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This paper is about the forced vibrations of thin-walled shallow shells having rectangular
planform and constant thickness and curvature. Assumptions of linear behaviour in both
material and kinematic properties of the system are assumed, and an analytical solution
is obtained for natural frequencies and mode shapes. The forced vibrations of the shell are
computed using the modal superposition approach. The formulation is applied to solve the
transient response of a reinforced concrete shallow shell due to removal of the framework.
The influence of structural defects is included in an approximate way to estimate forced
vibrations in a deteriorated shell. Parametric studies indicate the influence of the main
parameters affecting the behaviour or the shell.
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1. INTRODUCTION

Very thin concrete shells constructed using a formwork can have important vibration
amplitudes following the operation of removal of the formwork. For such slender shells,
the vibrations have an instantaneous effect produced by the sudden application of the self
weight to the structure; and a delayed effect due to the viscoelastic nature of the structural
system. The latter problem was studied by Ballesteros[1]; this paper concentrates on the
first problem: the initial stages of the transient response.

Problems of sudden application of self weight to a structure have been studied for
prismatic bars by Chen [2] and Laura et al. [3]. In practice, the removal of the form will
not be performed in an instantaneous fashion at every point of the structural system, as
assumed in the present study and which may be considered as a ‘‘critical’’ situation.
There is limited information available in the literature on the forced vibrations of shallow
shells. Free vibrations of shallow elastic shells were studied by Reissner [4] based on earlier
work by Apeland [5]. Leissa and Kadi [6] considered shallow shells supported on all edges
by shear diaphragms. They used linear and non-linear kinematic relations, and showed that
the frequencies of spherical and circular shallow shells are much higher than for flat plates,
but the differences were small for hyperbolic paraboloidal shells. The influence of
boundary conditions has been studied by Leissa and co-workers: Cantilevered shells were
studied in reference [7]; shells supported on all four corners in reference [8]; shells with free
edges were the subject of reference [9]; and shells with two edges clamped and the other
two free were studied in reference [10]. All the above papers employed the Ritz or Galerkin
methods and studied natural frequencies of shells with constant curvature and on a
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rectangular planform. Numerical techniques were developed in reference [11], i.e. and
isoparametric spline finite strip technique.

In this paper we employ an analytical solution to obtain the natural frequencies of
shallow shells, and a modal superposition analysis to obtain the transient response based
on the natural frequencies and mode shapes of the shell. The shell equations leading to
the free vibration analysis are presented in Sections 2 and 3. The forced vibration problem
is described in Section 4. The problem is specialized to an elliptical paraboloidal shell under
self-weight as a step load in Section 5, where results are presented. Some concluding
remarks are included in Section 6.

2. SHELL EQUATIONS

To obtain the linear elastic response of the shell, use will be made of the approximations
due to Marguerre. With reference to Figure 1, the equations of motion may then be written
as

1N11

1x1
+

1N12

1x2
=−rhü1,

1N12

1x1
+

1N22

1x2
=−rhü2,

12M11
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+2
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12

1x1 1x2
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12M22

1x2
2

+ (N11k1 +N22k2 +2N12k12)=−rhü3, (1)

in which r is the density of the material, and an overdot denotes differentiation with respect
to time. The curvatures of the shell are given by k1, k2, and k12. The stress and moment
resultants are Nij and Mij .

The stress–strain relations take the form

N11 =K(o11 + no22), N22 =K(o22 + no11), N12 =K(1− n)o12,

M11 =D(x11 + nx22), M22 =D(x22 + nx11), M12 =D(1− n)x12, (2)

Figure 1. Notation and positive convention of variables used for a shallow shell.
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where

D=
Eh3

12(1− n2)
, K=

Eh
1− n2; (3)

h is the thickness and E and n are the modulus of elasticity and Poisson’s ratio.
Finally, the kinematic relations employed in this work are
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where bi =−1u3/1xi .
The displacement components are ui ; oij are the strains; and xij are the changes in

curvature of the shell.
Use of the above relations allows the equilibrium equations to be reformulated in terms

of the displacement components in the form
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2 +2nk1k2)u3 −D94(u3)=−rhü3.

Notice that the equations have been restricted to shells with k12 =0 in order to obtain
simple analytical solutions. The above equations are identical to equations (3)–(5) in
reference [6]. They can be applied to solve cylindrical, elliptical paraboloidal and
hyperbolic paraboloidal shells.

3. SOLUTION FOR SS BOUNDARY CONDITIONS

For the present purpose of understanding the potential significance of shell vibrations,
a simple displacement pattern will be allowed, namely

u1 = umn
1 Zmn

1 cos (vmnt), u2 = umn
2 Zmn

2 cos (vmnt), u3 = umn
3 Zmn

3 cos (vmnt), (6)

where umn
i are the amplitudes of vibration and the mode shapes are

Zmn
1 = sin 0p2 x1h1 cos 0p2 x2m1, Zmn

2 = cos 0p2 x1h1 sin 0p2 x2m1,
Zmn

3 = cos 0p2 x1h1 cos 0p2 x2m1, (7)
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and h= n/a1, m=m/a2 indicate the number of waves in each coordinate direction. The
sides of the shell have dimensions a1 and a2, as illustrated in Figure 1; and m and n are
odd-integers. The natural frequencies are vmn.

The above displacement field satisfies the simple supported conditions along all edges
of the shell, for n, m=1, 3, 5, 7 . . . Thus, at x1 =2a1 one has

u2 = u3 =
12u3

1x2
1
=0 (8)

and similar conditions apply at x2 =2a2.
With the simple displacement field of equation (6) the conditions (5) result in the

eigenvalue problem
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where the coefficients of the matrix A are
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Solution of the eigenvalue problem (9) leads to values of the natural frequencies vmn and
mode shape amplitudes umn

1 , umn
2 , and umn

3 .
For the class of shells studied the inertia associated with in-plane displacements is much

smaller than that associated with out-of-plane displacement. It is then possible to neglect
the in-plane inertia terms in equation (9), by assuming rh(vmn)2 umn

1 = rh(vmn)2 umn
2 =0.

Explicit expressions can be derived for natural frequencies and amplitudes of vibration.
The displacements umn

1 and umn
2 may now be written in terms of umn

3 as

umn
1 =
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umn
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Substitution of equation (11) into equation (10) leads to the explicit form for the
frequencies,

(vmn)2 =−
A13W1 +A23W2 +A33

rh
. (12)

The influence of static stresses on the free vibrations of the shell can be taken into
account by introduction of the membrane stress field N0

11, N0
22 in the third of equation (5):

−D94(u3)+N11k1 +N22k2 +N0
11

12u3

1x2
1
+N0

22
12u3

1x2
2
=−rhü3, (13)
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Figure 2. Transient response of a shallow shell. Data: a1 =13·7 m, a2 =13·45 m, k1 =3·04×10−5 1/mm,
k2 =2·98×10−5 1/mm, h=60 mm, E=15 000 N/mm2, r=2·4×10−9 Ns2/mm4, n=0·15, j=0·02,
p3 =2·44×10−3 N/mm2.

leading to

A'33 =A33 −0p21
2

(N0
11h

2 +N0
22m

2). (14)

As expected, a compressive stress field has the net effect of reducing the natural
frequencies of the shell.

4. FORCED VIBRATIONS

The transient response of the shell can be characterized in terms of the out-of-plane
displacement

mü3 + cu̇3 + ku3 = p3(t), (15)

where m, c, k are the distributed properties of the continuum structure, and p3 is the time
dependent load.

With the mode shapes and natural frequencies computed as in equations (11) and (12),
the dynamic response of the structure can be evaluated by mode-superposition techniques
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(see, for example, references [12] and [13]). Modal superposition analysis is carried out
using the approximation

u3 = s
n

s
m

Zmn
3 qmn , (16)

where qmn are generalized coordinates (i.e. the amplitudes of the modal response
components), and

Zmn
3 = cos 0p2 x1h1 cos 0p2 x2m1 (17)

are the mode shapes. In general, only a small number of terms is necessary in the
summation of equation (16) to obtain acceptable estimates of the displacement amplitudes.
Obviously the number of terms must be increased considerably when stress resultants are
determined. This is due to the fact that the calculation of the parameters requires obtaining
derivatives of the approximate functional relation which constitutes the displacement
amplitude.

The load is also written in summation form using the same modes Zmn
3 :

p3 = s
n

s
m

Zmn
3 pmn , (18)

Figure 3. Influence of number of harmonics in the analysis. Data as in Figure 2; ——, m=n=1; ——, 3;
–––, 5; ---, 11.
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Figure 4. Convergence of the solution with number of harmonics. Data as in Figure 2.

where

pmn =
g g p3Zmn

3 dx1 dx2

g g (Zmn
3 )2 dx1 dx2

. (19)

Then the transient response of the shell is computed using the approximation

q̈mn +2jvmnq̇mn +(vmn)2qmn =
1
rh

pmn , (20)

where j is the damping ratio.
For load variation with a step function in time, the load participation factor becomes

pmn =04p1
2 p3

mn
sin 0np

2 1 sin 0mp

2 1. (21)

Integration of the above equation is done using Duhammel’s integral, as shown in
reference [12].
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5. RESULTS OF AN ELLIPTICAL PARABOLOIDAL SHELL

5.1.  

The present formulation has been applied to study the vibration of a shallow reinforced
concrete shell which occurs as a consequence of the removal of the formwork. The specific
case considered is an elliptical paraboloidal shell previously studied by Ballesteros [1],
with the following dimensions: a1 =13·7 m, a2 =13·45 m, k1 =3·04×10−51/m, k2 =
2·98×10−5 1/m, and h=60 mm. The material properties are taken from reference [1] as
E=15 000 N/mm2, r=2·4×10−9 Ns2/mm4, n=0·15, j=0·02, and the load is given by
p3 =2·44×10−3 N/mm2. For the present problem, p3 constitutes the self weight per unit
area of the structural element.

The transient response of the shell is illustrated in Figure 2, and shows a maximum
amplitude during the initial oscillation, which decreases with time. For this specific case,
the maximum amplitude is approximately 5·25 mm.

The accuracy of the approximate response depends on the number of terms included
in the analysis. This is shown in Figure 3, where the number of terms in equation (16) is
increased from m= n=1 to values of m= n=3, 5, and 11. The convergence process is
also shown in Figure 4 for the maximum amplitude in each case, and it is clear that the
solution converges as the number of terms is increased. As expected, it is not monotonic
convergence, but it exhibits an oscillatory behaviour.

Damping has an influence on the solution, although not very important because the
maximum response occurs at the initial stages after the removal of the formwork. This
is shown in Figure 5, for values of j=0·5% and 2%. As expected, the differences are small
during the first cycle, and the curves become apart as time increases, but with smaller
amplitudes.

Figure 5. Influence of damping ration on transient response. Data as in Figure 2; ——, 2%; – – –, 0·5%.
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Figure 6. Influence of material degradation on maximum displacement amplitude. Data as in Figure 2.

Concrete shells such as those studied in reference [1] often have degradation of the
material properties. To investigate this effect on the dynamic response we employ a
degradation factor a related to the thickness, so that the membrane and bending stiffness
in equation (3) are modified by K'= aK and D'= a3D. Parametric studies were carried
out using 0·5E aE 1, and the results of sensitivity analysis are plotted in Figure 6. The
maximum displacement is increased to about twice the value in the shell with the initial
properties (a=1).

The last chapter of the present study is concerned with the shape of the shell. Reports
from reference [1] indicate severe geometric imperfections in concrete shells due to errors
in the construction. This type of defect is extensively reported in the literature for concrete
shells, and for static behaviour the main results have been collected in a recent book [14].
In the present case, deviations from the original curvature have been studied using a factor
b, affecting the curvatures as follows: k'1 = (1+ b)k1, k'2 = (1+ b)k2. Results of the
maximum displacement for −0·15E bE 0·1 are plotted in Figure 7. The superposition
of both material degradation and geometric defects is also shown in Figure 7, for a=0·6
and different values of b. Both curves (a=1 and a=0·6) show the same trends, with
increasing amplitudes of the response as the curvature is decreased. In shells with defects
in material and geometry, as reported by Ballesteros [1], the amplitude of transient
displacements may increase by a factor of three.

5.2.    

The case study presented above refers to one specific shell geometry, and it would be
interesting to understand how the different parameters of the shell influence the forced
vibration response under self weight. In all cases, the material properties are as in the
previous section, i.e. E=15 000 N/mm2, r=2·4×10−9 Ns2/mm4, and n=0·15.



14

12

0
–0.15 0.15

imperfection in the curvature

M
a

x
im

u
m

 d
is

p
la

ce
m

en
t 

(m
m

)

10

8

6

4

2

–0.10 –0.05 0.00 0.05 0.10–0.20

. .   . . . DE 434

A decrease in the thickness of the shell has the effect of increasing the flexibility of the
shell, but is also decreases the self weight. For a shell with square planform and the same
curvature in both directions, results for 150e a1/hE 250 are presented in Table 1. First,
we notice that only small changes in wmax occur as a consequence of thickness
modifications. Second, for the small variation computed, there is a minimum at a1/h=170,
and the displacements increase with decreasing thickness. The time Tmax necessary to obtain
the maximum displacement is the same for all cases in Table 1. Observe that although the
maximum displacement in absolute value is the same, the relation between the
displacement and the thickness is not constant.

The curvature of the shell has been shown to modify the natural frequencies of a simply
supported shallow shell [6], and it would be expected to have an influence on the transient
response. Results have been computed in Table 2 for a square and symmetric shell with
increasing k1 for fixed values of a1 and h. As the product k1a1 decreases, the amplitude wmax

also increases. For example, for k1a1 =0·4 one gets wmax =5·442, while for a reduction in
k1 of 25% the displacement is increased by 77%. The time to reach the maximum
displacement also increases with the radius of curvature of the shell.

In Tables 1 and 2 we assume symmetry in the shell, in the sense that the curvature was
the same in both directions (k2/k1 =1). Let us now modify the ratio k2/k1 for a shell with
fixed dimensions in planform. The thickness remains constant with a1/h=200. With
increasing curvature k2 the values of wmax decrease as a consequence of the larger stiffness
due to the geometry, while a decrease in the curvature k2 leads to larger displacements.
The time at which the maximum displacement is reached is almost constant (Table 3).

In our final study let us consider how the actual dimensions of the shell in planform
affect the amplitude of the forced vibrations under self weight. The shells studied are square

Figure 7. Influence of imperfections in the curvature on maximum displacement amplitude. Data as in Figure
2; W, a=1·0; Q, a=0·6.



  435

T 1

Influence of the thickness of the shell on the maximum displacement
for k2/k1 =1; a2/a1 =1; a1k1 =0·39; a1 =13 000 mm

a1/h wmax (mm) Tmax (s)

125 5·755 0·04
150 5·709 0·044
175 5·682 0·04
200 5·704 0·04
225 5·725 0·04
250 5·735 0·04
275 5·734 0·04

T 2

Influence of the curvature of the shell on the maximum displacement
for k2/k1 =1; a2/a1 =1; a1 =13 000 mm; a1/h=200

k1a1 wmax (mm) Tmax (s)

0·50 3·503 0·032
0·45 4·318 0·036
0·425 4·802 0·04
0·40 5·442 0·044
0·375 6·174 0·044
0·35 7·064 0·048
0·30 9·661 0·056
0·25 14·038 0·064
0·20 21·803 0·080

T 3

Influence of the curvature ratio of k2/k1 the shell on the maximum
displacement for a1k1 =0·4; a2/a1 =1; a1/h=200; a1 =13 000 mm

k2/k1 wmax (mm) Tmax (s)

0·6 9·243 0·052
0·7 7·987 0·048
0·8 6·952 0·044
0·9 6·131 0·044
1·0 5·442 0·044
1·2 4·210 0·04
1·4 3·554 0·032

T 4

Influence of the size of the shell for k2/k1 =1; a2/a1 =1; a1/h=200;
a1k1 =0·4; and a*1 =13 000 mm

a1/a*1 wmax (mm) Tmax (s)

0·6 1·960 0·024
0·8 3·483 0·032
1·0 5·442 0·04
1·2 7·836 0·048
1·4 10·664 0·056
1·6 13·929 0·064
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and have the same curvature in both directions but differ in the dimensions a1 and a2. The
thickness is not constant, but the ratio a1/h was kept constant. As a reference value we
consider a dimension a*1 =13 000 mm. Table 4 shows that the displacements increase with
the dimensions of the shell; for example, a 40% increase in the dimensions leads to a 96%
increase in the displacements.

6. CONCLUSIONS

A linear dynamic analysis of shallow shells with rectangular planform has been presented
to obtain the displacement response. This consideration of the transient response under
suddenly applied loads leads to several conclusions:

W Knowledge about the amplitude of the vibrations of a shallow concrete shell after
removal of the formwork is important in itself, and may be an indication that the
gradual rather than sudden removal of the form is necessary in some cases.

W The maximum amplitude of displacements during the vibration cycle is small, so that
according to reference [6] it is expected that, for the present example, kinematic
non-linearity should not be important for the natural frequencies of the shell.
Because we presented a modal superposition analysis for the transient response,
which is heavily dependent on the natural frequencies of the shell, it is also expected
that the transient response itself should not be affected by geometric non-linearity.

W Parametric studies showed that changes in the thickness of the shell do not affect
the maximum displacement response; but the curvature and other dimensions of the
shell have a significant influence on the transient response.

W For the response of buckling loads of the shell, the amplitudes of out-of-plane
deformations which occur could be critical. For the shell considered in this paper,
it is shown that the out-of-plane displacements may be above 25% of the thickness
of the shell. This could act as an ‘‘effective’’ imperfection so that this form of failure
could be greatly increased. Thus, the induced transient response could have a major
deleterious effect upon the resistance of the shell to incipient buckling collapse.
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