moving away from the joint. For
one-dimensional structures, ¢; = t; and r; = r;. Hence, only one set of power transmission
and reflection coefficients needs to be computed. Since for conservative joints, the sum of
ti» and ry, is one, the addition of equations (12) and (13) yield the energy flow balance
relationship at the joint,

@ —Lgor —<gr7 +<¢>> = 0. (14)

Equation (14) is a reiteration of conservation of energy flow across the joint. At the joint,
the difference of energy flow of positive and negative propagating waves in rod 1 is equal
to the difference in energy flow in rod 2. Hence, equations (12) and (13) are an alternative
representation of the principle of conservation of energy.

By using power transmission and reflection coefficients to model the energy flow across
the joint, a large amount of published literature on wave transmission analysis of various
types of coupled structures can be incorporated into EFA. Also, as power transmission
and reflection coefficients are used for structure-to-structure coupling, it is believed that
radiation efficiencies can be used for structure-to-acoustic space coupling.

For coupled structures of higher complexities, such as beams joined at arbitrary angles
and branched beam systems, the energy flow coupling relationships at the joint become
more complex. When two beams are joined at an arbitrary angle, both longitudinal and
flexural waves propagate in the structure due to the geometry of the joint. The net energy
flow in the receiving beam is a sum of contributions from the incident, transmitted, and
reflected flexural and longitudinal waves. In branched beam systems, the net energy flow
away from the joint must account for the contributions, not only from the propagation
of both the longitudinal and flexural waves in the structure, but also from the extra
branched beams in the structure. For the beam joint shown in Figure 3, two flexural waves,
one longitudinal wave, and one torsional wave propagate in the frame structure due to
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the geometry of the joint. Hence, the energy flow on either side of the joint must account
for the contributions from all four types of waves. The net flexural, longitudinal, and
torsional energy flow away from the joint in each beam section can be represented as

g2y = 13403 + Tl + el qy + Ty + Teal i + Treslq D
g ra + Tealqdd + el gD + raenlq D + rendg s + resdg s
g3 = Tr23$q D2 + Trhpnlqddn + gy + Tra3lqDn + TarnlqDan
+ Tl qDap + Tl qa + TraslqDd + reasdq Dy
+ ranas gD + sl + ryaslq )y
q>5 = 1l + 13D F + sl gy + gy + Tl q i + Tmlg i
F g8 + T q i + 1esdg i + ramdg i + rimlg )y + rudg;,
q>5 = 10303 + Tl q 3 + gy + tslgdd + g in + Thulq i
F 1l g8 + TuslqOi + remlq i + rrml gy + rimg i + reslg i,
$q>y: = 1l q o3 + 1penlgddy + 1l + rendgdd + el + theelq )i
F Tl 00 + Tnlq i + Tl gy F TenlgO3 + TEndg i + Tendgri,
@Yy = FepnlqDF: + 1apnlgddy + rpnadgdd + rpmlgry + trpelg i
+ Tinaelqan+elqd + Trelqa + Tnld i
+ Tl gPm + Ty + Tnnlg)s,
g = 1mlq s + rem{qy + rmqy + roedqs + g + Thmwlg D
+ g4 + tunelqa + gy + gy + undgrn + gy

jowt
F0 e

X3

Figure 3. A frame structure with a three-dimensional joint.
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g2 = 1m{q Yy + 1pmlq Yy + 1102q s + 102{q s + Tanlq i + Trnlgddy
+ 112 q 5 + T lqOd + Tl + Tam g i + gy + 1mlgd,
@D = TrpulqD2: + Tppulqy + Tpaalqa + Tl gy + FapasqDas
+ sl Dan + g + ryaslqa + Tl
+ e {q i + Talg D + Tl @,
@ap = T2 5 + Tpp2alq D3 + Tp2aq 5 + T2alq 03 + Frpaalq i
+ ppaalq e + ripalqa + rpadqra + tepuq )y
+ Traa{q D3 + Tiaalq 3 + TplgDs,
qYa = 104l q D3 + Tpnalq D3 + Tialq Y + Tal gD + 1l g i + 1pualg i,
Frualqa + radqra + 1emlgs + Tanalqys + Tnalq s + talg s,

and

G5 = 1z0alq 03 + Talq ) + 1l gy + 1alq )5 + 1wl g iy + 13malq i

+1’1[44<(1>$ + Vu44<61>ﬂ + T/;»:34<q>3+/; + r/:\—134<q>37\» + T1134<(1>3+/ + Tu34<(1>3+1 s
(15)

where ,,; is the wave type n power transmission coefficient in beam j due to the incident
wave type m in beam i (i,j=2,3,4, m,n=two flexural (f,,f;f.,[f.; /., f,), one
longitudinal (/), and one torsional (¢)) and r,..; is the wave type n power reflection coefficient
due to the incident wave type m in beam i. For example, the flexural component in the
z-direction of the energy flow in beam section 3 in the positive direction, (g3, is the sum
of the contributions from 12 incident waves. Generally, a three-dimensional n-branch
beam system uses 4n coupling relationships similar to equation (14) at the branched joint.

At the boundaries where there are no structural elements attached, there can be no
vibrational energy flowing out of the boundaries. All the vibrational energy incident upon
these boundaries will be reflected. Hence, the energy flow boundary condition,

g2 =<qu (16)

is applied for all wave components of energy flow at these boundaries. Hence, there are
a total of 32 boundary conditions to be applied, which results in 32 simultaneous equations
for coefficients 4 and B in equations (10) and (11), respectively, for four wave types in
each of four beam sections.

3. “EXACT” ENERGETICS

The results predicted using EFA are verified using the frequency-averaged ‘“‘exact”
energetics of the frame structure. The “exact” energy density and energy flow expressions
were obtained from the displacement solutions of one-dimensional wave equations of the
various wave types.

The transverse displacement in beams can be represented as

Wi (X;) = Api €XP(—jkipmiXi) + Bui €Xp(—kmiXi) + Coi €Xp(kpmixi) + Dy exp(kpmixi), (17)

where the subscript m is the direction of transverse displacement (m = x, y or z), the
subscript 7 is the section of the beam structure (i = 1, 2, 3 or 4), and k;,; is the complex
flexural wavenumber. On the right-hand side of equation (17), the first term,
Api exp(—jksmix:), represents the forward propagating flexural wave, the second term,
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Figure 4. The sign conventions for positive torque, moments, shear, and axial forces.

B, exp(—kj.x:), represents the forward decaying nearfield, the third term, C,,; exp(jksmiXx;),
represents the backward propagating flexural wave, and the fourth term, D, exp(ks.ix;),
represents the backward decaying nearfield.

The longitudinal displacement in beams can be represented as

u;(x;) = Pyexp(—jkix;) + Qi exp(kux:), (18)

where k; is the complex longitudinal wavenumber. On the right-hand side of equation (18),

the first term, P; exp(—jk;X;), represents the forward propagating longitudinal wave and

the second term, Q; exp(jk;x;), represents the backward propagating longitudinal wave.
The torsional displacement in beams can be represented as

0,(x;) = P exp(—jkix;) + Qu exp(jkix;), (19)

where k, is the complex torsional wavenumber. On the right-hand side of equation (19),
the first term, P, exp(—jk.Xx;), represents the forward propagating torsional wave and the
second term, Q, exp(jk.x;), represents the backward propagating torsional wave. The sign
conventions used to derive the energy per unit length and energy flow expressions of
various wave types are shown in Figure 4. The solution is found by solving a set of 48
simultaneous equations for coefficients in equations (17) through (19) for four wave types
in each of four beam sections.

For harmonic excitation, the time-averaged energy per unit length and energy flow due
to the flexural waves in beams are

d*w d*w* dw dw*
—1ppEWaW 15S
err=1 I{dxz dxz} P {dl dt} (20)

and

3 * 2 2, ,%
d*w dw d*w d*w } @1

1 aw _
qr=:3EIRe {dx3 dt dx?dx dr

The time-averaged energy per unit length and energy flow due to the longitudinal waves

in beams are
_ipg)dudu*( o )dudu*
<e>’_4ES{dx ax [ TN dr (22)
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and

du d“*}. (23)

—1 —
<Q>/—2Re{ Ede dl

The time-averaged energy per unit length and energy flow due to the torsional waves in

beams are
_ 1740 do* 17)d0 do*
<e>’_4T{dx ax (T a 4

and

do ‘W}, (25)

—1 _T==
<‘1>‘_2Re{ Taca

where T is the torsional stiffness and J is the mass moment of inertia. The frequency
averaged “‘exact” energetics are obtained using the relationships

@ =ty f do. @D =t J (ydo. (26.27)

N ]

In this investigation, the difference in frequency, w, — w;, will be a one-third octave band.

4. RESULTS

EFA is used here to predict the energetics of the frame structure shown in Figure 3. The
equivalent energy flow problem is shown in Figure 5. The EFA results are compared to

QOUt = 0

X

2

Figure 5. Equivalent energy problem.
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Figure 6. Comparison of the four components of the “exact” energy density frequency-averaged over the
2500 Hz one-third octave band and the energy density predicted by EFA at f. = 2500 Hz in beam sections 1 and
2; ——, “exact” response; ----, EFA prediction.

the frequency-averaged ‘‘exact” energetics. All beams are made of aluminum
(E =171 x 1010 Pa and p = 2700 kg/m?). The cross-sectional area and the area moment
of inertia are 4 x 10~*m? and 1-3333 x 10~* m*, respectively, for all beams. The length of
all beams is 4 m. The structural loss factor for all beams is 0-04. The magnitude of the
applied point force in the incident beam is 10 N.

In Figures 6 and 7, the four components of the energy per unit length and energy flow
(magnitude) predicted by EFA at the center frequency of 2500 Hz in beam sections 1 and
2 are compared to the four components of the “exact’ energy per unit length and energy
flow (magnitude) frequency averaged over the 2500 Hz one-third octave band. At the
center frequency of 2500 Hz, the one-third octave bandwidth is 580 Hz. In Figure 7, all

230.0
220.0 4
210.0
200.0 4
190.0 -
180.0 -
170.0 ~
160.0
150.0 -
140.0
130.0 A
120.0
110.0 +
100.0

Energy flow (dB, Re 10712 W)

0.0 1.0 2.0 3.0 4.0
Position (m)

Figure 7. Comparison of the four components of the “‘exact” energy flow frequency-averaged over the 2500 Hz
one-third octave band and the energy flow predicted by EFA at f. = 2500 Hz in beam sections 1 and 2;
“exact” response; ----, EFA prediction.
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Energy per unit length (dB, Re 10712 3/m)

Position (m)

Figure 8. Comparison of the four components of the “exact” energy density frequency-averaged over the
2500 Hz one-third octave band and the energy density predicted by EFA at f. = 2500 Hz in beam section 3; —,
“exact” response; ----, EFA prediction.

four components of the energy are flowing in the negative direction except for the z
direction flexural energy flow, which is flowing in the positive direction from x = 2—4 m.
In Figure 6, the sharp peak in the z direction flexural energy per unit length (e;.) and, in
Figure 7, the discontinuity of the z direction flexural energy flow (p.) at x =2 m are at
the location of the excitation source. The dominant energetics in the incident beam are
the z direction flexural energetics. The secondary energetics are longitudinal energetics
which are approximately 50 dB below the z direction flexural energetics. The torsional
energetics and the y direction flexural energetics are not coupled well to the excitation
source.

In Figures 8 and 9, the four components of the energy per unit length and energy flow
(magnitude) predicted by EFA at the center frequency of 2500 Hz in beam section 3 are

230.0
220.0
210.0 4 P,

Energy flow (dB, Re 10712 W)

Position (m)

Figure 9. Comparison of the four components of the “exact” energy flow frequency-averaged over the 2500 Hz
one-third octave band and the energy flow predicted by EFA at f. = 2500 Hz in beam section 3; ——, “‘exact”
response; ----, EFA prediction.
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Figure 10. Comparison of the four components of the “exact” energy density frequency-averaged over the
2500 Hz one-third octave band and the energy density predicted by EFA at f. = 2500 Hz in beam section 4; ——,
“exact” response; ----, EFA prediction.

compared to the four components of the “‘exact” energy per unit length and energy flow
(magnitude) frequency averaged over the 2500 Hz one-third octave band. The dominant
energetics in beam section 3 are the torsional energetics. The secondary energetics are the
z direction flexural energetics which are approximately 10 dB below the torsional
energetics. In beam section 3, the x direction flexural energetics and the longitudinal
energetics do not couple well with the dominant energetics of the other beam sections.

In Figures 10 and 11, the four components of the energy per unit length and energy flow
(magnitude) predicted by EFA at the center frequency of 2500 Hz in beam section 4 are
compared to the four components of the “exact” energy per unit length and energy flow
(magnitude) frequency averaged over the 2500 Hz one-third octave band. The dominant
energetics in beam section 4 are the x direction flexural energetics. The secondary

230.0
220.0 4 P

Energy flow (dB, Re 1072 W)

0.0 1.0 2.0 3.0 4.0
Position (m)

Figure 11. Comparison of the four components of the “exact” energy flow frequency-averaged over the
2500 Hz one-third octave band and the energy flow predicted by EFA at f. = 2500 Hz in beam section 4, ——,
“exact” response; ----, EFA prediction.
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energetics are the longitudinal energetics, which are 10 dB below the x direction flexural
energetics. In beam section 4, the y direction flexural energetics and the torsional energetics
do not couple well with the dominant energetics of the other beam sections.

In Figures 6-11, the difference between the lowest and the highest of the four
components of the energetics of any beam section is typically 70 dB. Even with this large
variation, the essential behavior of the frame structure is well predicted by EFA. The
dominant energetics in each beam section are predicted within 0-5-2 dB. The secondary
energetics in each beam section, which are 10-50 dB below the dominant energetics, are
predicted within 3-5 dB. The dominant energetics of the frame structure is the z direction
flexural energetics in the incident beam. Other dominant energetics in other beam sections
are typically 30 dB below the z direction flexural energetics in the incident beam. EFA
shows that the three-dimensional joint is not an efficient transmitter of energy to other
beam sections in the frame structure in this frequency band.

Cho [17] shows an additional case study of the same frame structure for the 4000 Hz
one-third octave band where exact results are compared to EFA predictions. The results
improve compared to the results shown here for the 2500 Hz one-third octave band
because the reflection and transmission coefficients of semi-infinite systems are better
approximations of the reflection and transmission of finite systems at higher frequencies.

5. CONCLUSIONS

An EFA method is developed for predicting the frequency-averaged energy per unit
length and energy flow distributions in built-up structures. EFA is used to predict the
vibrational response of a frame structure with a three-dimensional joint. The predictions
made by EFA are a good frequency-averaged approximation of the “‘exact” energetics.
Also, the dominant energy transmission mechanisms in the frame structure were identified
using EFA. Work is currently underway for applying EFA to a real built-up structure with
complicated geometry and shape using an energy based finite element method (EFEM).
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