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1. 

Solutions of the differential systems governing the problems of transverse
vibrations of isotropic, circular, annular plates have been known for over half a
century.† Admittedly some of the results available do not possess sufficient
accuracy as shown in recent investigations [2–3]. In the case of rectangularly
orthotropic, circular, annular plates the studies on transverse vibrations are
considerately more modern and, apparently, the first effort was reported in
reference [4]. Recent studies on vibrating, rectangularly orthotropic annular plates
with a free inner edge have recently appeared [5–7]. Simple polynomial
approximations yield good engineering accuracy for geometric configurations
characterized by (inner radius)/(outer radius)E 0·70, at least when compared with
numerical predictions achieved using a very accurate finite element code [8].

The present paper deals with the determination of the fundamental frequency
of transverse vibration of the rectangular orthotropic, circular annular plates
depicted in Figure 1. Four different boundary arrangements are considered: Case
A, simple supported edges; Case B, outer boundary simply supported and clamped
inner edge; Case C, clamped edges; Case D, clamped at the outer edge and simply
supported inner edge.

2.   

By making use of Lekhnitskii’s classical notation [9] one expresses the governing
functional in the form

J(W)= 1
2 g g $D1012W

1x2 1
2

+2D1m2
12W
1x2

12W
1y2 +D2012W

1y2 1
2

+4Dk0 12W
1x 1y1

2

% dx dy−
rv2

2 g g hW2 dx dy. (1)

† Leissa’s classical treatise contains exhaustive numerical information on the subject matter [1].
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The displacement amplitude W will be expressed in polar coordinates since they
are natural to the boundaries of the structural element under study. In view of this,
the partial derivatives appearing in equation (1) will be replaced by

12W/1x2 = (12W/1r̄2) cos2 u−2(12W/1r̄ 1u) sin u cos u/r̄

+(1W/1r̄) sin2 u/r̄+2(1W/1u) sin u cos u/r̄2 + (12W/1u2) sin2 u/r̄2,

(2a)

12W/1y2 = (12W/1r̄2) sin2 u+2(12W/1u 1r̄) sin u cos u/r̄

+(1W/1r̄) cos2 u/r̄−2(1W/1u) sin u cos u/r̄2 + (12W/1u2) cos2 u/r̄2,

(2b)

12W/1x 1y=(12W/1r̄2) cos u sin u−(12W/1u2) sin u cos u/r̄2

− (1W/1r̄) cos u sin u/r̄

+(12W/1r̄ 1u)((cos2 u−sin2 u)/r̄)+ (1W/1u)((sin2 u−cos2 u)/r̄2).

(2c)

Figure 1. Rectangularly orthotropic, circular, annular plates executing transverse vibrations
considered in the present investigation.
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The previous investigation [4] assumed that the fundamental mode shape can be
approximated by

W(r, u)2Wa (r), r= r̄/a. (3)

Clearly, this approximation does not take into account the azimuthal variations
introduced by the constitutive properties of the orthotropic material and in this
respect, the fundamental eigenvalues determined in reference [4] must be
considered as first order approximations.

The approximation (3) can be improved if one makes

W(r, u)2Wa (r, u)=R(r)U(u), (4)

where R(r) is a functional relation which satisfies, at least, the essential boundary
conditions of the mechanical system. The function R(r) will contain an exponential
parameter g which will allow for minimization of the fundamental frequency
coefficient V1 =zrh/D1v1a2 [10]. After several numerical experiments it was
decided to express U(u) as

U(u)=1+ h1 sin2 u+ h2 cos2 u, (5)

where h1 and h2 are, also, optimization parameters.
It is important to point out that the open literature presents very few cases where

the approximating function takes into account the azimuthal dependence, the
exception being the analysis presented in reference [11]. Based on previous studies
[10], the following expressions were chosen for R(r).
Case A:

R(r)=A1(1− rg)[1− (r/b1)2]+A2(1− rg+1)[1− (r/b1)2]; b1 = b/a. (6)

Case B:

R(r)=A1(1− rg)(1− r/b1)2 +A2(1− rg+1)(1− r/b1)2. (7)

Case C:

R(r)=A1(1− rg)2[1− (r/b1)]2 +A2(1− rg+1)2[1− (r/b1)]2. (8)

Case D:

R(r)=A1(1− rg)2[1− (r/b1)2]+A2(1− rg+1)2[1− (r/b1)]2. (9)

3.    

Tables 1, 2, 3 and 4 present values of the fundamental frequency coefficients V1

for Cases A, B, C and D. The values of V1 are tabulated as a function of D2/D1,
Dk /D1 and m2 according to the combinations of orthotropic parameters chosen in
reference [4]. In all cases the Tables contain, for each particular configuration: (1)
the value calculated in [4], (2) the value determined in the present investigation
using R(r), (3) the value calculated in the present study using R(r)U(u) and,
in some instances, (4) the eigenvalue obtained by means of the finite element
method [8].
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The number of elements used was varied as a function of the parameter b/a.
For b/a=1/4, 6424 elements were used; for b/a=1/2, 6380 elements and for
b/a=3/4, 6408 elements.‡ From the analysis of Table 1 one concludes that the
values obtained in reference [4] are slightly lower than those obtained in the present
study when taking W2R(r). This is due to the fact that the condition of nulle
moment normal to the edges was approximately satisfied in reference [4].
Nevertheless, the results obtained making W2R(r)U(u) are always lower than
those available in reference [4] and also are in good agreement with the finite
element values.

In the case of Table 2, Case b, the results obtained using R(r) are in some
instances lower and, hence, more accurate than those obtained in reference [4]. In
general the conclusions are similar to those drawn in the case of Table 1.

Examining now Table 3, one concludes that now the values obtained using R(r)
are, in general, lower than those determined in reference [4]. The agreement with
the finite element values is quite satisfactory for most of the situations.

In the case of Table 4 (depicting values of V1 for Case D) one can draw the same
conclusions as in the case of Table 1; the results obtained in reference [4] are, in
general, more accurate than those obtained in the present investigation when
making W2R(r).
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