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The non-linear behavior of ice-induced vibration of an offshore platform with four legs
is investigated in this paper. The equations of motion of the system are derived by using
the Hamiltonian Principle. The force of moving ice based on the self-excitation and locking
is used to model the phenomenon of contact between the ice and the platform. By using
the approach of multiple scales, the primary resonance of the ice-induced vibration of the
platform is analyzed. The numerical results show that there exist several kinds of
combination resonances, including self-excited vibration and locking vibration. These
results coincide with those observed from an offshore platform in the North China Sea,
and hence enable one to gain insight into the ice-induced vibration of offshore platforms.

© 1998 Academic Press

1. INTRODUCTION

Offshore structures in ocean engineering are subject to a variety of loads such as ice, wave,
earthquake and wind. It is important to predict the dynamics of an offshore structure on
the basis of simplified mechanical models in the design phase. In practice, a complex
offshore platform is usually modelled as a beam with a number of lumped masses and
equivalent elastic components. Such a model has a great number of degrees of freedom
and costs a lot in the computation of design phase. If any non-linearity is taken into
account, even more efforts have to be made in the dynamic analysis. To reduce the
computational cost in this case, it is essential to establish a simple, but proper model.

Before analyzing the interaction between ice and a structure, one must have a clear idea
of the physical and mechanical properties of ice. Most of the early studies in this field were
based on the work of Croasdale [1] and Michel and Toussaint [2]. The current theory can
be used to estimate the maximal ice force in design. Although the computation of static
ice force needs further study, the main concern is the dynamic effect of ice on the structure,
namely, the relationship between the natural modes of the structure and the ice crack.
Korzhavin [3] was the first to undertake the complex research on the ice strength under
dynamic load. Peyton [4] found from the tests of pile-based platforms that the time history
of the ice force looked like a saw and pointed out that during the resonance of ice-induced
vibration of a structure its crash frequency was close to the resonant frequency of the
structure. Matlock ef al. [5] used a group of cantilever beams to simulate the evolution
of ice crack. Blenkarn [6], according to Peyton’s non-linear relations between the ice
strength and loading velocity, established the theory of self-excited vibration. Toyama et
al. [7, 8] observed the “locking” vibration and developed the mechanical model applicable
to self-excited vibration of column-shaped structure. Haldar et al. [9] by taking into
account the interaction among ice, water, soil, and an offshore structure, analyzed the
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Figure 1. The model of platform.

tower frame using the finite element method and the stochastic approach, where the soil
was described by the so-called p—y curve. Shi [10] investigated the relationship between
the period of ice force and structural damping from the characteristics of ice force. Xu
and Wang [11] carried out a theoretical and experimental study on ice-structure
interaction.

The primary aim of this paper is to establish a simple, but useful mechanical model to
describe the offshore platform with four legs and an ice load, and to make an analysis of
the primary resonance, as well as other non-linear phenomena of the ice-induced vibration
of the platform.

2. MODEL OF ICE-PLATFORM SYSTEM

As shown in Figure 1, the offshore platform of concern consists of a rigid plate and four
elastic legs or piles. The plate at an arbitrary moment when the piles undergo deformation
is illustrated in Figure 2. The displacements of the i-th pile at the joint with the plate in
the x and y directions yield

Ui:U_ril‘¢, I/i:V'_Friud5 i:132)3a47 (1)

where r;, and r, are the co-ordinates of x and y at the ith joint.

¥
y
y
A UI
1 C.M<]
C.R
2 vd _
Uy Us ¥

Figure 2. The position of the platform at an arbitrary instant, where CM is the center of mass, CR is the
geometric center.
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Figure 3. The deformation of piles @ and @.

Figure 3 shows the geometric relations of piles @ and @ before and after deformation.
According to equation (1), one has the displacement relations of all piles

Us= U+ (1’21- — V]r)qj, Uy =0, us =1u, U3s =0V + (r4u - rlu)¢y (2)

where u, = u and v, = v. The local deformation of pile @ is illustrated in Figure 4. The
local co-ordinates before and after deformation are MxyZ and M*&jiC, respectively. M and
M* are the center of mass of the cross-section.

If the axial displacement of a pile is neglected, the Hamiltonian quantity of the ith pile

reads

L= 5m; (4 + 07) + 3 (Ju ©F + jy 0 + jo ©%) — 3 (D p& + Dz pZi + Dei pi), 3)
where m; is the mass per unit length of the ith pile. j:, j,:, jo and D¢, D,;, D¢ are the inertial
moments and the torsional stiffness coefficients around ¢, 7, ¢, respectively. w:, ®,:, o

and pe, pyi, po are three angular velocity components and the components of curvature,
respectively [12]. Then, it is easy to write out the total Hamiltonian quantity of the system

Lo
= J Y Lids+ %(Uﬁm + Viu) + JE 28 4)

s=0i=1
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Figure 4. The local deformation of @ pile.
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Figure 5. Crash frequency of ice locked to the first natural frequency.

It is assumed that the force of moving ice is in the y direction and acts at a point p on
pile @. From the Hamiltonian Principle, one has

1 4 L
S = J {51 +Y U (Qui u; + Qi 00 + 0, 0¢p;) ds + 6WB,1 + Qi 00, } dr=0, (9
1 i=1 0

where M represents the mass of the platform, J, the inertial moment around CR,
Q. (o = u, v, @) the generalized force of the pile corresponding to virtual displacement da,
W the virtual work of the reactive forces at the boundary (s = 0, L), v, the displacements
of point p, Ucy and Ve the displacements of the platform center, respectively.

The force of moving ice yields [13]

Qice = B(ay € + a, € + a5 €) sin wt, (6)

where ¢ = V, /4D, D is the diameter of the pile section where the ice force acts. V, is the
relative velocity of ice with respect to the platform. a,, @, @; are the optimal fitting
coefficients and B is the test constant of ice force. w is the crash frequency of ice and is
a non-linear function of ice velocity as shown in Figure 5. Usually the crash frequency
is locked to the natural frequency of translation vibration.

In the North China Sea, ice is the predominant load on an offshore platform. The
ice-induced vibration of the platform severely affects the work environment on the
platform and even threatens its safety. From a practical viewpoint, two assumptions shall
be used throughout this paper as follows: (a) Each pile is a cylindrical column with the
same size, and made of the same material. (b) The piles are so thin that the inertial
moments of all piles can be neglected.

Let

u=@@—re)2,  v=(©@—Re)2, @)

where r = ry, — r1,, R = rs, — ry,. By substituting equation (7) into equation (5), after a
lengthy algebraic manipulation, one obtains a set of non-linear partial differential
equations in unknowns #, ¥ and ¢. Then, using u, v and ¢ to express i, ¥ and ¢, one can
derive the following equations

(M8(s — L)/4 + m)ii = M3(s — L) (r = 2r.)/4¢ + C it + D, u"”
={=Dc (9" +u"v' /4" — (D, [4) " + 0" + RS ")’
J— (p/qol/u’/(D" r2/2 + Dg R2/4)}/, (8)
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(M3(s — L)/4 + m)i — MS(s — L) (R + 2r.)/4¢ + C. 6 + D, 0"
={—D;o'u" +[(’D; — R} D,)/4l¢"v" + [(D; — D,)/4u"*v’
— D, Wv"4+ R¢'¢"200"} + B, sin wt, 9)
(Jod(s — L)Y+ mR})¢ + C, ¢ + D, RS ¢"" = M[(r — 24)ii + (R + 2r.,)518(s — L)/4
+{D; (4o’ + u"v" — rv'v"¢"/2) — (D, [2) [(Fu'u" + Rv'v")p"
+(R; ¢'/2) (" + R; "] + (p'u"/4) (R*D; — R} D,)} + By (2r,» — R) sin wt,
(10)
where
By = (B/2)[a + a ¢ + a> €]€d(s — L), Fow = Tu — €y, Feo = F2o — €y,
Fox = Fou — o Jo=J.+ MR; /4 + M(ro,+ 1o+ Rro, — Fr),
C,=4C,+ C.r+C R, Ro=R+r.

d(s) is the Dirac function. ¢, is the velocity of the platform at the ice acting position p and
1, 18 the co-ordinate of point p in the x” direction away from CR. The non-linear equations
(8), (9) and (10) describe the dynamics of the complex ice-platform system.

3. FREE VIBRATION
In equations (8), (9) and (10), u and v are coupled. So are the translation modes, whose
dimensionless expression reads

F,..=C, (1 —cos ns). (11)

In what follows, the torsional modes will be determined. One first defines a
set of dimensionless parameters s* =s/L, u* =u/L, v* =v/L, t* =w,t, where,
W, = \/oco D, /m,L°, m,=%F:(1)M + mL. Then, one has a dimensionless equation of
free vibration from equation (10)

[Jod(s — L)/L + mR3]¢ + R D, /L*¢"" — 4D, [L*¢" = 0. (12)
Assuming ¢(s, t) = F, (s) exp (iw, t) and substituting into equation (12), one obtains
Fy" — [0 Lo} + k> 8(s — L)F, — k3 F; = 0, (13)

where k, = oy Jo @} /mR; Dy, ks = \/4D¢ L’/R; D,, and F, (s) is the torsional mode shape
of the pile. By using the boundary conditions F, (0) = F;, (0) =0, one obtains the
Laplace transform of equation (13). It can be proved that the inverse Laplace transform
yields

F, ) (b*— k3 . a4+ k. F7 @) (1 . 1 .
F, (s) = a;”_: 132 ( 5 2 sinh bs + Ts sin as) + a2”+( b)z <b sinh bs — — sin as)
+m[}) sinh b(s — 1) —ésin als — 1)]u(s _ . (14)

where u(s —1) is the wunit step function and a= \/oco Lol + k3 /4 — k3 /2,
b= /o Lo? + K 4 + K3 )2,
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According to the boundary conditions, one has F;, (1) =0 and F, (1) =0 if J,=0.
Therefore, two homogeneous equations are obtained expressed in F;, (0) and F,’ (0). From
the condition of non-zero solution one has a characteristic equation, that is, the equation
of natural frequency

ky (th b/b — tg aja) + (a* + b*) = 0. (15)

The torsional mode shapes can be evaluated from equation (14) with the solved natural
frequencies.

4. PERTURBATION ANALYSIS

A set of dimensionless variable and parameters is first defined:
w, = W, Ckr=C,L/m,w,, C¥=C,L/m w,, Cr=C, LlJow,,
Q=ow/o,
where
D, = o7 D,, m,= 1/4F; ()M + mL, J=F, (1)/LJ, + mR;.

Then u, (s, 1), v, (s, t) and ¢, (s, t) is approximated by u* = F, (s)u, (1), v* = F, (s)v, (1) and
@* = F, (s)o, (t) according to the Galerkin approach. Substituting them into equations
(8), (9) and (10), multiplying the results by the corresponding mode shapes and integrating
them from 0 to 1, one obtains the desired ordinary differential equations:

b+ Cuth + = 0l Gr + 0lp Py U+ O U + O Uy U + s Uy @7
U+ Co 0+ @ U= 0t @y + 0o @1 Uy + 03 U] + 0og U U7 + Os U; @]
+/£.(14+ ¢ 6 + q OO sin Qt,
@i+ C, @i+ 0 Q1 = Cgo Uy + 0ot T + 0la Uy Uy + O @ + Olps QU7 + s @1 U7
+/f, (1 + ¢ 0 + ¢ ©*)O sin Q1, (16)
where
O=1—qb—qod, =00, =0 o, f=aBL*V,F (1)/8DD,
q. = w, LF> ())2V,,  f, = [ai BLQ2r,x, — R)1V, F, (1)]/8DD,,
4o = [0 2, F, (1) — RF, (DIF, (D)2Ve,  A=m,[m,,  Z=m, L],
¢ =a Vi J4a) D, q: = a; Vi /16a, D.

V, is the velocity of ice. The Galerkin coefficients oy (f = u, v, @, i=1,2,...,5) are given
in Appendix A.

To analyze the motion governed by the above coupled non-linear ordinary differential
equations, the approach of multiples scales will be used. One defines three time scales
To=1t, T\ =et, T, = ¢*t, and expands u,, v, and ¢, in terms of ¢ as

o (To, T1, T) = o (To, T, To) + €on (To, T, To) + o (To, Ty, To) + -+ . (17)

By substituting equation (17) into equation (16) and equating the same powers of ¢, one
has

D} uy = u, = 0, un = A, cos [Ty + B, (T, T»)] = A, cos ¢,,
D% vy + Cl)i Uy = O, Uy = A,- COS [Cl)p T() + Bl- (T], Tz)] = A,; COoS ¢y,
Dj ¢ + o5 @1 =0, ¢@n = A, cos [w, Ty + B, (T, T>)] = 4, cos ¢@,, (18)
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D§ uyn + un = 2[(Dy 4,) sin ¢, + A, (D) B,) cos ¢,] + o2 A, A, cos @, cos @,,
Djve + @, ve = 2w, [(Dy A,) sin @, + A, (Di B,) cos ¢,] + o2 A, A, €OS @, COS @y,
D} ¢, + 0} ¢, = 2w, [(D: A,) sin @, + A, (D, B,) cos ¢,] + o, A, A, cos @, cos ¢,, (19)

where D, =0/T; (i=0,1,2) are the differential operators. The solutions of equation
(19) are:

D A4.=0 D/ B, =0 (x=u,v,7),
s = (2 12) [005 (9, + @)1 — (00 + ©,)'] + 05 (@, — p)/[1 — (0 — 0, ]} As 4,
va = (02 /2) [c0s (0, + 9.)/[0} — (1 — ,7] + €05 (9, — p)[0} — (1 — 0, "], A,
9= (2 12) [e05 (9. + @)/[0} — (1 + 0, Y] + cos (¢, — @)/[0} — (1 — 0, VT4, A, (20)

It is obvious that the system may undergo the combination resonances when
l~|w,+w,]|,®w = ]|w,+ 1| and v, & |w, + 1|. The following analysis is confined to the
case when the excitation frequency 2 is near w,, one of the natural frequencies, and all
natural frequencies are closed to each other, i.e., w, = 1. In this case, the platform exhibits
a non-linear primary resonance. Keeping the primary resonance term, one has

Di ts + s = —t Ay ] €08 9, + (Cy Ay + 2D A,) sin @, + Ky A, A7 005 (9, — 201)
+ ks A, A; cos (pu — 2¢,) + D2 B, + ki A; + ks A7 + ks A)A, cos @,
Di 05 + 0] 05 = —tu A, ] €08 @, + @y (Cc A, + 2Ds A,) sin g+ ko A, A7 c0s (9. = 20.)
+ ki A, A2 cos (9. —2¢,) + Rw, Dy B, + ks A2 + ki A? + ks A2)A, cos ¢,
+ fi fe sin QTy,
D: @i + 0 9 = — o Ay COS @, — 0y A, 7 €OS @, + @, (C, A, + 2D, A,) sin @,
+ ki A, A; cos (¢, — 2¢,) + kis A, A] cos (¢, — 2¢,)
+ (2w, Dy B, + ki A2 + ki A + kis A2)A, cos ¢, + £, f, sin QT
@n
where
fe=14+q + ¢+ (¢ + 3¢3)/2] (4q. q, Av A, ®, ®, sin @, sin @, — (¢, A, w,)* cos 2,
— (9 A, w,)* cOS @,).

The coefficients ki, ka, . . ., kis are listed in Appendix B.

Now the case of no mass eccentricity in the y direction is considered, i.e., 4, = 0.
This implies an observable fact that the actual displacement in the x direction is only
concerned with ¢ and r. To study the steady state vibration, let Q ~ w, + ¢’0, and
w, & w, (1 + €4,), where 6, and 4, are detuning parameters. Then, one defines the
detuning parameters as

,uu = AZ (O TZ + (Bu - B’,')a ;uzr = AZ Wy T2 + (BL - B‘,')a (P/' = wp 02 TZ - Bz (22)

By assuming that the solution of a steady state vibration is 4, and B, (¢ = v, y). After
carrying out the lengthy algebraic manipulation, one obtains the results of sin u,, cos i,
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TABLE 1

Galerkin’s coefficients

i 1 2 3 4 5
Ol —0-0267134 —0.00174076 0-411246 0-408051 0-279233
i —1-17533 —0-0765605 —27-9026 1-52952 25-7851

and sin ¢y, cos ¢.. Noting that sin* u,, + cos® . = 1 and sin® ¢, + cos® ¢, = 1, one has
two non-linear algebraic equations that govern the steady state solution

(@1 Q3 — G2 Aes)? + (G Ges + Az As)® — (af3 + asas) =0,
(@1 Qs — A2 Aes)’ + (A1 Aes + A3 au)* — (a2 + Ao aes)® = 0, (23)

where the parameters a., d., . . . , da, d.s are listed in Appendix C. The stability of the
steady state vibration may be ascertained by perturbing it to X(¢) = X, + X,, where
X =1[A4,, 4,, w,, @s]. The stability of perturbed motion can be determined by applying the
Routh-Hurwitz criterion to the differential equation X, = AX,.

5. NUMERICAL RESULTS

To study the locking behavior of ice-induced vibration of a platform, a set of parameters
was taken as follows. The thickness of ice was 0-02 m and the elastic modulus was 3-0 MPa.
The length of the pile was 2 m, the outside diameter of the pile cross-section was 0-04 m,
the thickness of the pile cross-section was 0-0025 m, the Young’s modulus was 206 GPa,
the mass of platform was 72 kg, the eccentricity of the mass center in the x direction was
0:6m, and a=5b=075m. The dimensionless damping coefficients were sct as
C, = 0-61897176E-04 and C, = 0-57870809E-02. The Galerkin’s coefficients calculated
from these parameters are listed in Table 1.

In the computation of ice-induced vibration, the ice force was supposed to act at point
p on a pile in the y direction. The x and y co-ordinates of point p were r,, = —0-75 m and
r, = —0-75 respectively. The computed relationship between the natural frequencies of
platform and the ice velocity is shown in Figure 6. One can see from Figure 6 that when
ice velocity V, increases, the crash frequency of ice and the first natural frequency w, of
platform come to the state of “locking”. In this case, the platform undergoes primary
resonance.

=
(=]

e e e
~ o o3

Crash frequency w of ice
=)
)

L | L | L |
0 0.4 0.8 1.2

Ice velocity (m/s)

Figure 6. The locking response of platform.
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Figure 7. Translational response of ice-induced vibration. Key: - - -, stable; —O—, unstable.

Figures 7 and 8 show that if the ice velocity was within 60 cm/s, the translational and
rotational vibrations of the platform would undergo a jump from point A to B in the
figures. As reported by Shang et al. [14], the SP-62C deep water jacket platform began
to vibrate at the ice velocity of 10 cm/s, and then vibrated intensely. One can see from
Figures 7 and 8 that the ice velocity corresponding to the maximal response (point P) was
about 15 cm/s. Hence, the computational results coincide well with the experimental ones.
As the translational and torsional displacements are coupled, the platform would jump
twice, namely, from point P to A and from point A to B with the increase of ice velocity.
The numerical results accord with the observed phenomenon of the ice-induced vibration
of platform in the North China Sea. As shown in Figure 8, a jump occurred at point C
when ice velocity decreased.

Figure 9 shows the vibration amplitude and locking frequency versus the ice velocity.
It is obvious that when the vibration reached a peak with an increase in ice velocity, so
did the curvature of the locking frequency curve. It can be deduced that the platform
underwent a transition from self-excited vibration to frequency-locked vibration at a lower
ice velocity. At a higher ice velocity, the platform vibration did not undergo any jump.

0.6

N
=~

Steady motion A,,
=
o

0 . 0.6 0.8 1.2 1.4
Ice velocity (m/s)

Figure 8. Rotational response of ice-induced vibration. Key as for Figure 7.
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Figure 9. Vibration amplitude and crash frequency of ice versus ice velocity.

6. CONCLUSIONS

An offshore platform and its surrounding environment constitutes a complex non-linear
system. To gain insight into the complicated dynamics of the system, a simple, but useful
mechanical model is presented in this paper. The model shows that the non-linear behavior
of ice-induced vibration of a platform depends not only on the ice-force parameters, but
also on the parameters of the structure itself. The computation based on this model
indicated that the strong vibration of the platform would occur at a specific ice velocity,
which was very close to the observed dangerous velocity for SP-62C deep water jacket
platform in the North China Sea.
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APPENDIX A

1 1
_ " _(r=2r)F, ()F, (1) _ P
%_L RS ds, o ="y am g %= ) FolEEFo) ds,

1 1 1
s = —ﬁj Fo(FLFP)Y s, o= —;[ﬁgj F, (F/ F.FlY ds + ﬁnJ F, (F, F?) ds}
0

0 0

2 1 2
s = —i [(ﬁ,, r2+ﬁg§>f F, (F/ F, F}) ds + ﬁ,,R r J F, (F. F?Y ds]

(R + 2ro)F (DF, (1) o (e ey
F 0 +4mLML> 7 if”@L F. (F/ F,) ds,

1
— J E E{w dS, Oy =
0

T _}ﬁ’i F (F/ F//Z) dSv Oy = l(ﬁ ﬁ'l J E (FIZ/Z E/)/ dS,
0

0

2 2 2 1 1
T2 [ﬁ“ G0 | E ey as—p, sz Fo (F Fy By dSl
0 0
o oMo —r)FOF, A MR+ ra)E (DE, (1)
" 27 R 27
1 5l 1
T " 7\’ RZ 2 2)' 7 "2\’
Oy = ;,ﬁgj F, (F F,) ds, 3 =( ZL) ﬁnj F, (F, F;*) ds,
0 0

;L !
i = =773 [(2R2ﬁ,, +1762) J F, (F} F/F!) ds + (R* + rz)ﬁnj
0

0

1

F, (F, FY ds],

/’L : 2 "2\’ 2
Ops = 412 [(R*B: — (R* + rz)ﬁn) J F, (F;, F?) ds — 2r°B, f
o

0

F, (F, F, F)Y ds:|,

where

By = 1/a. Be = D¢ o D,.



442 D. P. JIN AND H. Y. HU
APPENDIX B

ki =0 |2+ 0 6, ks =0ts |2+ G an /6, ks =3os,  ki= o /4 + tn 0 [4,
ks = s [4 + o o0 /4, ko = O |2 4 0t2 010 /6, k7 = s /2 + oo 042 /6,
ks =3 o3, ko = oty [4 + 0t 0tyo [4, kio = s 4 + oo o /4,
kit = 0lys [2 + o4 0l /6, k12 = Olps [2 + 02 %2 /6, ki =3 0,3,
kg = s [4 4 0o 0o /4, kis = Opa [4 + ot 00 [4.

APPENDIX C
= (@ — by B)krs Ave + (b, — a1, BB oo A,
o = (@ — by BB ko Ay + (b, — a0 ks Ave + (ks A% — B2k A2) Ay Ay,
s = (C ks Aue + Co B2l Ave Ares ds = —(C, ko A2 + Co ks A2)P.,
Oes = (ay — by BB kio Aye + (by — a B)krs Ave — (K35 A2 — B2 K3y A2) Ay A,
Ao = @, COS e + by + k1o A A7, €OS 2ee, @ = —(fos SIN 20 + fro SIN fiie ),
U3 = —fo3 — foa — [o5 COS 2o + fos COS Uy
Qe = @, SIN e + Cop Ay + k1o Aye A2, 50 240,
Qos = foz + foa + fos €OS 24 + 3f6 COS fhue,
where
B =fo lfes a, = —0 Ay, b, = Qw, 01+ k7 A2 + ks A7) A, @ = —0p1 A,
b, = [2(4dy w, + 62 w,) + ki A + kis AL)A,e,
fi=14+ g+ ¢+ (@ A+ q; A7) (g2 + 3¢3)/2,
fomfifo fu= G A @A 300 A fis = (g Ay g, A o,
Jio =2qy Ay g0 Ac)fia,
Joo=2(qp Ay |qe Ay oo = SINT' ([ae1 a3 — G2 aul/lal + ac acs)).



