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A method is proposed for interpreting the behaviour of NARX neural networks. The
correspondence between time-delay neural networks and Volterra series is extended to the
NARX class of networks. The Volterra kernels, or rather, their Fourier transforms, are
obtained via harmonic probing. In the same way that the Volterra kernels generalize the
impulse response to non-linear systems, the Volterra kernel transforms can be viewed as
higher-order analogues of the Frequency Response Functions commonly used in
Engineering dynamics; they can be interpreted in much the same way.
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1. INTRODUCTION

The recent past has seen an enormous increase in proposals for the use of Artificial Neural
Networks (ANNs) for Engineering applications; particularly in control systems, fault
diagnostic systems and ‘“‘smart” structures. However, despite the intense activity of
academia and industrial R&D departments, the uptake of ANN technology by
industry—European industry in particular—has been minimal. The reason for this is the
apparent “‘black box’ nature of ANNs which makes them resistant to traditional methods
of certification and therefore excludes them from safety-critical applications.

This paper offers a partial remedy to this problem for a restricted class of neural
networks often used in modelling and control applications—the so-called NARX
(Non-linear Auto-Regressive with eXogenous) networks, a superset of the so-called
Time-Delay Neural Networks (TDNN). (The former terminology is from the literature of
time-series analysis and economic theory.) The most substantial body of work on these
networks has been produced by Billings and co-workers and a representative sample of
references can be found in reference [1].

The Volterra functional series [2] is often used in the system identification of non-linear
input—output processes. They provide a description of the dynamics which is invariant of
the excitation conditions. There are many applications to the analysis of both Engineering
and Physiological systems. In the field of Physiology, the Volterra kernels (which are the
generalized expansion coefficients of the series) allow a qualitative explanation of the
response of real neurons [3, 4]. Despite the utility of the representation, methods of
calculating the kernels quickly and accurately have proved difficult to find [5]. Recent work
by Wray and Green [6] and Marmarelis [4] exploits the fact that the Volterra series
representation corresponds closely with representation by a TDNN; an algorithm has been
obtained which allows the Volterra kernels to be computed using the weights from a
TDNN model of the input—output process.
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In engineering applications, it is often the Fourier transforms of the Volterra kernels,
so-called Higher-order Frequency Response Functions (HFRFs), which prove to be more
informative. Just as the standard FRF or, loosely speaking, the Transfer Function,
describes how inputs at certain frequencies will lead to elevated outputs i.e., resonances,
the HFRFs yield information about how energy is transferred between frequencies in
non-linear systems leading to the phenomenon of combination resonances. In contrast to
the situation for the kernels themselves, a fast and accurate means of obtaining the HFRFs
does exist. This is based on fitting a non-linear time-series model—a NARMAX model—to
the input—output data from the system and extracting the HFRFs using a harmonic probing
algorithm [7]. An application of this procedure to the analysis of non-linear wave forces,
which discusses in detail the interpretation of HFRFs, is documented in reference [8].

The object of the current paper is to show how HFRFs can be obtained directly from
neural network models. A more general class of networks is considered i.e., the NARX
class which includes the TDNN networks as a subclass. The HFRFs completely
characterize the network at each order of non-linearity and therefore offer a means of
validating and possibly verifying* neural network models used in identification and
control. Given a NARX network it will be possible using these methods to analyse
qualitatively the response of the system to signals containing multiple harmonic
components. A by-product of the analysis is that the procedures, in principle, be used to
identify HFRFs for input-output systems by training a NARX network to model the
system.

The layout of the paper is as follows: section 2 introduces the relevant material about
the Volterra series. Section 3 introduces the concept of the HFRF and discusses how they
can be interpreted. The method of harmonic probing is introduced in section 4 and applied
to the case of NARX model implemented as a Multi-Layer Perceptron (MLP). Sections
5 and 6 respectively derive the first two HFRFs for MLP networks with polynomial
activation functions and Radial Basis Function (RBF) networks. Section 7 illustrates the
theory by computing the HFRFs for a Duffing oscillator system via trained neural network
models.

2. THE VOLTERRA SERIES

In the time-domain analysis of linear dynamical systems the impulse response function
h(7) is known to characterize the system completely. For such a system, excited by an input
signal x(¢), the response y(¢) is given by the convolution integral,

y() = jw dth(t)x(t — 7). (1)

(This is sometimes referred to as Duhamel’s integral.)

This relationship is manifestly linear and will not hold for non-linear systems; however,
the theory was extended by Volterra [2] in the early part of this century to cover the more
general case. The output of a non-linear system is composed of additional higher-order
contributions. Volterra showed that the total response, y(z), is given by,

(@) = yo + yi(1) + ya(t) + y3(2) + - -+ (D), 2

* The distinction between the two processes is important; the process of validation establishes if the model
conforms to requirements, the process of verification is the procedure by which correct operation is assured [9].
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where y, is a constant and,

() = JI dth(t)x(t — 11), 3)

—®

yg(t) = J\% J‘x d'E] d'fz hz(f], 'Cz)x(l — 'C])x(l — ’Cz), (4)

and the general term is,

va(t) = J!w s J% doide - - drh(t, 2 )X — )Xt — 1) x(t— 1) (5)

—© —©

This is essentially a generalization of the standard Taylor series to the case of functionals
i.e., mappings between functions. The generalized coefficients of the series /,, are the nth
order Volterra kernels, and these can be thought of as multi-dimensional, or higher-order,
impulse response functions. The y, terms are unique but the Volterra kernels /4, are not.
However, it can be shown that there is always a representation using symmetric kernels
which is unique [10]. (Symmetric in this case simply means that the kernels are invariant
under the interchange of any of their arguments.) The series provides a representation of
a given functional or system y(¢) = S[x(¢)], which is insensitive to the input x(z), provided
that the system is time-invariant and contains only analytic non-linearities (i.e., the
functions representing the non-linearities in the equations of motion have a convergent
Taylor expansion) [11].

One important caveat is based on the observation that the Volterra series is essentially
a generalized Taylor expansion and as such it will have an associated radius of
convergence. For input signals x(¢) which have excursions below a certain bound, the series
will converge and the representation is valid. However, for signals of higher amplitude,
the series may diverge, or require so many terms before an accurate representation is
reached, that the model has little value. A particular problem associated with non-linear
systems is that of bifurcation, or multi-valued response; the Volterra series is by definition,
single-valued and will not give a representation of systems over this range of their
behaviour. It is assumed in this paper that the systems are weakly non-linear, i.e., far from
bifurcation.*

Due to the fact that a given frequency component of the system response will usually
contain contributions from several Volterra kernels, they are difficult to measure in
practice and there is no generally accepted method of calculating the kernels
experimentally. The problem is essentially one of inter-kernel interference [13].

To overcome the measurement problem, the theory was extended by Wiener [14] and
the Wiener series has been the focus of a great deal of interest since. The kernels of the
Wiener series avoid the problem of interaction because they are orthogonal (or
decorrelated in a sense) if the input is a white Gaussian noise sequence. In the limit where
the level of excitation tends to zero i.e., where the RMS of x(7) is low, the Wiener kernels
approach the system Volterra kernels. Because of the orthogonality, a method for
estimating the Wiener kernels (and hence approximating the Volterra kernels), was
proposed by Lee and Schetzen [15], based on cross-correlations. The method basically

* The word weakly is being used somewhat loosely here. Under conditions of rigor, this would imply that the
non-linearity satisfied appropriate stringent continuity conditions to eliminate abrupt changes in its form, here
the word is used in the sense of Wiener and Spina [12] and simply means that the Volterra representation exists
and is convergent.
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extends the classical method of estimating FRFs from cross-power and auto-power spectra
by computing higher-order cumulants of the input and output processes.

Unfortunately, the Wiener method also suffers from a number of limitations. First, is
the fact that the theory requires a white Gaussian input signal; this is physically impossible
because such a signal would have infinite bandwidth and therefore contain infinite power.
Any physically realisable signal must have finite bandwidth and can only be white over
a limited range of frequencies. The second problem is that experimentally Wiener kernels
are highly susceptible to noise and require large amounts of data in order to “average
away” the noise. An additional problem faced in structural dynamics is that even a filtered
input signal will not be white over a given frequency band due to interactions between the
exciter and the structure. As a consequence of these factors, even under the most
favourable experimental conditions, the measured Wiener kernels may only be poor
approximations to the system Volterra kernels. The Lee and Schetzen [15] cross-correlation
method has recently been superceded by the Toeplitz matrix inversion technique of
Korenberg and Hunter [5]; this in turn appears to offer little advantage over the neural
network based method of Wray and Green [6].

3. HIGHER-ORDER FREQUENCY RESPONSE FUNCTIONS

It is well-known that linear systems admit dual time and frequency-domain
representations. For a linear input—output map, equation (1) shows how to compute the
response y(¢) for any input x(¢), given the system impulse response function /(). The
corresponding frequency-domain expression is simply obtained by taking the Fourier
transform of both sides, noting that the right side is a convolution. The result is,

Y(w) = H(w)X(w), (6)

where,

Hw) = Jw dw e “h(r)

—0

is the system FRF, and Y(w) and X(w) have similar definitions. The utility of this
representation lies in the fact that the input to output transformation is simply
multiplication by a function. Also, it will be shown that much useful information is
summarized in H(w).

Less well-known is the fact that non-linear systems also have a dual frequency domain
representation based on the Volterra series. By direct extension of the linear case, the
higher-order FRFs H,(w, ..., ®,), can be defined as the multi-dimensional Fourier
transforms of the kernels,

+ o0 + o0
H,,((,U], Cel, w”) — J e J‘ dT] e dfnhn(fl, cel, Tn) efi(m]r1+~.,+m”1”)’ (7)

— 0 — 0
with inverse,
1 + + ]
h”(‘[_'l’ L ‘L',,) = (27‘()”J C. J dw, - - - dw,,H,l(wl, e (/),,) eti@T+ o) (8)
— o0 — o0

Symmetry of the kernels implies symmetry of the kernel transforms so, for example,
Hz(CUl, wz) = Hz((i)z, CU])-
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kk, k

Figure 1. Asymmetric SDOF Duffing oscillator with linear, quadratic and cubic stiffnesses k, k> and ks,
respectively, mass m and damping coefficient c.

It is then a straightforward matter to obtain the frequency-domain dual of expression

).

Y(0) = Yi(0) + Ya(w) + Yi(w) + -~ )

where*
Yi(w) = Hi(w)X(w), (10)
Yz(w) :2171:J'+Oc dUJle(wl,CU —(Ul)X((Ul)X(CU_ wl), (11)

1 + o + oo
Yi(w) = WJ j dow, dw, Hy(wy, w2, @ — @) — @) X(01) X(02) X (0 — @, — w2).

(12)

In order to discuss the interpretation of these quantities, an example will be given. Consider

the Duffing oscillator system shown in Figure 1, specified by the equation of motion,

my + ¢y + ky + k:y* + ksy® = x(1), (13)

where overdots denote differentiation with respect to time. The first three HFRFs are given
by,

1

() = —m® + ico + k’

(14)

Ho(oor, o) = _% Hi(on) Hy (@s) Hy (01 + 02) (15)

* Note that the expressions can be made symmetrical at the expense of introducing a delta-function and an
extra integration i.e.,

+o (o
Yz(u)) = 2717[‘[ j dw: dw, 5(&) — W — (J)z)Hz(a)], wz)X(w1)X(a)z).
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Figure 2. Amplitude and phase of Hi(w) from Duffing oscillator.

and
Hi(w, w2, 03) = —tHi(w1 + @2 + )
x {4k (H() Ho(ws, 03) + Hi(0:)Hy(w3, 01) + Hi(ws)Ha (o1, 1))
+ ksH (1) H (w2)Hi(03)}. (16)

Note that the constant k, multiplies the whole expression for H,, so that if the square-law
term is absent from the equation of motion, H, vanishes. This reflects a quite general
property of the Volterra series; if all non-linear terms in the equation of motion for a
system are odd powers of x or y, then the associated Volterra series has no even-order
kernels. As a consequence it will possess no even-order HFRFs. It is also a general
property of systems that all higher-order FRFs can be expressed in terms of H;. The exact
form of the expression depends on the system. The expressions were obtained using the
harmonic probing algorithm which is discussed in detail in the next section.

Having presented some concrete examples, the interpretation of the higher-order FRFs
can be discussed. The magnitude of the expression (14) (it is of course a complex function)
is given in Figure 2 on the frequency interval 0-150 rad/s. The interpretation of this figure,
(traditionally given together with the phase and universally called the Bode plot), is well
known; the peak in the magnitude at w = w, = 99 rad/s shows that for this frequency of
excitation the amplitude of the linear part of the response y;(f) is a maximum. The
magnitude plot thus allows the immediate identification of those excitation frequencies at
which the vibration level of the system is likely to be high.

Interpretation of the second-order FRF is also straightforward. The magnitude of H,
for the Duffing system above is given in Figure 3 as a surface plot over the w,, w, plane.
The frequency ranges for the plot are the same as for H, in Figure 2. A number of ridges
are observed. These are in direct correspondence with the peak in H, as follows. According
to equation (15), H, is a constant multiple of H,(w:)H,(w:)H,(w, + w,). As a consequence,
H, possesses local maxima at positions where the H, factors have maxima. Consequently
there are two ridges in the H, surface corresponding to the lines w, = w, and w, = w,. These
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Figure 3. Second-order FRF, Hi(w:, w,) surface from Duffing oscillator.

are along lines parallel to the frequency axes. In addition, H, has local maxima generated
by the H(w; + w,) factor along the line w; + w, = w,. This ridge has an important
consequence; it indicates that one can expect a maximum in the second-order output y,(z)
if the system is excited by two sinusoids whose sum frequency is the linear resonant
frequency. This clearly shows why estimation of a FRF by linear methods is inadequate
for non-linear systems; such a FRF would usually indicate a maximum in the output for
a harmonic excitation close to the linear resonant frequency. However, it would fail to
predict that one could excite a large non-linear component in the output by exciting at
o = w,/2; this is a consequence of the trivial decomposition e@/?" = 1 giw2r 4 L el which
means that the signal can be regarded as a “two-tone” input with a sum frequency at the
linear resonance w,. The importance of the second-order FRF is now clear. It reveals those
pairs of excitation frequencies which will conspire to produce large levels of vibration as
a result of second-order non-linear effects.

The arguments above show that the higher FRFs provide directly visible information
about the possible excitation of large non-linear vibrations through the cooperation of
certain frequencies.

In order to see the important structure in the H,, it is often sufficient to plot only the
leading diagonal i.e., H>(w, ) as in Figure 4 for system (13). This format also allows
simple comparisons between the functions.

In the following sections it is shown how to obtain HFRFs for NARX networks based
on sigmoidal Multi-Layer Perceptrons (MLPs), Radial-Basis Function Networks (RBFs)
and polynomial MLPs.

4. HARMONIC PROBING OF NARX MODELS: THE MULTI-LAYER PERCEPTRON

If the governing equations of motion are known, the HFRFs of a system can be obtained
analytically by the use of the harmonic probing algorithm, introduced by Bedrosian
and Rice [16]. Although this was originally designed for continuous-time systems, the
algorithm was extended to the type of discrete-time systems considered here, by Billings
and Tsang [7].
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Figure 4. Leading diagonal (w1 = w) of Ha(w:, w.) surface from Duffing oscillator.

The TDNN is simply a mapping from a discrete set of lagged input measurements to
the predicted output,

_)’/"i:_f(x,’, Xifl,xifz,-.-,xi—N)’ (17)

where x; = x(t — (i — 1)4¢). The non-linear function f is implemented as a sum of
sigmoidal functions of weighted linear combinations of the inputs. In the usual
terminology of time-series modelling, this would be called an NX model, as it is Non-linear
and the predicted output is regressed on a series on external or eXogenous inputs. It is
well-known in system identification theory, that this type of model usually requires many
lagged values of the input in order to cover the memory of the system. Much more
parsimonious models i.e., containing far fewer terms, can be obtained by introducing a
dependence on past values of the output i.e.,

ﬁ,‘ :'f(yifl, “e. ,yi—n,.; Xig oo vy xl‘*(ﬂv\*l))’ (18)

where y; is defined similarly to Xx;.

This type of model is referred to as a NARX model, the AR part of the term standing
for Auto-Regressive, meaning that the current y depends on past values of y. The most
general models include some means of modelling the noise process, usually expressing the
system noise as the result of passing white Gaussian noise through a non-linear filter;
introducing this so-called Moving Average filter leads to the generic NARMAX model [17].
In the general situation, noise must be taken into account as it can lead to incorrect or
biased estimates of the system parameters, in this case the network weights. Although the
theory and practice for noise models in polynomial NARMAX models is established, the
problem for neural network models is more complex and has not yet been satisfactorily
resolved. A first step has been taken via the inclusion of linear noise models [18]. The
approach taken here is to ignore the issue of noise. In the first case, the noise model is
discarded before computing the HFRFs, in the second, the demonstration of the
procedures will use data from numerical simulation which is essentially noise-free.
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In reference [19], it is shown that polynomial NARX models exist for all input—output
systems subject to very reasonable conditions. This fact, taken with the theorems of
Cybenko [20] and Funahashi [21] which state that sigmoidal neural networks can
approximate any function, leads to the conclusion that neural network NARX models exist
for most input—output systems. The NARX networks are rather restricted examples of
recurrent networks in that there is a feedback loop between the network output and a
subset of the network inputs. Because of this, it could be argued that a fully recurrent
network may be more appropriate for system modelling. In fact, it can be shown that
NARX networks are essentially capable of computing any function that a fully recurrent
network can [22-24]. Note that the existence of the representations does not guarantee that
the iterative procedures used to train neural networks will arrive at this representation. The
problem of local minima may arise.

Having established that there is some value in adopting a NARX network structure for
system modelling, the following analysis will show how to obtain the HFRFs. First, it is
necessary to establish notation. The Multi-Layer Perceptron structure for the NARX
model is given in Figure 5. This implements the input—output map via the following
function,

ny n, ne—1
y,' =g + Z ‘/V,’ tanh < Z Ujkyi—k + Z ujmxi—m + bf), (19)

j=1 k=1 m=0

where y; and x; are the current response and excitation values; vy and u,, are the weights
of the connections between the jth hidden layer unit and the kth lag in y and mth lag in
x input units, respectively; w; is the connection weight from the jth hidden unit to the
output unit; s is the bias weight for the output unit and b, is the weight between the bias

Figure 5. Example of an NARX type neural network.
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element and the jth hidden unit. The caret previously over y has been discarded as no
confusion can possibly arise as to when an equation furnishes an approximation.

In practice, the situation is a little more complicated than equation (19) implies. During
training of the network, all network inputs are normalized to lie in the interval [—1, 1] and
the output is normalized onto the interval [—0-8, 0-8]. Equation (19) actually holds
between the normalized quantities. The transformation back to the physical quantities,
once the HFRFs have been calculated is extremely straightforward and the details are
omitted here.

The NARX models considered here will arise from models of dynamical systems. In that
case, a further simplification can be made. It is assumed that the effects of all the bias terms
cancel overall, as the systems being modelled will not contain constant terms in their
equations of motion. In dynamical systems this can always be accomplished with an
appropriate choice of equilibrium position for y if the excitation x is also adjusted to
remove its dc term. The reason is to eliminate the y, part of the response in the previously
shown Volterra expansions. If this term is included, a slightly more complicated harmonic
probing algorithm is required [25]; the generalization is in any case, not difficult.

The basis of the harmonic probing method is to examine the response of the system to
certain very simple inputs. In order to identify H,(w), for example, the system is “probed”
with the single harmonic,

X! = ¢, (20)
Substituting this expresion into the Volterra series (2), the corresponding response is,
W=Hi(Q)e¥ + H,(Q, Q)™ + Hy(Q,Q, Q) e + - - 21

Now, consider the consequences of substituting expressions (20) and (21) into the network
function (19) and expanding it as a polynomial. None of the higher-order terms in (21)
can combine in any way to generate a component at the fundamental frequency of
excitation Q. As a result, if the coefficient of ¢ is extracted from the resulting expression,
the only HFRF which can appear is H,(£2); thus, the expression can be rearranged to given
an analytical expression for H;. First, note that equation (19) is in an inappropriate form
for this operation as it stands. The reason being that the term of order 7 in the expansion
of the tanh function will contain harmonics of all orders up to n, so extracting the
coeflicient of the fundamental requires the summation of an infinite series. The way around
this problem is to use a trick of Wray and Green [6] and expand the tanh around the bias;
this yields,

ny 0 tanh(r) b ny, ny—1 t
y,' =4S + Z W/' Z {t'(/) ( Z U/'kyi—k + Z u/’nxxi—m> }a (22)

j=1 t=0 k=1 m=0

so each term in the expansion is now a homogeneous polynomial in the lagged xs and ys.
tanh® is the tth derivative of tanh at b;.

The only term in this expansion which can affect the coefficient of the fundamental
harmonic is the linear one; therefore take,

mo - tanh® (b)) [ & !
yi= 3w 1 ( J(Z Uibiok ) ”.fmxim> 23)

ji=1 k=1 m=0

as the expression to be probed. Account must be taken of the effect of time-delays on the
harmonic signals, this is straightforward to compute.

—kiQAt

Xip=Ax = A e =¢ el 24)
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Vi = Akyi — AkH1 (Q) eiQr e—kislAtHl (Q) ei!lz’ (25)

where 4 is the backward shift operator.
Extracting the coefficient of ¢* from equation (23) after substitution of x” and y” gives,

H(Q) = 3w tanh® () 3 AH(©@) + 3w tanh® () s d”. (26)

j=1 k=1 j=1 m=0
So finally, H, is obtained as,

ny—1

Z W tanh(l) (b) Z u/m —iQmdt
m=0

H/(Q) = —— . 27)
1— Z w; tanh® (b)) Z vy e

= k=1

The extraction of H, is a little more complicated, this requires probing with two
independent harmonics, so,

xip — eiszlr + ei!l,r' (28)
Computation using equations (2)—(4) shows the corresponding response is,
V= Hi(Q) e + Hi(Q) e + 2H(Q,, Q) @ %' 4 - - - 29)

The argument proceeds as for H;; if these expressions are substituted into the network
function (22), the only HFRFs to appear in the coefficient of the sum harmonic e + %),
are H, and H,, where H, is already known from equation (26). So as before, the coefficient
can be rearranged to give an expression for H, in terms of the network weights and H,.
The only terms in equation (22) which are relevant for the calculation are those at first-
and second-order. The calculation is straightforward but tedious and yields,

1 &  tanh® (b
H(@ 22) = 55 Y v ) 44 4 ), (30)
where,
= YD vt H Q) H (@) (e i i g,
k=11=1
ny—1n,—1 . . . . ) . . .
B = Z Z T (e e L) §
k=0 [=0
ny ony—1 S [
=23 Y opp(H\(Q)) e M e 790 4 H\(Qy) e 719k e )
k=1 1=0
and

ny, n, ) .
D=1-— Z W tanh® (b/) Z Vi e (@1 + @kt

j=1 k=1
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Derivation of Hj; is considerably more lengthy and requires probing with three harmonics.
It is shown in the Appendix. The results section of this paper will present examples of these
calculations for H, and H,.

5. POLYNOMIAL ACTIVATION FUNCTION NETWORKS

The finite polynomial activation function provides a possible alternative to the
sigmoidal, or tanh, function used thus far. Recent work by Marmarelis and Zhao [4] shows
the polynomial neural network to be particularly efficient for the purpose of calculating
Volterra kernels. They obtained significantly more accurate kernels when using these
activation functions, compared to the more commonly employed sigmoidal function.

5.1. THEORY

The expressions for the first- and second-order HFRFs of NARX networks
incorporating polynomial activation functions will now be derived. The processing is
performed using the function,

f(z)=a0+alz+a222+a3z3+...+an2n’ (31)
where a; are the polynomial coefficients. The network equation is given by,*

2 ny, ny—1
yi=sS+ Z W/|:ao + Cll< Z ViVi—k + Z UpmXi—m + b/)

j=1 k=1 m=0

n, ny—1 2
+ az( Z UiVi—k + Z UimXi—m + b/)

k=1 m=0

n, ny—1 n
+ an< Z UiVi—k + Z UjmXi—m + b,) :| 32)

k=1 m=0

To calculate H,(Q2), this equation is expanded and taking only the relevant terms linear
in x or y, gives

ny ny, ny ny—1
vi=all YW Y viyick+ YW Y UnXiom
k=1

j=1 j=1 m=0

ny, n, ny, ny—1
+ 2(12< Yow Y vivicibi+ Y W Y, u,-mx,-_mb,>
j=1 k=1 ji=1 m=0

1y ny y ne—1
+ nan< Yow Y vyl DY W Y u,-mximb,’?‘) (33)

j=1 k=1 j=1 m=0

* The neural network software used bias elements b; and the formulae reflect this. In fact, these are not needed
because of the explicit inclusion of the term ay in the activation function.
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iQr

Probing as before with equations (24) and (25), equating coefficients of ¢'* and rearranging

gives,

ny

n\’i ! N «
Z M//'(al + 2a2b/ + 361}17/2) Z Ujn eflmﬁr)z

=1 m=0

H,(Q) = ’ .

n—h "\- N

1 - z W.f(al + 2azb/ —+ 36131),2) z Upe eﬂonr

=1 k=1
or for a general polynomial, defining
fib) =Y abj, a5
i=1

and replacing the tanh term of equation (27) with the derivative of the new activation
function gives

ny ny—1

Z w,f(b;) Z Uy €

j=1 m=0

H\(Q) = (36)

n—nh ny,

1 — Z W,f”(b,) Z Vi efik.(zfir
1

j= k=1

Following a similar method and probing with x; = ' + €% gives H,(Q,, 2,) up to
third-order as,

ny

1
Hy(, ) = 515 Y. willa: + 3a:b;) (4, + B+ C))}, (37)
D ~

where

ny n,
D=1-=Y wiai + 2a.b;+ 3asb}) > vy e ke+w0
k=1

j=1 =

and A4;, B; and C; are defined by equation (30).

When implementing polynomial activation functions, two important decisions must be
made: the first is what value should be given to the coefficients a;; the second is what order
of polynomial should be utilized? The latter is easily answered: to model the time data
accurately, the order of the polynomial should be at least the same order as the
non-linearity in the training data. In the following study, which will again employ the
Duffing oscillator, the non-linearity order is three and so a third-order polynomial will be
used. The first question is less easily answered. The choice of coefficient can have a crucial
bearing on the network’s ability to model the data. In this paper values of ¢; =1, & =0
and a; = —1/3 will be employed. (This is a truncation of tanh.)

6. RADIAL BASIS FUNCTION NETWORKS

Much of the recent work on system identification has abandoned the MLP structure in
favour of the Radial Basis Function networks introduced by Broomehead and Lowe [26].
The essential differences between the two approaches are in the computation of the hidden
node activation and in the form of the non-linear activation function. At each hidden node



928 J. E. CHANCE ET AL.

in the MLP network, the activation z is obtained as a weighted sum of incoming signals
from the input layer,

Z; = Z WiiX;.
j

This is then passed through a non-linear activation function which is sigmoidal in shape,
the important features of the function are its continuity, its monotonicity and its
asymptotic approach to constant values. The resulting hidden node response is global in
the sense that it can take non-zero values at all points in the space spanned by the network
input vectors.

In contrast, the RBF network has /ocal hidden nodes. The activation is obtained by
taking the Euclidean distance squared from the input vector to a point defined
independently for each hidden node—its centre ¢; (which is of course a vector of the same
dimension as the input layer).

zi=|xi — all

This is then passed through a basis function which decays rapidly with its argument i.e.,
it is significantly non-zero only for inputs close to ¢;. The overall output of the RBF
network is therefore the summed response from several locally-tuned units. It is this ability
to cover selectively connected regions of the input space which makes the RBF so effective
for pattern recognition and classification problems. The RBF structures also allows an
effective means of implementing the NARX model for control and identification [27, 28].

For the calculation given here, a Gaussian basis function is assumed as this is by far
the most commonly used to date. Also, following Poggio and Girosi [29], the network is
modified by the inclusion of direct linear connections from the input layer to the output.
The resulting NARX model is summarized by,

ny 1 n, N ny —1 )
yi=s+ Z w;j eXp{ s |: z Wik — U_/k)‘ + z (X—m— M,’m)’:|}
J k

j=1 k=1 m=0

ny n,—1
+ Y ayioi+ Y bxi, (33)
j=1 j=0

L J
Y

from linear connections

where the quantities v; and u;, are the hidden node centres and g; is the standard deviation
or radius of the Gaussian at hidden node i. The first part of this expression is the standard
RBF network.

As with the MLP network the appearance of constant terms in the exponent will lead
to difficulties when this is expanded as a Taylor series. A trivial rearrangement yields the
more useful form,

ny, 1 ny, N ne—1 )
yi=s+ > wy GXp{— [ Y = 2myic)+ Y, (X, — 2u/-mx,-m)]}

2
j=1 O—/ k=1 m=0

ny :

1
+ Z ayi-j+ Z bixi_j, (39)
j=0

j=1 J
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n, ny—1
smenl [0 s ]l o
k= m=0

Now, expanding the exponential and retaining only the linear terms leads to the required
expression for obtaining Hj,

where

< WY N
Vi= Z Z Uik Vi—k + Z UimXi—m (- (41)

j=1 / k=1 m=0
Substituting the probing expressions for H, i.e., equations (20) and (21) yields,

ny ny—1 ny—1

1
Z /,W/ 0-2 Z u/m —1Qm()t+ Z b e—u’l/m

Hi(Q) = — e = (42)

ny, n,

1 _ z‘ Ca—iQjer z YW= 2 Z Vi € —iQkét

j=1 j=1 /k*]

The second-order FRF H, is obtained as described in the previous section.
1 ny, —1ln.—1 ) . o . . . .
HZ(QI, Qz) 2'D z w/%{ Z z (e—lkszlore—llszzor + e—leZozeﬂ/Q,m)
= =0

| Lo o o oo

_ — —ik — 5.
. Z Z u,ik”ﬂ(e k0t o —il51 4 o~k o uszlu)
61 k=0 1=0

i nz H\(Q)H, (Qz)(e—ikleér e il | g ik e—iIQI()'t)

1 n, n, o . . . )
+ ? Z z UkaﬂHl(Ql)Hl (Qz)(eﬂm,or e—nmgoz + e—nl\szzéz e—nlﬂléz)
Jk=11=1
ny, ne—1 ) . . ‘ ) . o
4 Z Uka//(Hl (Q,) e —ik@ior o =il + H, (Qz) e~ ikt e—l/Q[d[)}’ (43)
0 21 /=2
where
n,
D=1-— Z a; e i@ +2)or _ Z %w/ Z e i@ + o)kt (44)

j=1 j=1 /k7]

7. ILLUSTRATION OF THE THEORY

In order to demonstrate the use of the theory developed over previous sections, an
application to system identification will be given. As mentioned in the introduction,
arguably the fastest method of obtaining the HFRFs is to fit a discrete-time model; a
successful application of this procedure to wave force analysis based on polynomial
NARMAX models can be found in reference [8]. However, given the wide availability of
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neural network software, it would be advantageous to obtain HFRFs by probing of neural
network NARX models. The object of this section is to examine this possibility.

7.1. GENERATION AND VALIDATION OF THE DATA

The asymmetric Duffing oscillator specified in equation (13) was chosen for the
simulations with m = 1 kg, ¢ = 20 Ns/m, k = 10* N/m, k, = 10’ N/m? and k; = 5 x 10° N/
m®. The differential equation of motion was stepped forward in time using a fourth-order
Runge—Kutta scheme as given in reference [31]. The excitation x(z) used was a white
Gaussian sequence with zero mean and RMS of 0-5, hand-limited with the range 0-100 Hz.
A time-step of 0-001 s was adopted and the data was decimated by a factor of 5, giving
a final A7 of 0-005 s—corresponding to a sampling frequency of 200 Hz. A thousand points
of sampled input and displacement data were taken for network training.

The data required validation before the results of applying the neural network procedure
could be interpreted with confidence. This was accomplished by a two-step process. First,
a polynomial NARMAX model was obtained for the data. An orthogonal least-squares
estimator was used to fit the coefficients and the model terms were selected using the
forward regression algorithm as described in reference [32]. The model obtained was,

= 18121y, 11429y
+ 012924y, —1-9897 x 1047,
— 9:6942 x 107, + 30145 x 10-%, (45)

+ 1'7688 X 10751/[,'71.

The H, function was computed for the NARMAX model using harmonic probing and
compared with the exact result obtained from equation (14); the comparison is shown in
Figure 6 and the two functions show impressive agreement. In order to compare the H,
functions, the values along the diagonal i.e., H»(w, @) were obtained for the model and
compared with the true result. Figure 7 shows that this exercise demonstrated good
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Figure 6. H\(Q) calculated using the NARMAX method (——) compared to theory (—).
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Figure 7. H>(Q:, Q) calculated using the NARMAX method (——) compared to theory (—-).

agreement between the functions. This serves to show that the data generated by
integrating the equation of motion is truly characteristic of the system and that the true
HFRFs (14) and (15) therefore serve as a reference for the neural network models fitted
later.

7.2. MODEL VALIDITY

This is now the appropriate point to discuss how models are validated. There are several
indicators of goodness-of-fit for NARX models in order of stringency these include: (1)
One-Step-Ahead (OSA) prediction error, and (2) Model Predicted Output (MPO) error.

7.2.1. One-step-ahead predictions
Given the NARX representation of a system

y; :f‘(y,;], PP ,yi—nJ,; Xicls e vy X,',,,\,), (46)

the one-step-ahead prediction of y; is made using measured values for all past inputs and
outputs.

Pi=fio, ... s Viengs Xi—1y - v vy Xi—n,)- (47)

The one-step-ahead series can then be compared to the measured outputs. Good agreement
is clearly a necessary condition for model validity.

7.2.2. Model predicted output

In this case, the inputs are the only measured quantities used to generate the model
output, i.e.,

)75=f()7f71a e 3_);/'*’7r;xi717 e ’xi*”\)' (48)

In order to avoid a misleading transient at the start of the record for y, the first n, values
of the measured output are used to start the recursion. As above, the estimated outputs
must be compared with the measured outputs, with good agreement a necessary condition



932 J. E. CHANCE ET AL.

for accepting the model. This test is generally stronger than the previous one; in fact the
one-step-ahead predictions can be excellent in some cases when the model predicted output
shows complete disagreement with the measured data.

In order to have an objective measure of the closeness of two sequences of data, the
normalized mean-square error (MSE) is introduced, the definition is

1003 (=3 (49)

Yoi=1

MSE(}) =

This MSE has the following useful property; if the mean of the output signal y is used
as the model i.e., y, = y for all i, the MSE is 1000, i.c.,

100 & ) 100
Ng? 2 (i— 9P =—"3 0, =100.

Yoi=1 y

MSE(j) =

Experience shows that a MSE of less than 5-0 indicates good agreement while one of less
than 1-0 reflects an excellent fit.

7.2.3. Results from tanh activation function networks

Using the time data generated from section 7.1, networks were trained and tested. A
C program was written to train the networks for various momentum and learning
coeflicients, number of input and hidden layer units. This program then calculated the first-
and second-order FRFs of the network.

Figure 8 shows the H;(2) that best approximates the theoretical result. This almost
perfect overlay was obtained from a network with 10 input units and two hidden units
(i.e., 10:2:1), Momentum Coefficient (MC) of 0-1 and a Learning Coefficient (LC) of 0-35
and after 100,000 presentations of data from the training set, the network had converged
to an MPO error of 0-35, shown compared to desired output in Figure 9.
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Figure 8. “Best fit” H,(Q) from the Duffing oscillator obtained by harmonic probing a 10:2:1 NARX network
), compared to theory (—-).
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Figure 9. OSA prediction (a) and MPO (b) compared to the desired output from tanh network trained on
the Duffing oscillator data. ——, Measured data; ——, predicted data.
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Figure 10. “Best fit” H>(Q,, Q,) from the Duffing oscillator obtained by harmonic probing a 10:4:1 NARX
network (——), compared to theory (—-).
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The second-order FRF proved a little more difficult to estimate accurately. The “best”
H,(Q,, Q,) estimation is compared to the theoretical kernel transform in Figure 10 along
its leading diagonal (£, = Q,). This was calculated from a 10:4:1 network with an MC
of 0-15 and an LC of 0-2, trained to an MPO error of 0-27. The full H,(€,, €2,) surface
is shown in Figure 11, and by visual inspection it compares well to the theoretical surface
of Figure 3. However, the corresponding H,(2,) from the same network, shown in
Figure 12, shows some discrepancy from theory. The H,(€:, £2,) calculated from the 10:2:1
network (that produced the near perfect H;(Q) result) is shown in Figure 13 and is greatly

in error.
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Figure 12. H,(Q) from the 10:4:1 network which produced the best H»(Q:, 2.) (——) compared to theory
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Figure 13. H>(Qi, Q) from the 10:2:1 network that produced the best H,(Q) (——) compared to theory (—-).

7.2.4. Results from polynomial activation function networks

The first-order FRF is compared to theory in Figure 14, obtained from a 10:2:1 network
trained to 0-18 MPO error. The best H,(2,, ,), is shown in Figure 15. This was achieved
using a 10:4:1 network with 0-5 error.
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Figure 14. H,(Q) from the Duffing oscillator obtained by harmonic probing a 10:2:1 polynomial network
), compared to theory (——). Polynomial coefficients: ai=1, @ =0, as = —1/3.
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Figure 15. Hx(Q:, 2,) from the Duffing oscillator obtained from a 10:4:1 polynomial network (——),
compared to theory (—-). Polynomial coefficients: a1 = 1, a2 =0, a3 = —1/3.

7.2.5. Results from radial basis function networks

The RBF networks were trained and tested using the displacement data of section 7.1.
The usual spread of results was observed, the best H,(€2) being given by a 6:2:1 network,
trained to 0-48 MPO error after 100,000 presentations, shown in Figure 16. A 4:4:1
network produced the best H,(Q,, £,) after training to 0-72 MPO error. This is shown in
Figure 17.
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Figure 16. H,(Q) from the Duffing oscillator obtained from a 6:2:1 RBF network (——), compared to theory
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Figure 17. H,(Q:, Q) from the Duffing oscillator obtained from a 4:4:1 RBF network (——), compared to
theory (—-).

8. DISCUSSION

There seems to be little connection between the MPO error and the quality of the results.
The results indicate possible over-parameterization by the network in modelling the time
data rather than accurately modelling the system in question. In system identification,
over-parameterization often causes misleading results [34]. Over-parameterization is
caused by the model having many more degrees of freedom than the system it is modelling.
As the complexity of the network increases, its data modelling abilities generally improve,
up to a point. Beyond that point the error on the training data continues to decrease but
the error over a testing set begins to increase. Neural network users have long known this
and always use a training and testing set for validation; this may be necessary in this
approach to system identification. Often the MPO error is taken as conclusive.

In other terms, the network is finding local minima rather than the global minimum of
the solution space. In fact better results were obtained from training a linear network
(which does not suffer from local minima) with data from a linear system, here the network
with the lowest MPO error gave the best H;(Q) fit. The NARMAX model of section 7.1
shows better agreement. This may be attributable to the fact that its parameter estimation
algorithm does not suffer from local minima, and can also obtain a parsimonious model
structure as opposed to the over-parameterized one of the neural network. The problem
has long been considered in the case of NARMAX models, the orthogonal estimation
algorithms used there together with the forward and backward selection algorithms offer
a possible solution to the problem of over-parameterization [32]. Note that the MPO error
for the NARMAX model was much lower than the network MPO error.

The problem of over-parameterization of neural networks has no clear-cut solution.
One promising approach is based on regularization [35], a technique which prevents
the network developing structure associated with noise in the data. In order to investigate
this method, several model networks were trained with Gaussian noise added to the
input patterns, a procedure equivalent to Tikhonov regularization [35]. Unfortunately,
this had no visible effect. However, adding noise is known to give an inefficient
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implementation of regularization and further methods—Ilike weight decay—will be
explored in future work.

Another approach to the problem is based on pruning, where the network nodes and
connections which contribute little or nothing to the network dynamics are removed during
training. Established techniques like “Optimal Brain Surgery” are discussed in reference
[35]; reference [36] proposes a promising method based on optimization techniques; this
paper is also of interest because the networks used for illustration are NARX models of
a non-linear system.

Because the application to identification is essentially a side-issue here, the ideas of
regularization and pruning will be pursued in a later study.

9. CONCLUSIONS

The paper presents analytical expressions for the low-order (first to third) Volterra
kernel transforms or HFRFs of the NARX neural network structure. An application is
presented in which HFRFs are calculated from networks which model dynamical systems
and thus provide approximations to the HFRFs of the original systems. In principle this
method provides an attractive means of identifying HFRFs; however, before it can be
applied, some means of quantifying the network model validity is required. The problem
of over-parameterization must be eliminated.

ACKNOWLEDGMENTS

The authors would like to thank Dr Peter Cowley of Rolls Royce Applied Sciences
Laboratories for a very useful discussion. The comments of Dr Gary Green, of the Medical
School, University of Newcastle, on an early draft of the paper proved valuable. Dr Green
is also to be thanked for making the results of his work available to the authors.

REFERENCES

1. S. A. BILLINGS and S. CHEN 1991 in Neural Networks for Control and Systems: Principles and
Applications. Peregrinus Publ. Neural networks and system identification.

2. V. VOLTERRA 1959 Theory of Functionals and of Integral and Integro-Differential Equations. New
York: Dover.

3. P. HEARNE 1995 PhD Thesis, University of Newcastle upon Tyne. An integrated approach to
neuronal modelling.

4. V. Z. MARMARELIS and X. ZHAO 1994 in Advanced Methods of System Modelling, Volume 3,
243-259. New York: Plenum Press. On the relation between Volterra models and feedforward
artificial neural networks.

5. M. J. KorReNBERG and I. W. HUNTER 1990 Annals of Biomedical Engineering 18, 629—-654. The
identification of nonlinear biological systems: Wiener kernel approaches.

6. J. WraY and G. G. R. GrEEN 1994 Biological Cybernetics 71, 187-195. Calculation of the
Volterra kernels of nonlinear dynamic systems using an artificial neural network.

7. S. A. BiLLINGs and K. M. TsaNG 1989 Mechanical Systems and Signal Processing 3, 319-339.
Spectral analysis for nonlinear systems, part I: parametric non-linear spectral analysis.

8. K. WORDEN, S. A. BILLINGS, P. K. STaNsBY and G. R. TOMLINSON 1994 Journal of Fluids and
Structures 8, 18-71. Identification of nonlinear wave forces.

9. D. Lowe and C. M. BisHOP 1995 Talk presented at British Aerospace Workshop on the
Dependability of Neural Networks, Sowerby Research Centre, Bristol. Some theoretical
background on neural networks.

10. M. ScHETZEN 1980 The Volterra and Wiener Theories of Nonlinear Systems. New York: John
Wiley Interscience.



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

ANALYSIS OF NARX NEURAL NETWORKS 939

G. PaLM and T. PoGaGio 1977 SIAM Journal on Applied Mathematics 33, part 2, 195-216. The
Volterra representation and the Wiener expansion: validity and pitfalls.

D. D. WieNER and J. F. SpiNA 1980 Sinusoidal Analysis and Modeling of Weakly Nonlinear
Circuits With Applications to Nonlinear Interference Effects. Princeton, NJ: Van Nostrand
Reinhold.

J. C. PeytoN JonEs and S. A. BILLINGS 1990 International Journal of Control 52, 319-346.
Interpretation of non-linear frequency response functions.

N. WIENER Report no. 129, Radiation Laboratory, M .I.T., Cambridge, MA. (Also published
as U.S. Department of Commerce Publications PB-58087.) Response of a nonlinear device to
noise.

Y. W. Lee and M. SCHETZEN 1965 International Journal of Control 2, 237-254. Measurement
of the Wiener kernels of a nonlinear system by cross-correlation.

E. BEDROSIAN and S. O. RICE 1971 Proceedings IEEE 59, 1688—1707. The output properties of
Volterra systems driven by harmonic and Gaussian inputs.

S. CHEN and S. A. BILLINGS 1989 International Journal of Control 49, 1013—1032. Representations
of non-linear systems: the NARMAX model.

S. A. BiLLiNGs, H. B. JAMALUDDIN and S. CHEN 1992 International Journal of Control 55,
193-224. Properties of neural networks with applications to modelling non-linear dynamical
systems.

I. J. LeonTARITIS and S. A. BILLINGS 1985 International Journal of Control 41, 303-328.
Input—output parametric models for nonlinear systems. Part I: deterministic nonlinear
systems.

G. CYBENKO 1989 Mathematics of Control, Signals and Systems 2, 303-314. Approximation by
superpositions of sigmoidal functions.

K. FuNAHASHI 1989 Neural Networks 2, 183—192. On the approximate realisation of continuous
mapping by neural networks.

H. T. SieGELMAN, B. G. HORNE and C. L. GIiLEs 1995 Technical Report UMIACS-TR-95-12 and
CS-TR-3408, Institute for Advanced Computer Studies, University of Maryland, College Park.
Computational capabilities of recurrent NARX neural networks.

H. T. SieGELMAN and E. D. SoNTAG 1991 Applied Mathematics Letters 4, 77-80. Turing
computability with neural nets.

H. T. SieGELMAN and E. D. SONTAG 1992 in Proceedings of the Sth ACM Workshop on
Computational Learning Theory, 440-449. ACM Press. On the computational power of neural
networks.

S. A. BILLINGS and H. ZHANG 1995 Mechanical Systems and Signal Processing 9, 537-553.
Computation of non-linear transfer functions when constant terms are present.

D. S. BROOMEHEAD and D. Lowg 1988 Complex Systems 2, 321-355. Multivariable functional
interpolation and adaptive networks.

S. CHEN, S. A. BILLINGS, C. F. N. CowaN and P. M. GRANT 1990 International Journal of Control
52, 1327-1350. Practical identification of NARMAX models using radial basis functions.

S. CHEN, S. A. BiLLiNnGs, C. F. N. CowaN and P. M. GRrRANT 1990 International Journal
of Systems Science 21, 2513-2539. Non-linear systems identification using radial basis
functions.

T. Pocaio and F. Girost 1990 Proceedings of IEEE 78, 1481-1497. Network for approximation
and learning.

J. WrAY and G. G. R. GREeN 1991 in Proceedings of IEE Control 91, Volume 1, Conference
Publication Number 332, 261-265. Analysis of networks that have learnt control
problems.

W. H. Press, B. P. FLANNERY, S. A. TeEUKOLSKY and W. T. VETTERLING 1986 Numerical
Recipes—The Art of Scientific Computing. Cambridge: Cambridge University Press.

S. CHEN, S. A. BiLLINGS and W. Luo 1980 International Journal of Control 50, 1873-1896.
Orthogonal least-squares methods and their application to non-linear system identification.
S. A. BILLINGS, S. CHEN and R. J. BACKHOUSE 1989 Journal of Mechanical Systems and Signal
Processing 3, 123-142. Identification of linear and nonlinear models of a turbocharged
automotive diesel engine.

T. SODERSTROM and P. Stoica 1989 System Identification. Englewood Cliffs, NJ: Prentice-Hall.
C. M. BisHOP 1995 Neural Networks for Pattern Recognition. Oxford: Oxford University
Press.

S. W. StepNiEWSKI and A. J. KEANE 1996 Neural Computing and Applications, submitted.
Pruning backpropagation neural networks using modern stochastic optimisation techniques.



940 J. E. CHANCE ET AL.

APPENDIX: DERIVATION OF H;(Qi, Q,, ;) FOR tanh NETWORK
Starting with the network equation

n, ny—1 t
rims+ 3w z {tdnh (b)<2 it Y u,n1x,-m> } (A1)
k=1 m=0

and taking the ¢ = 3 term gives the equation

H(©1, 9, Q) = 515 V@1, 0, @) + Y21, . 0, (A2)
where

)

=1 z 0 z vy € II((QI+92+Q;)()I

j=1 k=1

1. YOQ,, Q,, ;) TERM

YO(Q), 2, Q) = Y pP(4;+ By), (A3)
j=1

where

@ — v tanh®
p? = w; tanh® b,
ny,

Z z U,U),/ZH] (Q )Hz(Qz Q})(eﬂkglax —il(Q, + Q3)1 + eﬂml&r —1k(£27+!2;)6:)
9

k=11=1
+ 2Hl (QZ)HZ(QI , Q})(e—ikﬂzét e—11(5’21 + Q3)0t + e—i[slzéz e—ik(Qz + 93)51)
+ 2H1 (.Q})Hz(Q] , Qz)(e—ik!2351 e—il(szl + Q2y)ot + e—i[!);dr e—ik(szl +522)6f)

n, ny—1

— Z Z Djku/'leZ(QZ; Q;) e—ilQ,éz e—ik(QZJrQ})éz

k=1 1=0

4 2H2(.Q1, ,Q3) @120t o —ik(Q + 230 + ZHZ(QI, Qz) o130t o —ik(2) +Qz)61)’
A2. YO(Q,, Q,, Q) TERM

k=1

ny ny, ny—1 3
pmst £ BEO($ S ). (A4

m=0

which when expanded gives (ignoring the constant s)

ny t h(}) b n, n—1 3
yi=) W,{any(") {(Z U/‘kyiA> <Z UiX; 1>
j=1 : k=1
ny—1 2 ne—1 n, 2
( Z UjXi— /> <z Ujkyik> + 3< z u//Xf/>< Z U_/‘kyik> }
=0

- k=1
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And this gives,

ny

YQ, 5, Q) = ) pi{d;+ B+ C;+ D;} e+ 2+,

j=1
p; = w; tanh" b,

ﬂ],‘ = % W/' tanh(s) b/

It can be shown that,

ny, ny,

A/' = i Z z U/'/\»U/]U,',”{Hl (Q])Hl (Qz)Hl(Q3)

k=1l=1m=1

o s ons, 5 TS VR ons
(e ikQyot e 12,01 e imQ30t +e ikQ) ot e imQ, 0t e 11Q301
@0 @ik o imOsS | o —im51 o —ikQy31 il

Q01 a—imQydt o —ikQ3t — im0t A—ilQy01 —ikQ;ér}
e e e +e e e )},

ny—1ne—1n,—1

B,- = Z z z u,m,,u_,-m{HI(QI)HI(QZ)HI(.Qs)

k=0 =0 m=0

(e—ikQItSt @ i3l o im0ty o k@31 o —im it o il
efi[Q]zil efikQZzil efimQ}a"[ + efimﬂlér efiszé[ efi[!lgél

Q61 a—imQy61 o —ikQ351 —imQ 51 o —ilQy51 o —ikQ35t
e e e +e e e )},

ny—1n.—1 n
X x y

G=3x Y Y Y vy

k=0 I=0 m=1

{Hl (93) e—i/cQI&r e—ilﬂzét e—imQ361 + H1 (Qz) e—ikglér e—imﬂzét e—i152361
+ H, (Q3) e il o =ikt o —imQ3ot H, (Ql) im0t o —ikQyt o —ilsot

+ Hl (Qz) e—ilQ,él e—iszéz e—ikQ;é/ + H| (.Q]) e—imQIéz e—ilslzéz e—ikQ;éz},

ny—1 ny, n,
Dj=3 X Z Z Z U UjiUjim

k=01l=1m=1

{Hl (Qz)Hl (,Q;) e—ikQIdz e—il!lzéz e—imQ;dr + H] (Qz)Hl(Q%) e—ilerS/ e—imQZo‘t e—iIQ3dz
+ H] (QI)HI (93) e—ilﬂlér e—ingm e—imQ;Jr + H] (QI)HI (,Q3) e—ileér e—iszér e—i/Qyir

+ H] (g21)111 (Qz) e—ﬂ!z,ét e—imﬂzér e—ik!);ét + Hl (QI)HI (Qz) e—im!l,rit e—i[!lzrit e—ik!llét}.
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(A3)

(A6)

(A7)

(A8)

(A9)



