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1. 

The string-like systems, including tapes, belts, chains, bands, wires, threads, fibers, and
other materials with negligible bending rigidity and a straight, unsagged equilibrium
configuration, have broad applications in the areas of chemical, textile, computer and tape
recorder industries as well as in many other processes.

A great deal of research about the vibration behavior of the string-like problems has
been carried out previously [1–3]. These studies consider the string-like system as a fixed
length with no axial motion. Some studies [4–8] have appeared in the literature concerning
the vibration and dynamic stability of axially moving materials. Although the string-like
systems exhibit movement, the basis of such studies is still as fixed length systems.

For the problem of string vibration with time varying length, Kotera and Kawai [9]
analyzed the free vibrations by Laplace transformation. Fung and Cheng [10] studied the
free vibration of a non-linearly coupled string/slider system. It should be noted that the
methods of solving the problems necessarily differ from the classical methods of treating
the fixed length problems. For instance, the concepts of the natural modes and frequencies
become meaningless because as the length of the string varies, the natural frequencies
become time dependent, and the independence of the natural modes of oscillation is lost.
While in theory the motion of a string of variable length can be described to any desired
degree of approximation by an infinite system of differential equations, the mathematical
difficulty usually becomes prohibitive for all but the first few orders of approximation. As
far as string vibration is concerned, little work has appeared on the coupling oscillations
in respect of the theoretical formulation of the problem or the analysis of the structural
behavior.

The string/slider coupling system developed by Fung and Cheng [10] has been adopted
to treat the dynamic stability analysis in this paper. The physical model studied in this
paper is shown in Figure 1, the mass–spring–dashpot could be regarded as one subsystem
to affect the string system on the steady state amplitudes and stable–unstable regions. The
application of such a coupling system may be considered as a vibration reduction
mechanism. The energy introduced by the parametric excitation can be transferred between
string and slider through the moving boundary. Therefore, the string vibration could be
suppressed by adjusting the parameter values of the mass–spring–dashpot system.

The non-linear equations of motion of the string/slider coupling system have been
developed using Hamilton’s principle. The vibration analysis is based on Galerkin’s
approximation with time dependent basis functions to discretize the continuous system
into a finite-degree-of-freedom system. Finally, the method of multiple time scales is used
to solve the uncoupled set of simultaneous differential equations. Combination of the
internal and parametric resonances are investigated, and the numerical results are shown.
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Figure 1. The string/slider coupling system: (a) undeformed configuration; (b) deformed configuration.

2.   

The string/slider coupling system is shown in Figure 1(a). The string has a constant
travelling speed c, and the mass–spring–dashpot is a single-degree-of-freedom system
which coupled with the continuous string system x=0 is the static equilibrium position
of the slider. In Figure 1(b), x= g1 (t) and x= g2 (t) are the current positions of two sides
of the slider and are the moving boundaries for the two-side string in the deformed
configuration. The string vibrates transversely in the intervals l1 E xE g1 (t) and
g2 (t)E xE l2, while the slider has the horizontal oscillations. One assumes that the contact
between string and slider is frictionless. Based on Mote [11], the longitudinal elastic motion
of the string is neglected for the vibration at lower frequencies and with small amplitudes.
To obtain the equation of motion, Hamilton’s principle is applied. However, the
application of the principle is not straightforward, since there is a moving boundary
involved.

When a set of particles tends towards infinity, the aggregate of particles is considered
to form the continuum. In the process of variation, the aggregate of particles is
considered as fixed between times t1 and t2. To this end, one considers the system to
include the entire length (s̄'Q xQ s̄) of the string and slider. Hamilton’s principle can be
written as

g
t2

t1

(d; t + dW) dt=0, (1)

where

; t =g
l1

s̄'

L1 dx+g
g1

l1

L2 dx+g
g2

g1

L1 dx+g
l2

g2

L2 dx+g
s̄

l2

L1 dx+ 1
2 ms ġ

2 − 1
2 k2

g , (2)
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dW=−Cx ġdg+g
g1

l1

[−Cs (vt + cvx )] dv dx+g
l2

g2

[−Cs (vt + cvx )] dv dx. (3)

; t is the total Lagrangian function plus the kinetic energy and minus the potential energy
of the whole string/slider system; dW is the virtual work by the damping forces [8]; g(t)
is the horizontal displacement of mass center of the slider and is measured from the
equilibrium position. ms is the mass of the slider, k is the spring stiffness, Cx is the damping
coefficient of the dashpot, Cs is the string damping coefficient; and

L1 = 1
2 rc2, L2 = 1

2 rc2 + 1
2 r(vt + cvx )2 − 1

2 Fv2
x − 1

8 EAv4
x, (4a, b)

where L1 is the Lagrangian density of the string for the ranges s̄'E xE l1,
g1 (t)E xE g2 (t), and l2 E xE s̄; L2 is the Lagrangian density of the string for
l1 E xE g1 (t) and g2 (t)E xE l2. For simplicity, the same symbol, v(x, t) is used for the
two intervals. r is the mass density of the string, F is initial tension, E is Young’s modulus,
A is area of string. The terms 1

2 Fv2
x and 1

8 EAv4
x are the strain energies due to the initial

tension and the deflection measured from the initially tensioned configuration [8]. Since
the transverse deflection and the slope of the string over the other range are zero,
consequently the Lagrangian density, L1, is equal to 1

2 rc2.
In Figure 1(b), one considers the boundaries where v(l1, t)= v(g1 (t), t)=

v(g2 (t), t)= v(l2, t)=0 are specified, but g1 (t) and g2 (t) are free. In the following
variation process, it can be found that g1 (t) and g2 (t) are expressed in some relation from
the natural boundary condition derived from the process of calculus of variations.
Performing the variation in equation (1), using equations (2) and (3) and collecting the
like terms, one finds

0=g
t2

t1
6g

g1

l1
$−

1

1t
1L2

1vt
−

1

1x
1L2

1vx
−Cs (vt + cvx )% dv dx

+g
l2

g2
$−

1

1t
1L2

1vt
−

1

1x
1L2

1vx
−Cs (vt + cvx )% dv dx

−$1L2

1vx
dv%x= l1

+$1L2

1vx
dv%x= l2

+$0L2 −L1 − vx 01L2

1vx
− ġ

1L2

1vt 11x= g1

−0L2 −L1 − vx 01L2

1vx
− ġ

1L2

1vt 11x= g2

−ms g̈−Cx ġ− kg%x= g

dg

+$g
g1

l1

1L2

1vt
dv dx+g

l2

g2

1L2

1vt
dv dx+ms ġ dg%

t2

t1
7=0, (5)

in which the relations that dv(g1 (t), t)=−vx (g1 (t), t)dg and dv(g2 (t), t)=−vx (g2 (t), t)dg

have been introduced in equation (5) (for details of derivation, see Appendix A). Finally,
requiring that dv and dg vanish at t1 and t2 and noting the arbitrariness of dv in the intervals
l1 Q xQ g1 (t) and g2 (t)Q xQ l2, one finds the Euler–Lagrange equation and boundary
conditions as follows:

−
1

1t
1L2

1vt
−

1

1x
1L2

1vx
−Cs (vt + cvx )=0, l1 Q xQ g1 and g2 Q xQ l2, (6a)
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[L1]x= g2 − [L1]x= g1 +$L2 − vx 01L2

1vx
− ġ

1L2

1vt 1%x= g1

−$L2 − vx 01L2

1vx
− ġ

1L2

1vt 1%x= g2

−ms g̈−Cx ġ− kg=0, x= g(t), (6b)

v(g1 (t), t)= v(g2 (t), t)=0, v(l1, t)= v(l2, t)=0. (6c)

Equation (6b) is called the transversality condition [12], which can be treated as the
governing equation of the single-degree-of-freedom mass–spring–dashpot system. The
expressions for L1 and L2 given in equation (4) are substituted into equations (6a, b) and
the initial tension F is assumed to be expressed into the form F=F0 +F1 cos vf t, where
F0 is constant initial tension, F1 is the perturbed initial tension, and vf is its frequency. The
equation of motion and the boundary conditions are respectively obtained as:

rvtt +Cs (vt + cvx )+2rcvxt +(rc2 −F0 −F1 cos vf t)vxx

−3
2 EAv2

xvxx =0, l1 Q xQ g1 and g2 Q xQ l2, (7a)

ms g̈+Cx ġ+ kg+ 1
2 [(F0 +F1 cos vf t)− r(c− ġ)2] [v2

x(g2 (t), t)

−v2
x (g1 (t), t)]+ 3

8 EA[v4
x(g2 (t), t)− v4

x(g1 (t), t)]=0, x= g(t), (7b)

v(g1 (t), t)= v(g2 (t), t)=0, v(l1, t)= v(l2, t)=0, (7c)

where equation (7a) is the non-linear governing equation of the two-side strings. In the
transversality condition (7b), the slider is coupled with the slopes of the strings at the points
x= g1 (t) and x= g2 (t). It should be noted that the equation of motion of the slider (7b)
coupled with that of string (7a) are of quadratic and quadruple orders. It is seen that the
slider vibration is free when the two slopes are equal to each other or equal to, i.e.,
vx (g1 (t), t)= vx (g2 (t), t)=0. Even though the geometric non-linear term 1

8 EAv4
x in

equation (4b) has vanished, the non-linear coupling arising from the boundary condition
at x= g(t) in (7b) still exists.

In order to study the effects of system parameters, let one denote some dimensionless
parameters (see Appendix C), then equations (7a), (7b) and (7c) become

Vtt + h̄y (Vt + bVj )+2bVjt +(b2 −1− n̄ cos Vf t)Vjj

−3
2 b2

1V2
jVjj =0, lr1 Q jQG(1) and G(2) Q jQ 1, (8a)

Gtt + h̄x Gt +V2G+ 1
2 M[1+ n̄ cos Vf t−(b−Gt )2] [V2

j(G(2), t)

−V2
j(G(1), t)]+ 3

8 Mb2
1[V4

j(G(2), t)−V4
j(G(1), t)]=0, j=G(t), (8b)

V(lr1, t)=V(G(1)(t), t)=V(G(2)(t), t)=V(1, t)=0. (8c)

3.  

In this section, the approximate solution for the transverse motion of string with the
moving boundaries at j=G(1)(t) and j=G(2)(t) will be derived. Consider two boundary
value problems

cn,jj (j, t)=−v2
ln (t)cn (j, t), lr1 Q jQG(1), (9a)

cn (lr1, t)=cn (G(1)(t), t)=0, (9b)

fn,jj (j, t)=−v2
rn (t)fn (j, t), G(2)(t)Q jQ 1, (10a)



    693

fn (G(2)(t), t)=fn (1, t)=0. (10b)

Since the horizontal displacement of slider is time dependent, both cn (j, t) and fn (j, t)
and its corresponding eigenvalues vln (t) and vrn (t) are time dependent, where vln (t) and
vrn (t) are the nth ‘‘instantaneous natural frequency’’ of the system, often called the quasi
frequency [13].

It can be verified that {cn (j, t), n=1, 2, . . . } and {fn (j, t), n=1, 2, . . . } are the
orthonormal basis. Thus, the expansion functions are

cn (j, t)=z2/G(1) − lr1 sin vln (t) (j− lr1), n=1, 2, 3, . . . , (11a)

fn (j, t)=z2/(1−G(2)) sin vrn (t) (1− j), n=1, 2, 3, . . . , (11b)

where

vln (t)= np/(G(1) − lr1), n=1, 2, 3, . . . , vrn (t)= np/(1−G(2)), n=1, 2, 3, . . . .

Sequentially, one seeks the solution V(j, t) of equation (8a) in the form

V(j, t)= s
a

n=1

fn (t)cn (j, t), lr1 Q jQG(1), (12a)

V(j, t)= s
a

n=1

qn (t)fn (j, t), G(2) Q jQ 1, (12b)

where fn (t) and qn (t) are the generalized co-ordinates. Substituting the expression of
equations (12a, b) into equation (8a) and using the Galerkin method, one obtains a system
of countably infinite number of non-linear time varying ordinary differential equations

f� m + s
a

n=1

[al
mn (G, G� )f� n + bl

mn (t, G, G� , G� )fn ]− s
a

n=1

s
a

i=1

s
a

j=1

cl
mni j (G)fn fi fj =0, (13a)

q̈m + s
a

n=1

[ar
mn (G, G� )q̇n + br

mn (t, G, G� , G� )qn ]− s
a

n=1

s
a

i=1

s
a

j=1

cr
mni j (G)qn qi qj =0, (13b)

where

al
mn (G, G� )=2Al

mn (G, G� )+2bEl
mn (G)+ h̄y dmn ,

ar
mn (G, G� )=2Ar

mn (G, G� )+2bEr
mn (G)+ h̄y dmn ,

bl
mn (t, G, G� , G� )= h̄y Al

mn (G, G� )+Bl
mn (G, G� , G� )+ h̄y bEl

mn (G)

+2bFl
mn (G, G� )+ (1+ n̄ cos Vf t− b2)V2

ndmn ,

br
mn (t, G, G� , G� )= h̄y Ar

mn (G, G� )+Br
mn (G, G� , G� )+ h̄y bEr

mn (G)

+2bFr
mn (G, G� )+ (1+ n̄ cos Vf t− b2)V2

ndmn ,

cl
mni j (G)= 3

2 b2
1Nl

mni j (G), cr
mni j (G)= 3

2 b2
1Nr

mni j (G),

in which the details of Al
mn (G, G� ), Ar

mn (G, G� ), Bl
mn (G, G� , G� ), Br

mn (G, G� , G� ), El
mn (G), Er

mn (G� ),
Fl

mn (G, G� ), Fr
mn (G, G� ), Nl

mni j (G) and Nr
mni j (G) are given in Appendix B.
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Substituting Vj (G(1)(t), t) and Vj (G(2)(t), t) into equation (8b), one has

G� + h̄x G� +V2G+ s
a

n=1

s
a

i=1

[dr
ni (G, G� )qn qi − dl

ni (G, G� )fn fi ]

+ s
a

n=1

s
a

i=1

s
a

j=1

s
a

k=1

[er
ni jk (G)qn qi qj qk − el

ni jk (G)fn fi fj fk ]=0, (14)

where G� =d/dt(G), and

dl
ni (G, G� )= 1

2 M(1+ n̄ cos Vf t−(b−G� )2) (−1)n+ i(2nip2/(G(1) − lr1)3), (15a)

dr
ni (G, G� )= 1

2 M(1+ n̄ cos Vf t−(b−G� )2) (−1)n+ i(2nip2/(1−G(2))3), (15b)

el
ni jk (G)= 3

8 Mb2
1(−1)n+ i+ j+ k(4ni jkp4/(G(1) − lr1)6), (15c)

er
ni jk (G)= 3

8 Mb2
1(−1)n+ i+ j+ k(4ni jkp4/(1−G(2))6). (15d)

Figure 2. The amplitudes of response of the right-side string with b=0, n=1, M=1, lr1 =0·7, hx = hy =0·01,
a1: ——, steady state amplitude, Vf near 2V1; a3: · · · · , steady state amplitude, Vf near 2V3. (a) The steady state
amplitude of the string. (b) The steady state amplitude of the slider.
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Figure 3. The amplitudes of response of the left-side string with b=0, n=1, M=1, hx = hy =0·01, a2: ——,
steady state amplitude, Vf near 2V2; a4: · · · · , steady state amplitude, Vf bear 2V4. (a) The steady state amplitude
of the string; (b) the steady state amplitude of the slider.

4.  

Since the perturbation tension F1 cos vf t is small compared with the steady state tension
F0, the small parameter e appearing in the perturbation is defined as e=F1 /F0. In the

Figure 4. The stable–unstable regions of the first five modes of the string/slider system with b=0, n=1,
M=1, lr1 =0·7, hx = hy =0·01: A, unstable region, Vf near 2V1: B, unstable region, Vf near 2V2: C, unstable
region, Vf near 2V3; D, unstable region, Vf near 2V4: E, unstable region, Vf near 2V5. ——, Unstable region of
right-side string; ---, unstable region of left-side string.
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present work, the method of multiple time scales (Nayfeh [14]) is applied to find an
approximate solution of equations (13) and (14). It is assumed that the solution of
equations (13) and (14) can be represented by a uniformly valid expansion having the form

fm = s
I

i=1

eifmi (T0, T1, . . . , TI )+O(eI+1), (16a)

qm = s
I

i=1

eiqmi (T0, T1, . . . , TI )+O(eI+1), (16b)

G= s
I

i=1

eiGi (T0, T1, . . . , TI )+O(eI+1), (16c)

where Tj = ejt, j=1, 2, . . . .
Following the familiar perturbation method, one obtains the resonant solutions.

Without the parametric excitation, the free vibration between the string and slider will
present the following resonances: (1) V$Vm 2Vn , no internal resonance; (2)
V1Vp +Vq , internal resonance of summed-type; (3) V1Vp −Vq , internal resonance of
difference-type. All the resonant cases with parametric excitation will be investigated
separately.

Figure 5. The amplitudes of response of the string/slider coupling system with n=1, M=1, lr1 =0·7,
hx = hy =0·01: (a) the steady state amplitude of the string; (b) the steady state amplitude of slider; d1; ——, b=0;
· · · · , b=0·1; ----, b=0·2.
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5.    

In this section, the effects of the string transport speed b and parametric excitation n

on the steady state amplitudes and stable–unstable regions are analyzed. Figures 2 and 3
present the steady state amplitudes of right- and left-side string and slider versus the
detuning parameter d1. The first four modes of the string are considered and the small
parameter e=0·1 is chosen. The steady state amplitudes a1 and a3 of the right-side string
are shown in Figure 2(a) for the parametric excitation frequency Vf being near 2V1 and
2V2, respectively. The steady state amplitudes a2 and a4 of the right-side string are shown
in Figure 3(a) for the parametric excitation frequency Vf being near 2V2 and 2V4,
respectively. The steady state amplitude, G1, of the slider is excited through the internal
resonance of the summed type. The curves are shown in Figure 2(b) for Vf being near 2V1

(solid line) and 2V3 (dotted line), and shown in Figure 2(b) for Vf being near 2V2 (solid
line) and 2V4 (dotted line). In physical terms, it means that energy can be transferred
between the string and slider through the boundary at j=G(t). Figure 4 presents
stable–unstable regions of the parametric resonances for the first five modes of the system.
The regions are determined by the eigenvalues of the matrix [1f/1Y]Y0 for p= q.

Figures 5 and 6 show the effects of transport speed b and perturbation tension parameter
n on the amplitudes of response, respectively. From Figure 6, it is seen that the increase
in transport speed value b of the string relates to the decrease in the natural frequency
of the string, and the steady state amplitudes are shifted toward the lower frequency
direction. In Figure 6, the increase in the perturbation tension n of the string relates to
the increase in the steady state amplitudes.

Figure 6. The amplitudes of response of the string/slider coupling system versus the perturbation tension with
b=0, M=1, lr1 =0·7, hx = hy =0·01: ——, n=0·1; · · · · , n=0·2; ----, n=0·3.
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Figure 7. The stable–unstable regions of the first three modes of the right-side string with b=0, n=1, M=1,
hx = hy =0·01: A, unstable region, Vf near 2V1; B, unstable region, Vf near 2V2; C, unstable region, Vf near 2V3;
lr1 =0; lr1 =0·35.

Figure 7 shows the effects of string length on the stable–unstable regions for the coupling
system. The increase in the length of string on the left side relates to the decrease of the
natural frequency of the string, and the unstable regions are shifted to the lower frequency
direction.

6. 

The method for studying the moving boundary effect on the vibration of a string/slider
coupling system has been investigated in this paper. First, the governing equations and
boundary conditions were derived by the calculus of variation and Hamilton’s
principle. Galerkin’s procedure with a time-dependent basis function was then used
to obtain a discrete system. Next, a technique of modal analysis was applied to
decouple the gyroscopic system, and the set of the simultaneous differential equations was
solved by the method of multiple-time scales with the small perturbation tension of the
string.

From the numerical results, the following conclusions can be drawn:
(1) The frequency of the excitation and the natural frequency of the slider are close to

twice of the natural frequencies of the string system, the main resonance and
unstable regions exist.

(2) Although combination resonance of the difference-type was predicted to arise in the
course of the perturbation analysis, it does not exist in the problem considered.

(3) By increasing the transport speed b of the string, the natural frequency of the
string will decrease, and the steady state amplitudes are shifted toward a lower frequency
domain.

(4) The natural frequency of the string tends to decrease, while the unstable regions are
shifted toward the lower frequency direction with increasing string length.

(5) If non-linear stiffness of spring was introduced, the coupling system will be more
complicated and there is a higher likelihood of resonance occurring.
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 

In Figure A1, v*(x, t) is a comparison curve, while v(x, t) is the true curve. It is
apparent that dv(x, t)= v*(x, t)− v(x, t) has meaning only in the interval
[g2 (t)+ dg(t), l2], since v*(x, t) is not defined for x $ (g2 (t), g2 (t)+ dg(t)). By inspection
of Figure A1 one has

dv̄= v*(g2 (t)+ dg(t), t)− v(g2 (t), t)cvx (g2 (t), t)dg+ dv(g2 (t), t)=0,

where c means ‘‘equal to first order’’. From the above equation, one gets
dv(g2 (t), t)=−vx (g2 (t), t)dg. Similarly, one has dv(g1 (t), t)=−vx (g1 (t), t)dg.

Figure A1. The comparison curve of the moving boundary.
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 

The time varying coefficients of equations (13a, b):

Al
mn (G, G� )=g

G(1)

lr1

c� n cm dj, Ar
mn (G, G� )=g

1

G (2)

f� n fm dj,

Bl
mn (G, G� , G� )=g

G(1)

lr1

c� n cm dj, Br
mn (G, G� , G� )=g

1

G (2)

f� n fm dj,

El
mn (G)=g

G(1)

lr1

c'n cm dj, Er
mn (G)=g

1

G (2)

f'n fm dj,

Fl
mn (G, G� )=g

G(1)

lr1

c� 'n cm dj, Fr
mn (G, G� )=g

1

G (2)

f� 'n fm dj,

Nl
mni j (G)=g

G(1)

lr1

c'n c'i c0j cm dj, Nr
mni j (G)=g

1

G (2)

f'n f'i f0j fm dj

The coefficients of equations (19a–j):

El(0)
mn =6−[1−(−1)m+ n] [2mn/(m2 − n2)] [1/(lr0 + lr1)]

0
,

m$ n
m= n7,

Er(0)
mn =6−[1−(−1)m+ n] [2mn/(m2 − n2)]

0
,

m$ n
m= n7,

Al(1)
mn =6(−1)m+ n+1[2mn/(m2 − n2)] [1/(lr0 + lr1)]

0
,

m$ n
m= n7,

Ar(1)
mn =6(−1)m+ n+1[2mn/(m2 − n2)]

0
,

m$ n
m= n7,

Bl(1)
mn =Al(1)

mn , Br(1)
mn =Ar(1)

mn , El(1)
mn =El(0)

mn [1/(lr0 + lr1)], Er(1)
mn =Er(0)

mn ,

Fl(1)
mn =6−[1−(−1)m+ n] [mn(3m2 + n2)/(m2 − n2)2] [1/(lr0 + lr1)2]

1
2 m2p2[1/(lr0 + lr1)2]

,
m$ n
m= n7,

Fr(1)
mn =6−[1−(−1)m+ n] [mn(3m2 −7n2)/(m2 − n2)2]

1
2 m2p2 ,

m$ n
m= n7.

 : 

c1 zEA/r , axial wave transport speed of string
c2 zF0 /r , wave transport speed of string
c3 zF1 /r , variation wave transport speed of string
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l0 length of the slider
l1, l2 length of the left- and right-side string, respectively
lr1 l1 /l2, dimensionless length ratio
lr0 l0 /l2, dimensionless length ratio
M rl2 /ms , dimensionless mass ratio
V v/l2, dimensionless logarithmic displacement
b c/c2, dimensionless speed ratio
b1 c1 /c2, dimensionless speed ratio
G g/l2, dimensionless positions of slider
G(1) g1 /l2, dimensionless positions of slider
G(2) g2 /l2, dimensionless positions of slider
zx Cx /ms , damping coefficient of slider
zy Cs /r, damping coefficient of string
h̄x zx (l2 /c2), dimensionless damping coefficient of slider system
h̄y zy (l2 /c2), dimensionless damping coefficient of string
n̄ F1 /F0 (c2

3/c2
2), dimensionless initial tension variation

j x/l2, dimensionless length
t c2 t/l2, dimensionless time
V vs l2 /c2, dimensionless frequency of slider
Vf vf l2 /c2, dimensionless parametric excitation frequency
Vp vf l2 /c2, the pth mode dimensionless frequency of string system
vs zk/ms , frequency of slider


