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TRANSVERSE VIBRATION OF TRIANGULAR
PLATE WITH ARBITRARY THICKNESS
VARIATION AND VARIOUS
BOUNDARY CONDITIONS

B. SINGH
Department of Mathematics, University of Roorkee, Roorkee, 247667 (U.P.), India
AND

S. M. HASSAN
Department of Mathematics, Faculty of Science, Ain Shams University, Cairo, Egypt

(Received 21 March 1997, and in final form 14 January 1998)

The Rayleigh—Ritz method has been employed to obtain the numerical solution of the
vibration problem of a triangular plate with arbitrary thickness variation and various
boundary conditions at the three edges. The thickness has been approximated by a
polynomial in natural co-ordinates which have been used everywhere as they greatly
simplify the calculations. Successive approximations have been worked out until the first
three frequencies and mode shapes converge to at least three significant figures. The results
are tabulated for selected cases and are compared with known results for uniform and linear
thickness variation. Three-dimensional mode shapes have been drawn using the tools for
computer graphics.
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1. INTRODUCTION

The triangular plates constitute an important part of engineering design. It is, therefore,
necessary to know beforehand the frequencies and mode shapes of such plates
under different conditions. This is the reason why a lot of information already exists
in the literature about triangular plates of different shapes, sizes, thickness variations
and the conditions at the edges. But our survey reveals that most of the work has
been confined to plates of special shapes such as right-angled, isosceles or
equilateral triangles. As far as boundary conditions are concerned, a very large number
of papers discuss the cantilever plates only. Again most of the papers deal with plates of
uniform thickness. The methods range from experimental to approximate and to purely
numerical.

Only recently did a few papers appear on triangular plates of linearly varying
thickness. Mirza and Bijlani [1] have given some results for cantilever plates with variable
thickness. Singh and Saxena [2] have taken a general triangular plate with linearly
varying thickness and with various combinations of clamped, simply-supported and free
edges. It contains a wealth of information about triangular plates up to 1995. Extensive
tables are given for comparison with the earlier results. Prior to this Singh and Chakraverty
[3] studied the most general triangular plates of uniform thickness using boundary
characteristic orthogonal polynomials in two variables. Such polynomials have
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interesting properties which remove numerical instability. In both references [2] and [3] the
general triangle was first mapped into a standard right-angled triangle on which the
solution is generated. The basis functions were so chosen that the essential boundary
conditions are satisfied. Other papers which deal with triangular plates of uniform
thickness are Gorman [4-8] who discusses right-angled triangular plates, Bhat [9]
who studied polygonal plates in general but gives results for isosceles or right-angled
plates, Kim and Dickinson [10] and Lam et al. [11] who gives some results for
right-angled isotropic and orthotropic plates. A few more references related with
triangular plates are Strand [12], Christensen [13], Gustafson er al. [14], Kuttler and
Sigillito [15] and Cowper et al. [16]. References [2] and [3] give detailed comparisons of
the results given by these authors. Two more papers have been brought to the notice of
the authors. One is Liew [17] which deals with the response of plates of arbitrary shape
subject to static loading. The other one is Liew ef al. [18] which investigates the flexural
vibration of triangular composite plates influenced by fibre orientation. Although
these papers have no direct relevance to the present work, these may be of interest to
those readers who wish to extend the present work to composite plates of variable
thickness.

The basic aim of the present investigation is to study the problem in its most
general form ie., by (1) taking a general triangle, (2) taking an arbitrary
thickness variation, and (3) using different combinations of boundary conditions at
the three edges of the plate. It is an extension of reference [2] in two ways. First, the linear
thickness variation considered in reference [2] has been generalized to a polynomial
variation of arbitrary degree. Second, in place of the Cartesian co-ordinates the natural
co-ordinates [19, 20] have been used. This not only simplifies the theoretical discussion but
gives simple closed form expressions for the integrals involved. A single computer program,
by choosing the parameters properly, gives results for virtually any plate.

A sufficiently large number of approximations have been worked out to ensure
convergence. The basis functions are taken so that the essential boundary conditions are
satisfied. Comparisons have been made with known results in special cases. Tables are
given for frequencies and three-dimensional plots are given for mode shapes in some
selected cases.

2. METHOD OF SOLUTION

Let the plate occupy the domain R of an xy-plane with vertices numbered 1, 2 and 3
and having co-ordinates as (x;, y1) = (0, 0), (x2, y») = (@, 0) and (x3, y;) = (b, ¢) as shown

y R
(0,0) X (a,0)

Figure 1. The triangular plate. Shaded area = A, area of A123 =4, L, = 4,/A.
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in Figure 1. Thus, the numbers a, b and ¢ determine the shape of the triangle completely.
The Cartesian co-ordinates (x, y) and the natural co-ordinates (L;, L,, L;) of a point P
inside the triangle are related by:

3 3
X = z L; x;, y = Z Ly, (1)
i=1 i=1

and

Li= (o + fix+ 7)) (2A4) (2

where o;, f; and y; are constants and A is the area of the plate. All these can be expressed
in terms of the co-ordinates of the vertices. Note that out of L,, L, and L, only two are
linearly independent since L, + L, + Ly = 1. It is known that

R iljlk!

This helps in expressing integrals of polynomials in L, L, and L; in closed form.
Let the variable thickness of the plate be expressed as

h = ah, f(L,, L,), 4)

where /1, is non-dimensional thickness at some standard point and f'is a non-dimensional
function of L, and L,. As we shall see later, the analysis becomes simpler if f is a
polynomial. In fact f can always be approximated by a polynomial by measuring the
thickness at a suitably chosen set of points and get the interpolating polynomial of the
form

M
f~fu(Li, L) =Y a L Ly, ®)
i=1

where M is the number of distinct sample points. The constants a; will depend upon the
location of the sample points and n1;, n; are non-negative itegers. The first ten values of
m; and n; are as follows:

i 1 23 45 6 78 9 10,
mi 01 0210 3 2 1 0,
n, 0 0 1 01 2 01 2 3.

The cases of uniform, linear, quadratic and cubic thickness variations correspond to
M =1, 3, 6 and 10, respectively. The constants a; can be found by measuring thickness at
a selected set of points of the plate as already explained. Thus, the function fy (L, L,) is
completely known.
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Now, the Rayleigh—Ritz method minimizes

” DIIV*WE + 2(1 — v) [W2, — W, W, ] dx dy
v = , ©6)

J:f phW?dx dy
R

D = ER¥[12(1 — v*)] = flexural rigidity,

where

with E, p, v, w and W as Young’s modulus, density, Poisson’s ratio, frequency and
maximum displacement at (x, y), respectively. In the N-term approximation, we take the
displacement of the form

N

N
W=Y cgi=LLELY Y o LI LA, (M
i=1 i

i=1

where ¢; are constants and ¢, are the basis functions which are so chosen that the essential
boundary conditions are satisfied. For this we take p; = 0, 1 or 2 accordingly as the edge
facing vertex i is free, simply-supported or clamped.

Substituting the expressions for / from equation (4) and W from equation (7) in equation
(6), one gets after lengthy but straightforward calculations,

N
Z(a[,-—lzb;,)c/-zo, i:1,...,N, (8)
j=1

where
72 = 12(1 — v)paw/(ER), ©)

and a;, b; are given by
v ”m, P B+ A B BP + 6P ) + A 4P
R

F RO+ AGE OF + AS(OF 9P + 9F 07)
+ Ao dp? ¢]dx dy, (10)

by = ”ﬁp,. 6, dx dy. (11)

Here the superscripts 1 and 2 are used for differentiation with respect to L, and L,,
respectively. The coefficients 4, through A, are given by

A=K, A=K K —K,, A;=—-2K Ki, A,=4K;+ 2K;,
As= 2K, K,, A¢= K3, (12)
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where
Ki=1+[E=DmP, Ke=1+E/my Ki=(1—v)/n,
K=K, — ¢/,
with non-dimensional parameters ¢ and # defined by
tE=bla, n=cla. 13)

Substituting expressions for f, ¢; and ¢; in equations (10) and (11), one gets a fairly
lengthy expression which involves the variables L, and L,. The choice of thickness and the
shape functions as polynomials leads to expressions involving polynomials only. These
could be integrated in closed form using equation (3). Thus, expressions for a; and b; are
available in closed form and can be computed numerically.

System (8) is the standard generalized eigenvalue problem. It has been solved by the
Generalized Jacobi method discussed in Wilkinson [21] and Bathe and Wilson [22]. This
gives the frequency parameter A. The associated mode shapes are known from the
eigenvector

c=[ei, ey, en]n

3. NUMERICAL WORK AND DISCUSSION

Due to the involvement of a very large number of parameters, it would be a gigantic
task to make a detailed study of their effects on the frequencies and mode shapes. The
authors, therefore, studied the problem only for a few selected cases. The parameters which
have been varied are those which take care of boundary conditions, shape of the plate and
thickness variation. The Poisson’s ratio has been chosen to be 0-3 because it is this value
for which most of the results are available in the literature. In some cases, however, results
are given for other values also.

The order of approximation N has been varied from 1 to 36. This is sufficient for
convergence of the first three frequencies up to at least three significant figures. All the
computations are carried out in double precision arithmetic to avoid numerical instability.
The results reported in the tables correspond to N = 36.

3.1. GEOMETRY OF THE PLATE

As already explained, this is controlled by parameters £ and . We have examined the
plates of the following three shapes: (1) equilateral triangle, ¢ =0-5 5= ﬁ/Z
(Figure 2(a)); (2) isosceles right-angled triangle, & = 0-0, n = 1-0 (Figure 2(b)); and (3)
obtuse isosceles triangle with angles 30, 30 and 120°, £ = —0-5, y = \/5/2 (Figure 2(c)).

(b)

Figure 2. (a) Equilateral triangle. (b) Isosceles right-angled triangle. (c) Obtuse isosceles triangle with angles
30, 30 and 120°.
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3.2. BOUNDARY CONDITIONS

All combinations of clamped, simply-supported and free boundary have been
considered. Thus, pi, p» and p; are given the values 0, 1 or 2. This leads to 27 different
combinations in general for a given thickness variation. However, symmetry in shape may
reduce this number.

3.3. THICKNESS VARIATION

As already mentioned, M parameters a, through a, control the thickness variation.
Numerical work has been carried out for M =1,3,6 and 10 which corresponds to
uniform, linear, quadratic and cubic variations, respectively. Thus, up to ten parameters
can be suitably varied and a large variety of thickness variations can be examined. The
following special cases have been investigated in detail.

3.3.1. Uniform thickness variation

In this case M =1 and f = 1 (Figure 3(a)). This case has been discussed extensively in
the literature with a variety of shapes and boundary conditions at the edges. Complete
up-to-date information about this case is available in reference [2]. The results for uniform
thickness follow, as a special case, from those of quadratic variation which are reported
in Table 2. In this case the results agree completely with reference [2] at N = 28 and the
comparison will not be duplicated here.

3.3.2. Linear thickness variation
Here, M = 3. In particular, the authors have considered
f=p+A—=p)Li+ (¢ — p")L,. (Figure 3(b)). (14)

This amounts to assigning values 1, o’ and f’ to f'at vertices 1, 2 and 3, respectively. Similar
studies have been made in reference [2]. Reference [1] also gives some results in this case.

®
1
O~
[ : DNE 1“. | Vo 4 ® 1
@ @ O @ o @ @
(a) (b) (©)
1
©

11 © 1
(d) (e)
Figure 3. (a) Triangular plate with uniform thickness variation. (b) Triangular plate with linear thickness

variation. (c, d) Triangular plate with quadratic thickness variaton. (e) Triangular plate with cubic thickness
variation.
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A comparison of the results of references [1] and [2] can be found in reference [2].
Calculations for various values of o« and f” have been carried out. The results agree
completely with reference [2] in all the cases at N = 28. So to avoid duplication of results,
this comparison has been omitted here. In Table 1, results are given for quadratic variation.
Some of these reduce to linear variation in special cases.

3.3.3. Quadratic thickness variation

Here, M = 6. So six parameters are at our disposal. The following special quadratic
variations have been examined in detail:

() f=@Gp—1DL +@a— DL, +Q2—4B8)L} +4(1 —a— B)L, L, + 2 — 4a)L3
(Figure 3(c)). (15)

The results for this case are given in Table 1. If « = § = 0-5, this reduces to linear variation
given above with o’ =1 and " = 0.

() f=1—4(1 — )L, —4(1 — o)L, + 4(1 — P)L 4+ 4(1 — o — f + y)L L, + 4(1 — o) L3
(Figure 3(d)). (16)

The results are given in Table 2. If « = § = y = 1, this reduces to uniform thickness. These
choices have been made by assigning appropriate values to f at vertices and mid-points
of sides. Comparison has also been made with references [3—5, 7—16] for the case of uniform
thickness.

3.3.4. Cubic thickness variation

In this case M = 10 and so one has the freedom of choosing ten parameters. Numerical
results for the following special case have been obtained

The results are given in Table 3. This corresponds to f'= 1 on the boundary and f'= « at
the centroid of the triangle. Not that & = 1 corresponds to uniform thickness. In Table 3
results are given for o = 0-5, 1-5, for the three types of triangle and all combinations of
boundary conditions. The results for uniform thickness are not given because these are
the same as in Table 2.

A large number of approximations (up to N = 36) have been worked out to ensure
convergence of results up to at least three significant figures in all cases. This is clearly
illustrated in Table 4 in which results for fundamental frequency parameters are reported
for various values of N for the set of parameters specified in the table. An interesting special
case arises for the isosceles right-angled triangle of uniform thickness when all sides are
simply-supported. As reported by Gorman [§], the exact values of the first three frequency
parameters in this case are 57°, 10%* and 13n* giving 49-348, 98:696 and 128-305,
respectively. The corresponding values obtained here for N = 21, 28, 35 and 36 are as
follows:

N j.] )\«Z }d

21 49-359 98-948 130-296
28 49-348 98-833 128-624
35 49-348 98-832 128-433
36 49-348 98-700 128-433

It is clear that the first frequency parameter has converged to all the five significant
figures—the second differs from the exact value only in the last figure by 4. So it can be
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TABLE 4
Convergence of results for quadratic thickness variation (Figure 3(c), o = 0-3, f = 0-5)

123 ¢ N=10 15 21 28 34 35 36
CCC 0-5 f/Z 50-860  50-354  50-152 50068  50-038  50-032  50-032
0-0 50-102  50:669  50-529  50-486  50-472  50-472  50-470

—0-5 f/Z 80-088  79-449  79-002  78-827  78-804 78794  78-793

CCS 0-5 f/Z 44273 43790  43-619  43-554  43-534  43-529  43-528
0-0 45-492  45-027 44886  44-846  44-837  44-835 44834
—0-5 f/Z 72-189  70-946  70-526  70-276  70-207  70-203  70-201

CCF 0-5 \//2 28228  28-176  28-147  28-140  28-137  28-137  28-137
0-0 29-847 29788 29769 29757 29750 29750  29-750
—05 \//2 42380 41773 41432 41-334 41267 41260  41-252

CSC 0-5 \//2 41-478  40-486  40-041 39836  39-738 39738  39-737
0-0 39-787 38994 38685 38547 38489  38-488  38:486
—0-5 \//2 59-468 58391 57556 57349 57264 57235  57-234

CSS 0-5 f/Z 35666  34-699 34310 34-147 34077 34076  34-075
0-0 35318 34476 34169 34042 33993 33993  33-990
—0-5 f/Z 54-090  52-886  52-121  51-849  51-740  51-731  51-730

CSF 0-5 \//2 17-900 17-819 17794 17785 17781 17781 17-781
0-0 21-112  21-004 20974 20965 20962  20-962  20-961
—05 \//2 34955 33723 33717  33-622 33606 33606  33-606

CFC 0-5 \//2 19-578 18-848 18403 18135 17963 17960  17-959
0-0 17-402 16741 16-341 16-100 15942 15940 15939
—0-5 \//2 21-427  20-526 19930  19-618 19425 19423 19423

CFS 0-5 f/Z 11-856 11-418  11-199 11079  11-011 11-010  11-010
0-0 13-392 12:806 12505  12-328 12227 12227  12:225
—0-5 f/Z 20-019 18-970  18-359  18-:003  17-802  17-800  17-797

CFF 0-5 \//2 3-930 3:860 3-838 3-830 3-826 3-826 3:826
0-0 5029 4917 4-868 4-846 4-834 4-834 4-834
—0-5 \//2 8-461 8:126 8:017 7-964 7-941 7-941 7-941

SCC 0-5 \//2 43-047 42752 42-644 42596  42-581 42579  42-577
0-0 42-685  42:367  42:274  42:250  42:243 42242 42241
—05 \//2 67399 65497 65396 65145 65128 65121  65-118

SCS 0-5 f/Z 36-818  36:509 36413  36:374  36:363 36362  36-:360
0-0 37-194 36921 36820 36799 36792 36792  36-791
—0-5 f/Z 59-434 57353 57130  56:851 56774 56769  56:766

SCF 0-5 f/Z 18-873 18-819  18-801 18-797 18795 18795  18:795
0-0 18:619 18-578 18568  18-557  18-551 18-551 18-551
—0-5 f/Z 23-706  23-108  22-821  22-693 22624  22-621  22-618

SSC 0-5 \//2 34752 34115 33914 33830 33799 33793  33-793

0-0 32450 32213 32-064  32-015  31-997  31-995 31-994

—05 \//2 477719 47256 46837 46623 46578 46578  46'578

SSS 0-5 \//2 29-310  28-656  28-464  28-393  28-370  28-365  28-365
0-0 28-163  27-826  27-700  27-652  27-637  27-634  27-634

—0-5 \//2 42-632  41-845 41510 41-310  41-229  41-227  41-226

SSF 0-5 f/Z 10-615 10-572  10-569  10-568  10-568  10-568  10-568
0-0 12-449 12-410 12406 12405 12405 12405 12-405
—0-5 f/Z 19-239 18-974  18-840  18-801 18766 18766  18:766

continued overleaf
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123 ¢ n =10 15 21 28 34 35 36
SFC 0-5 \/5/2 15-961 15752 15663 15613 15588  15-588  15-586
0-0 1-0 13-715 13-610  13-545  13-507  13-490 13490  13-486
—0-5 \//2 16:262 16-185  16:038 15963 15943 15940 15939
SFS 0-5 \//2 9-151 9-077 9-037 9-019 9-010 9-:010 9-:010
0-0 10-000 9-908 9-870 9-848 9-837 9-837 9-835
—05 \//2 14-480 14348 14292 14229 14212 14199 14-197
SFF 0-5 f/Z 11-620 11-136  11-016 10947 10918 10916 10914
0-0 10-144 9-990 9-921 9-882 9-867 9-862 9-860
—0-5 f/Z 12-580 12-526  12:391 12-341 12:330  12-323  12:323
FCC 0-5 f/Z 22-:509  22:395  22:372  22:361  22:360  22-359  22:356
0-0 20-207  20-099  20-055  20-047  20-047 20047  20-047
—0-5 f/Z 29-321 28:630  28-566  28-500  28-495 28494  28-489
FCS 0-5 \//2 14-102 14077 14071 14-:067  14:067 14067  14-066
0-0 12:106 12:056  12:044  12-044 12044 12044 12-044
—0-5 \//2 15-844 15432 15234 15141 15092 15092 15092
FCF 0-5 \//2 4-852 4-843 4-840 4-839 4-839 4-839 4-838
0-0 4-189 4-165 4-155 4-149 4-146 4-146 4-146

—05 \//2 4-302 4-249 4-226 4217 4212 4212 4211
FSC 0-5 \/3/2 18-211 18:006  17-961 17949 17946 17945 17945
0-0 1-0 14-633 14:606 14595  14:590 14590  14-589  14-589
—0-5 \/3/2 17-813 17-513 17455 17403 17385 17385 17-385
FSS 0-5 f/Z 10-766 10-694  10-684  10-681 10-681 10-680  10-680
0-0 8:319 8315 8314 8:313 8:313 8313 8:313
—0-5 f/Z 10-038 9-761 9-597 9-484 9-407 9-407 9-407
FSF 0-5 \//2 14-031 13-730  13-581 13-546  13-540  13-540  13-538
0-0 10-585 10-521 10-498 10495 10494 10493  10-493
—0-5 \//2 9-483 9-440 9-404 9-394 9-386 9-386 9-385
FFC 0-5 \//2 10-197 10-143  10-132  10-127  10-126  10-126  10-126
0-0 7-235 7-228 7-218 7-216 7-215 7-215 7-215
—05 \//2 6-538 6-493 6-485 6-478 6-475 6-475 6-475
FFS 0-5 \/3/2 16-467 15-535 15298 15217 15198 15188  15-188
0-0 1-0 10-572 10-401 10-342  10-331 10-329 10328  10-328
—0-5 \/3/2 8-873 8-726 8713 8-710 8-709 8-708 8-708
FFF 0-5 f/Z 22228 18-432 17276  16:886  16:784  16:780  16-765
0-0 14-292 11-988  11-674 11-572  11-556  11-556  11-554
—0-5 f/Z 10-852 9-536 9-362 9-351 9-345 9-345 9-343
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said that four digits are significant and in the last we have three digits, namely, 1, 2 and
8, agreeing with the exact result. This particular case serves as a test of the accuracy of
our results.

The effects of the various parameters, o, f, y, o', f’, and the boundary conditions
are self-explanatory from Tables 1 through 4. A general observation can be made that as
the overall thickness increases, the frequency also increases. Further, as one goes from all
free edges to all simply-supported edges and then to all clamped edges, the frequencies
increase. It is difficult to comment when the boundary conditions are mixed since some
have increasing, while others decreasing, effects on the frequency.

4. MODE SHAPES

Figure 4 gives the first three mode shapes of an equilateral triangle with all sides clamped
and uniform thickness (Table 2, CCC,a=f=9=1,{=051n= ﬁ/2). Figure 5 gives
the first three mode shapes of an isosceles triangle with angles of 30, 30 and 120°, again
with all sides clamped but thickness varying quadratically (Table 1, CCC, o = 0-3, f = 0-5,
E=—-05n= ﬁZ). Figure 6 gives mode shapes for the same triangle as in Figure 5 but
sides facing vertices 1, 2 and 3 are simply-supported, clamped and free, respectively. The
thickness varies quadratically (Table 2, SCF, =05, =10, y=05 &= —05,
n= ﬁ/Z). For want of space, only a few selected cases have been given here but the
program can generate mode shapes for a triangle of any shape and arbitrary thickness
variation which can be approximated up to a cubic variation and for any combination of
boundary conditions.
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SIS ETES &5 ¢;‘;uu-$‘l¢{¢"

R A VAT ATAV AT S AAVA S e
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2 ravat s Sy VaVAVAAVAVAVAVAVAV, Y,y STAVAVI Y N

ot o s raVAVAVAAVAVAVAVAVAVAVAVAVAVAYAva VLo o
\VAVAVAVAVAVAN A JAVAVAVAVAVAVAV,

OSSOSO ARSI

Figure 4. First three mode shapes of an equilateral triangle with uniform thickness, CCC.
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nd quadratic thickness
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Figure 5. First three mode shapes of an isosceles triangle with

variation, CCC.

30 and 120° and quadratic thickness
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Figure 6. First three mode shapes of isosceles triangle with angles 30

variation, SCF.
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5. CONCLUSION

The present method gives numerical results for frequency and mode shapes of practically
any triangular plate with arbitrary thickness variation and any combination of boundary
conditions. The crux of the matter lies in approximating the thickness variation by a
polynomial of suitable degree. This can be done by choosing a set of sample points and
carrying out measurements for thickness at these points and fitting a polynomial by
interpolation. The convergence is ensured by working out a large number of
approximations using the Rayleigh—Ritz method and suitable basis functions satifying the
essential boundary conditions. The use of natural co-ordinates has simplified the
computations to a great extent.
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