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1. INTRODUCTION

Vibrating solid, isotropic circular plates with internal circular or secant supports have been
reported in reference [1]. The case of an annular plate with an intermediate circular support
and a free inner edge has been recently considered [2]. The present study is an extension
of the problem treated in reference [2] to the case of annular plates of rectangular
orthotropy, see Figure 1. The fundamental frequency coefficients are determined as a
function of the parameters b/a and ¢/a assuming that the plate is either clamped or simply
supported at the outer boundary (r = @). The optimized Rayleigh—Ritz method is used to
determine the fundamental frequency coefficient and the fundamental mode shape is
approximated by means of two polynomial co-ordinate functions which satisfy the
essential boundary conditions but do not take into account the azimuthal variation of the
mode shape.

This approach has been followed in previous studies [3—4] in the case of solid and circular
plates with a free inner edge. Two independent finite element determinations have shown
that the accuracy of the results obtained in references [3, 4] is excellent for b/a < 0-7 [5].
For larger values of b/a the analytical approach yields frequency values which are very
high upper bounds. This is due to the fact that the polynomial co-ordinate functions do
not take into account the azimuthal variations of the plate middle surface vibrating in its
fundamental mode. In view of this fact it is reasonable to expect that, since the plate
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Figure 1. Vibrating annular plate of rectangular orthotropy considered in the present study.

0022-460X/98/320390 + 05 $30.00/0 © 1998 Academic Press



LETTERS TO THE EDITOR 391

possesses an intermediate circular support for r = ¢ in the present study, the accuracy of
the eigenvalues will be better than the accuracy of those obtained in references [3, 4].

2. APPROXIMATE ANALYTICAL SOLUTION

Following previous studies [3—5] and using Lekhnitskii’s well established notation [6] one
expresses the governing functional in the form

oWy W O*W awY
1 A - 2 z
J[[L =3 JJ‘[D](an) + 2D1V2 axz ayz + D2< ay2>

>wy 2
+ 4D,(<axay> ] dx dy — % ”th dx dy. (1)

The displacement amplitude is now approximated using the truncated expression
W(r) ~ W,(r) = Ci(opr® + ogré + oor* + 1) + G(Berf ™' + Por?™' + 3P + 1), (2)

where P and Q are Rayleigh’s optimization parameters and where the o’s and f’s are
determined by substituting each co-ordinate function in the boundary conditions

W(a) = W(c) =0, dw/dr (a) =0, (3,4
in the case where the plate is clamped at the outer boundary, or
d*w/dr* + (vo/r)y dW/dr|,-, = 0, 4)

when the plate is simply supported at r = a.

Equation (5) is the exact boundary condition in the case of an isotropic circular plate
(in this case one has v, = v) and for this situation one achieves excellent accuracy using
the proposed approach. It is then reasonable to expect that in the case of a circular plate
of rectangular orthotropy, where satisfying the natural boundary condition will be an
exceedingly difficult task, the use of the approximate condition (5) will yield satisfactory
accuracy, at least from a practical viewpoint [3, 5]. Following reference [2] the natural
boundary conditions at r = b are not satisfied.

Substituting equation (2) in equation (1) and requiring that

oJ[W]joC: =0, (i=1,2), (6)

one obtains a homogeneous, linear system of equations in the C;’s.

The non-triviality condition yields a determinantal equation whose lowest root
constitutes the fundamental frequency coefficient of the structural system shown in Figure
1, Q = /ph/Dwa’

Since the method yields upper bounds one can minimize €, with respect to P and Q
(either independently keeping constant one of them or with respect to both parameters
simultaneously). The value of €, is then optimized.

3. NUMERICAL RESULTS

The numerical determinations of the fundamental frequency coefficient have been
performed for a prescribed set of orthotropic parameters (D,/D; = 1/2; D,/D, = 1/3 and
V, = 1/3)
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TABLE 1

Values of Q in the case of circular, annular plates with an outer simply supported boundary.
(D2/Dy = 1/2; Di/Dy = 1/3; v = 1/3)

(A) (B) ©
8 A N\ (s A A 8 A N\

bla c¢la P Q Q QP P 0 QP P 0 QP

01 01 4 3 14-42 1367 01 3 1306 4 111 1306
01 02 4 3 16-86 1668 08 3 1663 4 24 1668
01 03 4 3 2127 2122 1173 21116 4 76 2106
01 04 4 3 2634 2616 22 3 2612 4 14 2604
01 05 4 3 2572 2558 09 3 2533 4 07 2534
01 06 4 3 2038 20-34 13 20019 4 09 2019
01 07 4 3 16:15 16:01 21 3 1597 4 14 1590
01 08 4 3 13-65 12-99 71 3 1204 4 95  12:94
01 09 4 3 12:34 1122 158 3 1080 4 173 10-82
02 02 4 3 15-85 1522 19 3 1509 4 18 1509
02 03 4 3 2004 20-00 85 3 1997 4 34 2000
02 04 4 3 2621 2612 22 3 2610 4 14 2606
02 05 4 3 2802 2784 13 2768 4 06 2769
02 06 4 3 2218 2191 09 3 2185 4 21 2189
02 07 4 3 16-94 16-94 16 3 1685 4 111 1679
02 08 4 3 13-93 1367 105 3 1357 4 155 1362
02 09 4 3 12-40 11-78 201 3 1125 4 223 1132
03 03 4 3 19-15 1897 49 3 1896 4 34 1896
03 04 4 3 26116 2603 14 3 2598 4 93 2591
03 05 4 3 3332 3312 28 3 3312 4 133 3308
03 06 4 3 2823 2814 95 3 2802 4 57 2800
03 07 4 3 2038 2036 107 3 2031 4 125 2024
03 08 4 3 15-93 1557 1011 3 1550 4 161 1553
03 09 4 3 13-78 1302 2111 3 1245 4 241  12:54
04 04 4 3 2547 2545 01 3 2536 4 01 2542
04 05 4 3 3804 3635 19 3 3626 4 12 3628
04 06 4 3 4240 4182 09 3 41170 4 105 41-69
04 07 4 3 2954 2916 07 3 2902 4 01 2907
04 08 4 3 2137 2020 58 3 2018 4 93 2018
04 09 4 3 17-67 1585 183 3 1524 4 203 1528
05 05 4 3 3722 3637 01 3 611 4 01 3618
05 06 4 3 61:26 5471 28 3 5466 4 19 5467
05 07 4 3 52:69 5043 01 3 49-87 4 01  49:99
05 08 4 3 3404 3064 31 3 3063 4 23 3063
05 09 4 3 2626 2168 152 3 2101 4 201 2103
06 06 4 3 60-19 5644 01 3 5606 4 01 5613
06 07 4 3 1057 8967 36 3 8967 4 27 8967
06 08 4 3 6631 5780 07 3 5745 4 01 5749
06 09 4 3 44-99 3420 128 3 3348 4 121 3346
07 07 4 3 111-6 9975 01 3 9928 4 01 9936
07 08 4 3 177-9 149-9 02 3 1494 4 01 1494

07 09 4 3 92:93 6734 96 3 6683 4 86 6680
08 08 4 3 2621 2234 01 3 2228 4 01 2229

08 09 4 3 2864 2156 155 3 2154 4 07 2154

09 09 4 3 10910 8912 01 3 8904 4 01 8906

Notes: Q{" determined with one co-ordinate function; Q” determined with two co-ordinate functions. (A)
results obtained without optimization; (B) results obtained optimizing with respect to P; (C) results obtained
optimizing with respect to Q.
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TABLE 2

Values of Q, in the case of circular, annular plates with an outer clamped boundary
(D2/Dy = 1/2; DDy = 1/3; v = 1/3)

(A) (B) ©

8 A N\ (s A A 8 A N\
bla c¢la P Q Q QP P 0 QP P 0 QP
01 01 4 3 2254 2012 14 3 2049 4 14 2048
01 02 4 3 2639 2599 57 3 2594 4 37 2596
01 03 4 3 3281 3281 91 3 3259 4 69 3240
01 04 4 3 3621 3605 09 3 3575 4 06 3582
01 05 4 3 2931 2868 63 3 2855 4 42 2861
01 06 4 3 21-69 2168 99 3 2148 4 77 2137
01 07 4 3 17-09 1673 32 3 1673 4 126 1659
01 08 4 3 14-46 1349 79 3 1335 4 93 1335
01 09 4 3 12:90 et 179 3 1099 4 191 1101
02 02 4 3 2512 2408 31 3 2405 4 25 2404
02 03 4 3 3168 3161 82 3 3144 4 53 3143
02 04 4 3 38-81 3881 102 3 3865 4 57 3879
02 05 4 3 3360 3263 49 3 3260 4 33 3262
02 06 4 3 2378 2361 91 3 2343 4 56 2354
02 07 4 3 17-91 1783 22 3 1779 4 13 1771
02 08 4 3 14-75 1426 106 3 1405 4 144 1411
02 09 4 3 1297 1222 213 3 1147 4 229 1154
03 03 4 3 3074 3050 69 3 3069 4 47 3037
03 04 4 3 41-78 41445 09 3 4121 4 93 4093
03 05 4 3 45-52 4552 92 3 4531 4 59 4523
03 06 4 3 31:60 31,55 96 3 31119 4 71 3101
03 07 4 3 2191 2169 25 3 2168 4 129 2147
03 08 4 3 17:07 1632 99 3 1616 4 146 1618
03 09 4 3 1455 1356 221 3 1273 4 241 1282
04 04 4 3 4121 41113 01 3 40-80 4 88 4069
04 05 4 3 6076 5747 13 3 5703 4 05 5712
04 06 4 3 5278 5237 01 3 5159 4 98 5155
04 07 4 3 32:90 3179 113 31,56 4 127 3150
04 08 4 3 2347 2132 67 3 2124 4 76 2124
04 09 4 3 18-96 1660 198 3 1565 4 213 1569
05 05 4 3 60-40 5869 01 3 5794 4 01 5820
05 06 4 3 94:94 8438 16 3 8393 4 07 8400
05 07 4 3 61:99 5827 01 3 5702 4 01 5733
05 08 4 3 3846 3269 42 3 3269 4 34 3269
05 09 4 3 2877 2285 173 3 2171 4 174 2170
06 06 4 3 97-70 9060 01 3 8957 4 01 8985
06 07 4 3 1495 129-0 05 3 1281 4 01 1281
06 08 4 3 76:97 6319 14 3 6286 4 07  62:90
06 09 4 3 5038 3634 151 3 3493 4 144 3490
07 07 4 3 1811 159-3 01 3 1578 4 01 1582
07 08 4 3 2222 1855 01 3 1828 4 01 1834
07 09 4 3 1066 7216 119 3 7083 4 109 7078
08 08 4 3 4259 3546 01 3 3527 4 01 3531
08 09 4 3 3383 2365 31 3 2364 4 22 2364

0-9 0-9 4 3 1777-0 1405-0 0-1 3 1402-0 4 0-1 1403-0

Notes: Q{" determined with one co-ordinate function; Q” determined with two co-ordinate functions. (A)
results obtained without optimization; (B) results obtained optimizing with respect to P; (C) results obtained
optimizing with respect to Q.
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Tables 1 and 2 depict values of @, for simply supported and clamped out boundariess
respectively. Clearly, when b/a = c¢/a one has the case where the inner boundary is simply
supported.

Each table contains a first column (A4) where one can evaluate the convergence of the
procedure by using a two term approximation versus a single polynomial approximation,
for P =4 and Q = 3 in equation (2). In other words no minimization of the fundamental
eigenvalue has been performed. As b/a increases the effect of using a two term
approximation is very marked, as can be appreciated from Tables 1 and 2. The effect is
more noticeable in the case of the plate with clamped outer boundary (Table 2).

The tables also allow for the evaluation of:

(1) the effect of optimizing @, with respect to the exponential parameter P, as Q is kept
constant, column (B), when two co-ordinate functions are used.

(2) The effect of optimizing Q, with respect to Q, as P is kept constant, when two
co-ordinate functions are used.

It is observed that in some instances (1) is more effective than (2); in others the situation
reverses and in some cases they are equivalent. On the other hand: the results contained
in column (A) when two co-ordinate functions are used, Q{, are always higher than the
values depicted in columns (B) and (C).

As c/a approaches unity the value of Q, is practically the same, regarding the type of
boundary condition at the outer boundary (see for instance the case where b/a = 0-5,
c/la=09: Q =21-01, Table 1 and @, = 21-70, Table 2). Obviously the same situation
takes place in the case of isotropic plates [2].

In view of the popular use of orthotropic and, in general, anisotropic materials in all
fields of technology, it is hoped that simple approaches as the one presented here will be
useful to designers.
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